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ABSTRACT 
 
I investigated student teachers in their second year of study as future teachers in the upper 
primary school, aiming to find out how they progress in a specific course module. The course 
is part of the curriculum of intermediate phase teacher education programme. The course is 
divided in modules, one of which is mathematics content in the second year of study. In the 
study, I propose that the students are in a transition between the world of school mathematics 
as their default modality and the world of a teacher of mathematics, which they are aiming to 
become. This period of ‘becoming’ a teacher is especially challenging for students who did not 
experience high quality mathematics education at school. In the thesis, I propose that the 
university learning space could serve as a site for an apprenticeship in problem-solving, in 
which students are made aware of their role as apprentices of their chosen profession.  
I approached the study as a practitioner researcher, modelling problem-solving for students and 
viewing the activities as apprentices in a 'world of mathematical thinking' - thus more than a 
typical pedagogical space. 
The sample of the study comprised a cohort of second-year student teachers (n = 62), in a 
mathematics content course (or a ‘module’ of a course). The module extended over a period of 
12 weeks, with the aim to develop student teachers to become mathematical problem-solving 
proficient and to, ultimately, become an example for the learners in their future classrooms. 
The study had a dual focus - finding out how the student teachers’ mathematical proficiency 
developed by participating in a mathematical problem-solving course, and what the 
mediational challenges were. 
 I utilized aspects of ‘third generation activity theory’, specifically Engeström’s (1987, 2001) 
activity systems analysis (ASA) tool for the analysis of the data, which I sourced through a 
variety of methods. I gathered data from the students’ reflective journals, and their problem-
solving task output as well questionnaires about their beliefs about problem-solving in 
mathematics, and level of in-the-moment engagement.  
The results from the study show that most students had changed their practices when solving 
mathematical problems. Their responses indicate an evolving awareness of interwoven strands 
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of mathematical problem-solving proficiency. There was also evidence that self-regulative 
practices had shifted positively.  
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CHAPTER 1 
OVERVIEW OF STUDY 
1.1 INTRODUCTION 
The introductory chapter provides the background and rationale for this study of mathematics 
initial teacher education (ITE). I propose that initial teacher education is a complex 
phenomenon that should be understood within the political, social, cultural and economic 
context in which it is embedded. It should also take cognisance of the conceptual and 
epistemological beliefs underpinning its curriculum models (Flores, 2016). In trying to capture 
student teachers’ knowledge of a topic in the ITE mathematics curriculum, I studied a group 
of students over the course of one module of their coursework in the second year of the BEd 
intermediate phase (IP) program, aiming to deepen my understanding of their learning and to 
use the findings to improve my practice as a lecturer in the program. The chapter describes the 
background and context of the study, highlighting the challenges faced by mathematics teacher 
preparation programs. The motivation, aims and theoretical approaches are discussed briefly, 
followed by an argument about the need for studies such as this. This chapter concludes with 
a description of the structure of the thesis. 
 
1.2 BACKGROUND AND RATIONALE OF THE STUDY 
The route to having better prepared future primary teachers includes both encouraging and 
recruiting more mathematically able students and including key mathematics and mathematics 
pedagogy opportunities to learn (OTL) experiences (courses in teacher preparation program. 
Both demonstrated an important relationship to mathematical content knowledge MCK and 
mathematical pedagogical content knowledge (MPCK); both make a difference with respect to 
future teachers’ knowledge of mathematics and mathematics pedagogy. (Schmidt, Houng, & 
Cogan, 2012)                                                                      
Schmidt et al., (2012), point out two of the main findings of the Teacher Education and 
Development Study in Mathematics (TEDS-M), which was conducted in 2008. The TEDS-M 
investigated how primary and lower secondary teachers are prepared to teach mathematics. 
These findings address two contentious aspects of mathematics teacher education – 1) the 
recruitment of suitable mathematically able students and 2), the importance of effective 
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mathematics courses in teacher preparation programmes.  Beyond the US many researchers 
have argued about the importance of recruiting suitable candidates with strong academic 
qualifications (Wong et al., 2014). The recruiting of academically strong candidates has been 
emphasised because top performing school systems recruit “the top third of the academic 
cohort” into the teaching profession (Auguste, Kihn & Miller, 2010, p. 5). Furthermore, 
recruiting applicants who are weak in subject matter may put more strain on the limited 
resources of teacher preparation programmes in some countries; initial teacher preparation 
programmes will have to reteach the mathematics content that candidates should have learned 
while in school (Schwille, Dembélé & Schubert, 2007). This is the very issue which 
mathematics teacher education in South Africa is faced (Primary Teacher Education Project, 
2018 – www. dhet.gov.za/) 
In mathematics teacher preparation programmes, what is taught and how it is taught has 
become a major concern. I argue that the situation in South Africa requires enrichment of future 
teachers’ mathematics content knowledge even more than learning to teach mathematics. 
Schmidt et al., (2012, p. 276) report “promising findings” from the TEDS-M study, which show 
a clear relationship between the learning opportunities provided in mathematics courses and 
development of  MCK and MPCK.  In a similar vein, South African research findings have 
shown that there is a relationship between teachers’ mathematics knowledge and school 
learners’ mathematics learning outcomes (Spaull, 2013; Venkat & Spaull, 2014). Like Park 
(2003), many researchers, school managers, teachers, and policy-makers argue that teachers 
are the real driving force behind the improvement of quality in schooling systems. Spaull 
(2013), points out that “teachers are the primary locus of schooling systems around the world. 
Being the single most important element of the education system, the quality of a country’s 
teachers is intimately related with the quality of its education” (p. 24). This has been 
particularly evident in South Africa, with its apartheid history where teacher quality is a major 
challenge, due largely to generations of South Africans who have not learned mathematics 
optimally. As pointed out, by the Department of Higher Education and Training (DHET): 
The problem of poor quality teaching and poor subject matter knowledge of our 
teachers … is one of the greatest impediments to improved delivery of quality education 
in the system as a whole, as measured by poor learner performance, not only 
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international tests (TIMMS and PIRLS), but also in our own systemic assessments and 
matriculation examination. (DHET, 2011, p. 77)  
Poor mathematical performance in national as well as regional and international tests has been 
the driving force for international investigations such as the MT21-project (Schwille et al., 
2007) and TEDS-M (Tatto et al., 2008) into the preparation of mathematics teachers in the US. 
The MT21-study, a cross-national study, investigated the preparation of middle school teachers 
in countries such the USA, Taiwan, Korea, Bulgaria, Germany and Mexico. Similarly, in South 
Africa, the Initial Teacher Education Research Project (ITERP) was initiated in response to the 
poor learner performance in national and international assessments (Deacon, 2016). Coupled 
with the low level of teachers’ subject matter knowledge in mathematics and language and 
literacy and inadequate systemic knowledge of how new teachers are being trained, ITERP was 
initiated by the JET Education Services, in collaboration with the Education Deans’ Forum, 
the DHET and the Department of Basic Education (DBE) (Deacon, 2016). This five-year study 
(2012- 2016) aimed at investigating the extent to which the initial IP teacher preparation 
programmes offered by five universities are adequately preparing teachers to teach in South 
African schools (Deacon, 2016). More specifically, it focused on whether the knowledge and 
skills acquired by student teachers during their preparation adequately prepare them to teach in 
schools (Deacon, 2016). The ITERP-project thus comprised various sub-studies: Bowie (2014) 
examined the intermediate phase (Grades 4 – 6)1 teacher preparation programmes of five South 
African universities and the mathematics curricula and modules offered to student teachers. 
Bowie and Reed (2016) examined initial teacher preparation programmes intending to prepare 
intermediate phase teachers to teach mathematics and English. As a result, of the findings, 
Bowie and Reed (2016), suggested teacher educators should review their four-year teaching 
degrees by adding courses that would produce competent and confident IP teachers in English 
and Mathematics. 
Mathematics content courses play a pivotal role in the development of the knowledge needed 
to teach mathematics in both primary and secondary schools, especially in a country such as 
South Africa, where it is not possible to select candidates form the top third of the academic 
cohort of the 12th grade (matric). Candidates, therefore, enter with diverse levels of 
                                                          
1 The South African schooling system consist of three phases, the foundation phase (grades R – 3), the 
intermediate phase (grades 4-6), senior phase (grades 7 – 9), and the further education and training phase 
(grades 10 -12). However, the intermediate phase includes grade 7 due to the structure of the primary schools, 
as primary schools includes grades R – 7. High schools include grades 8 – 12 
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mathematics content knowledge. Furthermore, candidates are ‘products’ of an education 
system that has been classified as the “worst education system of all middle-income countries 
that participate in cross-national assessments of educational achievement” (Spaull, 2013, p. 3). 
Teacher educators, especially mathematics teacher educators, are thus faced with the daunting 
task of designing mathematics courses that will adequately prepare student teachers to teach 
mathematics, bearing in mind the learning histories of the prospective teachers. 
                                                                                                             
1.3 AIM AND OBJECTIVES OF THE STUDY 
The deficiencies and lack of depth of student teachers’ mathematics knowledge is well 
documented (Ponte & Chapman, 2008; Ball, 1990; Wilson, Floden & Ferrini-Mundy, 2001). 
Findings suggest that, with appropriate opportunities to learn in initial teacher education 
programmes, this can be remedied (Ponte & Chapman, 2008). One avenue is to think of teacher 
education along the ideas of ‘opportunities to learn (OTL)’, which is defined is an “experience 
with an anticipated or intended outcome” (Tatto, et al., 2008, p. 23). Various recommendations 
are outlined in the literature.  For instance, Ball (1990) recommended student teachers should 
experience mathematics differently than they did in school. In a similar vein, Ponte and 
Chapman (2008) point out that it is important for student teachers to engage in opportunities to 
learn that will allow for the re-construction of their initial knowledge of understanding 
mathematics and teaching of it.  
Drawing on the recommendations made by Ball (1990), and Ponte and Chapman (2008), the 
mathematics content course that is the empirical focus of this study aimed to provide student 
teachers with mathematics experiences that are different to what most of them may have 
experienced at school. The course was, therefore designed to apprentice the student teachers 
in mathematical thinking. The argument for this design is that if student teachers are not 
apprenticed to engage in mathematical thinking (Schoenfeld, 1992; Burton, 1984; Mason, 
Burton & Leone, 1982, 2010; Devlin, 2012), it is unlikely that they will model mathematical 
thinking when they become teachers of mathematics. The work of apprentice mathematician-
teachers includes, but is not limited to, 1) seeking patterns of underlying mathematical 
structures (Steen, 1991), 2) doing “trial and error, experimentation, 3) guesswork, (Halmos, 
1985, p. 321), and 4) doing creative work, such as solving problems (Polya, 1945, 1957). 
Furthermore, as Seaman and Szydlik (2007, p. 171) propose, in doing guesswork and solving 
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problems mathematicians value “symbolic representations of, and notations for, objects and 
ideas”.  
When mathematicians engage in problem-solving and experimentation, they do it as members 
of a community of mathematical practice. Schoenfeld (1992) explained that “membership in a 
community of mathematical practice is part of what constitutes mathematical thinking and 
knowledge” (p. 30). The practice foregrounded by this study is that of mathematical problem-
solving proficiency as basis for future teaching of problem-solving. Mathematical problem-
solving proficiency2 is a coining of Kilpatrick, Swarfford and Findell’s (2001), five interwoven 
strands of mathematical proficiency, Schoenfeld’s (1985), and Mayer and Wittrock’s (2007), 
components of mathematical problem-solving competence. At the core, of such a mathematical 
problem-solving practice is communication, collaboration, and knowing how to use the 
resources available in the problem-solving process optimally (Greeno, 1989).  Halmos (1985) 
proposes that mathematical problem-solving is at the heart of mathematics.  
The purpose of the study is to investigate second-year student teachers’ mathematical problem-
solving learning experiences. I therefore, aim to find out how the opportunities to learn offered 
by the mathematics content course promote or hinder their emergent mathematical problem-
solving proficiency. Working from in a case study research design, specifically a “first-person” 
practitioner researcher (Ball, 2000), I address the following research question: 
  
1.3.1 Research question  
How does student teachers’ mathematical problem-solving proficiency evolve over the 
duration of a mathematics content module in a teacher education program? The research 
question included sub-questions: 
 What are student teachers’ mathematical problem-solving beliefs? 
 
 How do the whole class discussions and the ‘mathematical problems of the week’ 
scaffold mathematical problem-solving proficiency? 
 
                                                          
2 A discussion on mathematical problem-solving proficiency is located in Chapter 2.  
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 What are students’ in-the-moment learning experiences during the problem-solving 
process? 
 
 What are student teachers’ self-reported learning experiences as participants in the 
mathematics content course? 
 
1.3.2 Research methods 
To respond to the research questions and thus achieve the objectives of the study, I utilized a 
number of different data gathering methods. Data gathering methods included questionnaires, 
document analysis, video lesson recordings and reflective journals. To address the first and 
third sub – questions I administered two surveys the Mathematical Problem-solving Beliefs 
Survey (sub-question 1) and the Flow State Scale (sub-question 3). The Mathematical Problem-
solving Belief Survey was administered to find out the student teachers’ mathematical 
problem-solving beliefs on entering the course. The Flow State Scale was administered to find 
out the student teachers’ in-the-moment learning experiences during the mathematical 
problem-solving process. Solution strategies were collected and two problem-solving video-
recorded lectures were used as data to address the second sub-question. Student teachers’ 
reflective journal responses were used to answer sub-question 4.  
  
1.4 ANALYTICAL FRAMEWORK 
Because the goal of this study was to investigate student teachers’ emergent mathematical 
problem-solving proficiency, I wanted to capture detail in ‘real time’ as much as possible. I 
agree with Hiebert and Gouws (2007, p. 374) that teaching is a “system of interacting features, 
rather than a collection of independent and interchangeable features. This means that the effects 
of teaching on students’ learning cannot be measured independently of the system in which 
they operate”.  Considering the emphasis these authors place on the importance of the system 
context, I explicate the analytical ‘lens’ through which I investigated the unit of analysis of this 
study, namely how the students learned in the (activity) system in which they were partners 
during the course.   
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The analytical tool which I implemented to “gaze” (Wardekker, 2008) on the topic of the study 
is the activity system analysis (ASA), which is a heuristic designed by Engestrӧm (1987, 1991, 
2001), following Leont’ev (1978). Engestrӧm’s (2001), tool was conceived from what has 
become known as third generation activity theory, referred to as cultural-historical activity 
theory (CHAT) after a decision made by the International Society for Cultural-Historical 
Activity Research (https://www.iscar.org/). CHAT has been described as “a powerful 
analytical tool that helps to reveal the fundamental aspects of social practices and supports 
structured, meaningful interpretations of empirical data” (Kaptelinin & Miettinen, 2005, p. 1). 
 
1.4.1 Cultural historical activity theory as analytical tool and lens 
CHAT, and specifically the application as ASA, has been referred to, but not limited to, as a 
useful adaptable, “… integrative road map for educational research and practice” (Roth & Lee, 
2007, p. 188), a “powerful socio-cultural and socio-historical lens” (Jonassen & Rohrer - 
Murphy, 1999, p. 62) and a “practice-based and practice-orientated theoretical framework” 
(Foot, 2014, p. 31). According to Kuuti’s (1992), broad definition of activity theory (AT), it is 
a cross-disciplinary theory with a meta-theoretical philosophical basis, useful for analyzing 
different forms of “human practices as developmental processes, with both individual and 
social levels interlinked at the same time” (p. 13).  Michael Roth, in (Roth, Radford & LaCroix, 
2012), explained that activity theory, for him, is more of a heuristic which helps him to orientate 
himself to the world while remaining aware of the situatedness of culture, history and activity. 
He argues, furthermore, that activity theory is not just a theory for understanding but also a 
theory for action, a theory to assist in transforming the world, consistent with “The Eleventh 
Thesis of Feuerbach” (Roth et al., 2012). Similarly, in this study, CHAT serves as a heuristic 
for making sense of student teachers’ individual and collective mathematical problem-solving 
proficiency development and the need to construct usable knowledge for practitioners. 
 
1.4.2 Cultural historical activity theory and its Vygotskian lineage  
The origins of the concept activity lie in German idealistic philosophy, in which Kant, 
Fichte, and Hegel emphasized the role of mental activity (Tӓtigkeit) in constituting the 
relationship between subject and object. This was nevertheless an idealistic-subjective 
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interpretation. The concept of activity was brought into materialistic philosophy by 
Feuerbach, who emphasized the primary objective role of reality but only as an object 
of contemplation. The activity concept of Marx was developed as “practical-critical”, 
the central aspect in activity being the transformation of material objects 
(gegenstӓndliche Tӓtigkeit). (Klaus & Buhr, 1987, p. 12, cited in Kuuti, 19923) 
Drawing from this quote by Klaus and Buhr (1987), the roots of CHAT, can be traced back to 
the tension between dualisms (e.g. individual vs collective; material vs mental) in the work of 
classic German philosophers, which Vygotsky had read (Kozulin, 1986; 1990; 1998) and from 
which he partly theorized a theory of activity. Vygotsky, (1978) argued that human 
development and learning (e.g. personality, communication, language, cognitive abilities) 
originate and develop from social and cultural interaction of an individual with the 
environment. His proposition was that signs and tools serve as mediational media for people 
to learn and to develop, and that these signs and tools permeate children’s learning and their 
development in specific settings. Many theories are likely to have stemmed from Lev 
Vygotsky’s work about semiotic mediation in human activity. Some of these are situated 
cognition (Lave & Wanger, 1991), distributed cognition (Rogoff, 1990) and cultural historical 
activity theory (Leont’ev, 1978, Engestrӧm, 1987). Their lineage is generally regarded to be in 
the work of Vygotsky. In addition to Vygotsky’s argument that all 1) higher mental functioning 
originate and develop socially and thus also culturally; he also argued that 2) all human actions 
are mediated and regulated by tools and signs, and 3) that the ontogenetic development of the 
individual mind is consistently in interaction with its phylogenetic roots and branches. Wertsch 
(1991) argues that these three interrelated themes characterize Vygotsky’s socio-historical 
work in psychology. I discuss each aspect in turn although they are interrelated. 
Ontogenetic development of the mind 
In conducting research on the effect of mediational means on children’s higher mental abilities, 
Vygotsky found that to study the development of higher mental abilities, a semiotic and 
cultural-historical methodological route yielded worthwhile findings. He proposed four genetic 
domains, namely the phylogenetic domain, the sociocultural domain, the ontogenetic domain 
                                                          
3 In some instances, I include a full citation to maintain the style of an author, which I could only imitate in a 
paraphrase and thus lose some of the original text’s discursive power. 
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and the microgenetic domain (Lantolf, 2000, Cross, 2006). Cross (2006), explained the four 
genetic domains by stating the following: 
The phylogenetic domain concerns the nature of human development as a natural 
species over the course of evolution; that is, the biological basis for human 
development. In contrast, the cultural-historic [sociocultural] domain is concerned with 
development of the ‘external’ world within which human activity unfolds; that is the 
social, cultural, and historic basis for development…The third domain, ontogenesis, 
therefore shifts the focus…to an understanding of the development of the ‘human’ 
across an individual lifespan [as they mature]… The microgenetic domain… focuses 
on specific, momentary fragments of development (Cross, 2006, p. 88 – 90). 
Social origin of higher mental processes 
The second theme evident throughout Vygotsky’s work is the notion that all human mental 
functioning has its origins in the social life of the individual. Vygotsky clearly articulated it in 
his “general genetic law of cultural development” which states: 
Any function in the child’s cultural development appears on the stage twice, on two 
planes, first on the social plane and then on the psychological, first among people as an 
intermental category and then within the child as an intramental category. This equally 
applies to voluntary attention and logical memory, formation of concepts and 
development of volition. We have good reason to consider this proposition a law in the 
full sense of the word, but it stands to reason that the passage within from without 
transforms the process itself, changes its structure and functions. (Vygotsky, 1960, p. 
131)                                                                               
Vygotsky proposed that cultural development is the result of an individual’s social life and 
social activity, thus first between people (the social ‘plane’) and then on the psychological 
‘plane’. In defining the word ‘social’, Vygotsky pointed that all culture is social. He 
furthermore, suggested that the development of higher mental functions do not take place only 
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neurologically, but also stem from the social dimension of human activity. In the history of 
phylogenesis, it is evident that higher mental functions are internalized relations of the social 
order (Vygotsky, 1960). In this sense, mental functions such as thinking, reasoning, problem-
solving, or memory can be carried out in the inter-psychological plane (in collaboration with 
others), as well as on the intra-psychological plane (by an individual) (Wertsch, 1984). 
However, Wertsch (1984) warns that the individual’s processes of development in a social 
environment are not as simple and straight forward as it may appear, because higher mental 
functions develop from- and reflect the structure of the social environment. This means that 
the individual’s mental properties constitute “specific organizational properties” that reflect 
those of the social environment from which they were developed (Wertsch, 1984, p. 250). For 
example, if a student teacher attempts to solve a mathematical task in collaboration with a 
group of peers, the individual student will internalize the mathematical representations that had 
been used to effectively solve the task and when the student has to solve a task on her own, the 
student will likely use the same representations. Thus, Vygotsky suggested that to understand 
an individual’s mental growth it is best to examine specific patterns of interaction in which 
various individuals participate (Wertsch, 1984).  
Mediation  
The notion of the individual’s cultural development on the ‘inter-psychological plane’, 
emphasizing the social aspect of development and mediation. Mediation is the most 
fundamental concept of sociocultural theory, or as Scribner (1990) argues, it is most defining 
characteristic. Vygotsky (1978), introduced the basic concept of mediation - the notion that 
humans cannot directly ‘make contact’ with their non-material environment without the use of 
tools, especially ‘psychological tools’ or ‘signs, such as language and other symbol systems 
and tools that can be material or psychological. Mediation also underpins Vygotsky’s 
theoretical goal of linking the individual’s social and historical processes on the one hand and 
mental processes on the other (Wertsch, 2007). In this vein, Vygotsky argued that there always 
must be semiotic mediation, an ‘intermediate link’ between subject of activity and the object 
of activity as expressed in the well-known triangular model.  
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Figure 1: Vygotsky's basic mediation triangle (adapted from Cole & Engestrӧm, 1993) 
 
In the mediational action, the ‘subject’ refers to an individual a person engaged in an activity 
and is in a dialectic relation with the ‘object’. The object is the goal of the activity that is held 
by the subject and motivates the existence of the activity. The mediating artifacts include 
psychological tools and technical devices (Vygotsky, 1981). Vygotsky gave the following as 
examples of psychological tools, “language, different forms of numeration and counting, 
mnemotechnic techniques, algebraic symbolism, works of art, writing, schemes, diagrams, 
maps, blueprints, all sorts of conventional signs, etc.,” (Vygotsky, 1981, p. 137). 
Psychological tools, such as language, counting and algebraic symbolism are cultural tools, 
made by humans. They are inorganic and by their nature, they are social, and are directed 
towards the development of human intellectual capacities (Vygotsky, 1981). While, language 
and symbols are directed at changing an individual’s mental processes, technical devices are 
directed at mastering processes towards achieving the object (Vygotsky, 1981). To clarify the 
complex nature of Vygotsky’s notion of mediation, Wertsch (2007) distinguished between two 
main categories; explicit and implicit mediation. Explicit mediation is intentionally and 
explicitly introduced into a problem-solving activity, often by an outside party, (e.g. a teacher 
or experimenter), and the materiality of the signs involved (e.g. graph paper in a classroom) 
tends to be obvious and long lasting. Implicit mediation on the other hand is tacit in that it 
naturally involves spoken language (e.g. terms such as typical and spread), whose materiality 
is momentary (Wertsch, 2007).  
Learning as mediated in this study means that someone or something acts as a mediator 
between the student teachers and the mathematics content to be learned. Wertsch (2007, cited 
in Moll, 2014, p. 31), one of the key interpreters of Vygotsky’s work proposed five broad 
categories of mediators that aid in transformation of both in individuals and their environments: 
 
Mediating artifact/ Tool 
Subject Object 
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 Social mediation: interactions with other human beings, especially interactions 
whereby social groups incorporate a person into cultural practices. 
 Instrumental or tool mediation: the use of artefacts, such as a spoon or a pencil, 
created culturally and inherited socially, to engage in human practices. 
 Semiotic mediation: the use of symbol systems, such as language, writing, art, and 
mathematics. 
 Anatomical mediation: the use of the body, such as the hands and arms, which 
permit manipulation of the environment and representation of self in social life. 
 Individual mediation: the person’s subjectivity and agency in mediating his or her 
learning activities. (Wertsch, 2007, cited in Moll, 2014, p. 31) 
 
The work of Vygotsky, Leont’ev and Luria could not exist without the concept of mediation, 
as captured in the statement, “(t)he idea of mediation … runs as the unifying and connecting 
lifeline throughout their work and that of the other representatives of the Soviet cultural-
historical school” (Engestrӧm 1999, p. 21). The work of Vygotsky’s two associates, 
Aleksander Luria and Aleksei Leont’ev, who included societal, cultural and historical 
dimensions into an explanation of human mental functions, and have thereby further expanded 
Vygotsky’s notion of mediation (Roth & Lee, 2007). Luria and Leont’ev’s expansion led to the 
development of second-generation activity theory. 
 
Second-generation activity theory 
Leont’ev expanded on the concept of tool and sign mediation by identifying object-orientated 
activity as the unit of analysis. There are several translations (1974, 1978, 1981) of Leont’ev’s 
work from Russian to English; I refer to the 1974 translation of the definition of object-
orientated activity:  
 
(It is) a molar and nonadditive unit of a material subject’s life. In a narrower and more 
psychological sense, activity is a unit of life mediated by mental reflection, whose real 
function is to orient the subject to the world of objects. Activity is thus not a reaction 
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or a totality of reactions, but rather a system possessing structure, inner transformations, 
conversations, and development. (Leont’ev, 1974, p. 10) 
 
Leont’ev considered activity as central to all human mental functioning, because it includes 
both observable human behaviour and mental processes. Thus, from theoretical perspective of 
an object-directed activity, “learning is explained as a self-regulated meaning-making process 
in which individuals or groups of individuals choose to participate based on their (shared) goals 
and motives” (Yamagata – Lynch, 2007, p. 455). Furthermore, participation in the activity can 
bring about a qualitative change in the participant’s motives for participating in the activity 
(Rogoff, 1995). Yamagata-Lynch (2007) points that, due to translation issues, Leont’ev’s use 
of the word ‘object’ has caused some philosophical debates, because the word object has been 
interchangeably used as the goal of an activity or motive of an activity. However, Kaptelinin 
(2005) addressed these debates by stating that the “object of the activity can be considered the 
‘ultimate reason behind various behaviors of individuals, groups, or organizations. In other 
words, the object of the activity can be defined as the sense maker,’ which gives meaning to 
and determines values of various entities and phenomena” (p. 5). ‘Object’ is thus gegenstand 
(objek) as well as motif).  
 
In second-generation AT, the unit of analysis was expanded to include a collectively mediated 
activity, which includes rules, community and division of labour in an activity system, with an 
emphasis on how these entities intersect with each other (Engestrӧm, 1999a). According to 
Engestrӧm (1999a) ‘rules’ can be explicit or implicit and the ‘division of labour’ refers to how 
the ‘community’ is organized. The expansion of Vygotsky’s triadic mediation model to include 
rules, community and division of labour is illustrated in Figure 2. 
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Figure 2: The structure of a human activity system (Source: Engestrӧm, 1987, p. 78) 
 
Every ‘node’ of intersection of sections of an activity system plays a significant role and bears 
meaning in the activity system: 
Activity: This is the basic unit of analysis; it is both directed and deliberate - in other words, it 
is goal-directed. It is also described as the process of a subject acting on an object towards 
producing an outcome. In this study, the lecturer (subject) is aiming to teach in a specific, 
directed way towards the mathematical proficiency of the student teachers, by acting upon their 
mathematics content knowledge (object, or gegenstand) with the motif of changing it – so that 
the outcome could be successful learning. 
Subject: The subject could be an individual, like the lecturer of the mathematics content course; 
it could be an individual student teacher or the whole group of student teachers who participated 
in the activity, depending on the direction of the ‘gaze’. In any social context, such as a 
mathematics content course module, there can be multiple activity systems with different 
subjects but intersecting or having a common object. 
Object: Daniels (2005), refers to the object as “what you have to shift to get to the outcome” 
(p. 1). In this study, the object is the student teachers’ mathematical problem-solving 
proficiency (gegenstand) that needs to be shifted (motif) to get to the outcome. The outcome is 
 Mediating artefacts: tools and signs 
          
Subject 
Rules 
Community 
Division 
of labour 
Object 
Outcome 
Sense 
Meaning 
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students’ mathematical learning as expressed in terms of mathematical problem-solving 
proficiency. 
Tools: Tools refer to the material and psychological tools the subject uses to act on the object 
to get the desired outcome. Tools (with signs) also mediate the relationship between the subject 
and the object. 
Community: The community is the group or organization the subject belongs to or identifies 
with, e.g. the lecturer in the mathematics content course belongs to the community of other 
lecturers in the university as well as other mathematics teacher educators within the field of 
initial teacher education.  According to Cripps-Clark (2014) Leont’ev (1978), described the 
community as a mediator between the subject and object, in a similar way to the tools. Foot 
(2014), refers to the “community of ‘significant others’ that consists of the people who share a 
common interest in and involvement with the same object” (p. 6).  
Rules: Rules can be implicit and explicit and regulate the subject’s actions towards the object 
and participation with the community (Foot, 2014). 
Division of labour: This refers to how the tasks are shared amongst the community. Cripps-
Clarke (2014) refers to the division of labour as the social roles that mediates between the 
community and subject. The allocation of tasking has implicit in it also power relations. 
Third generation activity theory 
 Engestrӧm (1996, 2001) described first generation activity as Vygotsky’s mediational triangle, 
second-generation activity as the expansion of the subject’s environment, attributed to 
Leont’evs work and his own work on interactive network of activity systems as third generation 
AT. Roth and Lee (2007) explain: 
Third generation activity theory endorses the fact that all activity systems are part of a 
network of activity systems that in its totality constitutes human society. Diverse 
activity systems are the result of a continuous historical process of progressive job 
diversification and collective division of labor at the societal level (Marx, 1867/1976). 
Thus, during societal development … the network is formed as activity systems lose 
their self-containment and exchange entities, including objects, means of productions, 
people, and various forms of texts. (Roth & Lee, 2007, p. 200)  
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As explained by Roth and Lee (2007), human society is made up of an interactive network of 
activity systems when activity systems share objects, people and means of production. Two or 
more activity systems can share a common or shared object. This is evident by Engestrӧm 
(2001). 
Figure 3: Third generation activity theory (Source: Daniels, 2008, p.124)   
Figure 3, represents two interactive activity systems, although a network of activity systems is 
not limited to two activity systems only; it could include multiple activity systems. This thesis 
study’s ASA gives an example of two interacting activity systems, in which the common object 
is the development of mathematical problem- solving proficiency. In the one activity system, 
the student teachers are the subjects, acting on the constructs of mathematical problem-solving 
proficiency by means of the mediating tools, towards the outcome (the learning of developed 
mathematical problem-solving proficiency). In the second activity system, the lecturer is the 
subject, sharing the object of mathematical problem-solving proficiency with the students 
(object). The lecturer is also acting on the constructs of mathematical problem-solving 
proficiency by means of the mediating tools, towards reaching the outcome of improved 
mathematical problem-solving proficiency of the student teachers. Furthermore, these two 
activity systems are connected by multiple points of view, or ‘multi-voicedness’ (Daniels, 
2008, p. 124). The multiple points of view exist because the participants in the activity system 
take on different roles due to the division of labour, the participants, and the activity system 
itself, which carries “multiple layers and strands of history engraved in its artefacts, rules and 
conventions” (Daniels, 2008, p. 124). It is important to take note that these two activity systems 
are in a continuous process of transformation and should therefore, be understood against their 
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own histories. The source of the transformations and change the activity systems undergo is 
the inner contradictions (Daniels, 2008).  
Inner contradictions 
To explain what is meant by contradictions in activity theory, Kuuti (1996) explained: 
Because activities are not isolated units but are more like nodes in crossing hierarchies 
and networks, they are influenced by other activities and other changes in the 
environment. External influences change some elements of activities, causing 
imbalances between them. Activity theory uses the term contradictions to indicate a 
misfit within elements, between them, between different activities, or between different 
developmental phases of a single activity. Contradictions manifest themselves as 
problems, raptures, breakdowns, and clashes. Activity theory sees contradictions as 
sources of development; activities are virtually always in the process of working 
through contradictions. (Kuuti, 1996, p. 34)                       
However, Foot (2014), pointed out that contradictions are not shortcomings, failures, problems 
to be fixed, or obstacles to overcome in activity systems, but are, rather, to be viewed as starting 
points, because they can also be viewed as points in the activity system from which innovations 
emerged (Foot, 2014). Roth and Lee (2007) highlight the fact that contradictions are 
historically accumulated inner contradictions within entities themselves, instead of being 
superficially referred to as ‘tensions’, problems or breakdowns, as many authors do 
(Lautenbach, 2010). Contradictions are key in activity systems because they can be viewed as 
the driving forces “that bring about change and development within and between activity 
systems” (Roth and Lee, 2007, p. 25).  
The Centre for Activity Theory and Development Work Research (2007) website 
(http://www.edu.helsinki.fi/activity/) summarised contradictions on four levels:  Primary 
contradictions, secondary contradictions, tertiary inner contradictions and quaternary 
contradictions. Primary level contradictions may be internal between the subject and object, 
for instance when a student teacher only study mathematics at university level because 
bursaries are only given to students who specialise in mathematics and science and not for the 
sake of having a profound understanding of mathematics. Secondary level contradictions may 
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occur between two fundamental entities such as between the subject and rules set by the 
community. Tertiary level contradictions exist between “the object (motive) of the dominant 
and the object of a culturally more advanced form of activity” (Roth & Lee, 2007, p. 26). An 
example of a tertiary contradiction is the difference between the object (motif) of a traditional 
mathematics classroom where students only learn to memorize facts and procedures and a 
reform mathematics classroom where students learn mathematics through problem-solving. 
Fourth level of contradictions may arise between a central activity system and a neighbouring 
activity system (Roth & Lee, 2007). For instance, a new graduate from a teacher education 
programme (system 1), who is expected to teach mathematics using technological devices at a 
STEM school (system 2), but was not prepared to teach mathematics using technology in the 
undergraduate programme, may experience such contradiction. Paying attention to inner 
contradiction during the analysis process is of great benefit to analysts for they gain greater 
understanding of how “larger socio-political and economic struggles mediate local practices, 
subjectivities, and therefore learning among children” (Roth & Lee, 2007, p. 26) and student 
teachers. 
I argue that ASA (Engeström, 2015) is an appropriate analytical tool for this study because it 
examines subjectivity, knowing, and being in terms of cultural, historical and social contexts 
(Roth, et al., 2012). Furthermore, AT (currently CHAT) provides “powerful tools in order to 
conceptualize of the individual in non-individualist terms; individuals as being part of their 
community, as agents who interact with others all the time” (Roth et al., 2012). Knowing is 
also conceptualized in terms of becoming positioned critically within a socially, historically, 
and culturally constituted practice and not about constructing something (Roth, et al., 2012). 
       
1.5 STRUCTURE OF THE THESIS 
Chapter 2 places the study in the context of current initial teacher education and mathematics 
education literature and theoretical frameworks used in the field of mathematics education; 
these are integrally connected. Presenting them this way allows for a possibly better 
understanding of the usefulness of the various theoretical constructs in relation to the literature 
of studies of mathematics in Teacher Education.  
In Chapter 3, I describe the empirical field the (mathematics content course), in which I present 
the design principles underlying the mathematics content course. I furthermore set out the 
research approach and design.  
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Chapter 4, provides an overview of the design of the study from a methodological perspective. 
It gives a description of the research design, the participants, the time line of data collection, 
data collection instruments and examples of data analysis. It also discusses the ethical 
considerations of the inquiry. The results of the analysis of the various data from different 
sources are included as well. 
Chapter 5 comprises the interpretation and discussion of the findings, the knowledge 
contribution of the study, implications of the findings study and conclusions drawn from the 
thesis. 
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CHAPTER 2: 
PROBLEM-SOLVING AND MATHEMATICS   
TEACHER EDUCATION FOR THE PRIMARY SCHOOL 
2.1 INTRODUCTION: LIMINALITY OF STUDENT TEACHERS 
This chapter is a confluence of the constructs underpinning this study, with a discussion of 
some of the literature on initial mathematics teacher education and mathematical problem-
solving as a frame for examining students’ learning and the pedagogy they experience in their 
pre-service years. The aim of the chapter is thus twofold; one is to place this study in the 
broader context of mathematics teacher education and the second is to explain the usefulness 
of the various constructs framing the study - specifically the ideas of Polya (1945), Schoenfeld 
(1985, 1992) and Chapman (2015). Foucault and Deleuze (1977, p. 208), propose that theory 
“must be useful and it must function.” Thus, by reviewing a selection of relevant literature, I 
propose to illustrate the usefulness and function of the various theoretical ideas, while I also 
give an account of some empirical evidence in the field of initial mathematics teacher 
education. I discuss the usefulness in the studies that I cite in various sections of the chapter.  
This chapter is centered around the overarching argument that university-level mathematics 
content courses for primary school teachers manifest (in what is known in anthropological 
studies) as liminal spaces.  Such spaces, or periods, are characterised by transition. From this 
view, student teachers are in a liminal period, or “betwixt and between” (Turner, 1969) the 
world of school mathematics and the world of a teacher of mathematics. The liminal space of 
a university–level mathematics content course is an “in-between” place that bridges “what is” 
the student teachers’ current mathematics content knowledge and “what can or will be”, 
mathematics teachers maths knowledge and pedagogy with respect for the integrity of 
mathematics (Italics, Turner, 1987, p. 159). Figure 4 represents this argument of liminality. 
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Figure 4: The argument of the chapter 
 
2.2 STRUCTURE OF THE CHAPTER 
The chapter consists of nine sections, which have been sequenced to build on the theoretical 
argument. The first set of ideas in the chapter is about mathematical knowledge for teaching 
(MKT). The section about teacher knowledge is followed by a section in which I ‘unpack’ what 
I understand about the concept, ‘mathematical thinking’ as applied in this study. This is 
followed by a discussion about mathematical problem-solving as a curricular goal for learning 
mathematics. The chapter outline is presented in Figure 5. I highlight Section 2.7, which 
comprises studies about mathematics teacher preparation, specifically in courses about 
problem-solving, explaining the importance of this component of mathematical thinking. In a 
study about teacher education there is, inevitably, a discussion about teacher educators and how 
they personifying mathematical thinking as a model for the teacher apprentices. The conclusion 
"What is"
Student 
teachers'current 
mathematics content 
knowledge upon 
entering university-
level mathematics 
courses
Argument
University-level 
mathematics content 
courses for primary 
school teachers 
operate as liminal 
spaces where student 
teachers are in as 
“betwixt and between” 
(Turner, 1967) world 
of school mathematics 
and the world of a 
teacher of 
mathematics,while 
learning to maintain 
the integrity of 
mathematics as a way 
of knowing the world 
according to 
mathematicians . 
What 'can or 'will 
be' phase"
Mathematics teachers 
and the  integrity of 
mathematics trhough 
its pedagogy
22 
 
of the chapter is that there is a need for an in-depth study of student teachers’ liminal space as 
primary school teachers, who now not only have to learn to think mathematically during this 
time (in this space), but also have to act mathematically in the way that they teach, so that 
young learners can in turn be their ‘apprentices’ when the students enter the profession as 
novices.  
 
 
Figure 5: The chapter sections 
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2.3 MODELS OF PROFESSIONAL KNOWLEDGE NEEDED FOR THE TEACHING 
OF MATHEMATICS 
 This study investigates how pre-service teachers’ mathematics content knowledge develops 
through a mathematical problem-solving approach in one module, arguing that without 
sufficient content of mathematics, and also thinking (and acting) mathematically, student 
teachers will remain in the ‘in-between’ hazy world as teachers. For progression in becoming 
(deLeuze & Guattari, 1980) teachers of mathematics, they first and foremost need content 
knowledge and its tools for thinking. The notion of ‘content’ knowledge and ‘pedagogical 
content’ knowledge traces its roots back to the work of Shulman (1986, 1987). Lee Shulman’s 
(1986), American Educational Research Association (AERA) presidential address on the three-
some content-related teachers’ knowledge domains (content knowledge, curriculum knowledge 
and pedagogical content knowledge) and the Harvard Educational Review article4  have been 
instrumental in two pertinent questions in mathematics teacher education.  
The first is about what constitutes the professional knowledge of mathematics teachers; and 
second is about which knowledge components should comprise mathematics teacher education 
curricula? Shulman’s (1986, 1987) typology of teacher knowledge domains pioneered the way 
for research about the knowledge needed to teach mathematics in both primary and secondary 
schools, as well as in the tertiary sector. In addressing the second analytical question, 
Shulman’s framework on teacher knowledge types informed the development of 
recommendations for teacher preparation curricula across the globe (e.g. Conference Board of 
the Mathematical Sciences, 2012) as well as standards for preparing mathematics teachers 
(Association of Mathematics Teacher Educators, 2017).  
 
2.3.1 Mathematical Knowledge for Teaching (MKT) framework 
 Three content-related domains of knowledge, according to Shulman’s (1986) typology, have 
been at the center of mathematics education research after he referred to these dimensions of 
knowledge as the ‘missing paradigm’ in research on teachers. Pedagogical content knowledge 
(PCK) as the most influential teacher knowledge base has drawn the most interest in research 
                                                          
4 Shulman (1987) expanded teachers’ knowledge base to seven knowledge domains; content knowledge, 
pedagogical content knowledge, curriculum knowledge, knowledge of learners and their characteristics, 
general pedagogical knowledge, knowledge of educational purpose and values, knowledge of educational 
contexts ranging from the working of group etc. 
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“….because it identifies the distinctive bodies of knowledge for teaching. It represents the 
blending of content and pedagogy into an understanding of how particular topics, problems, or 
issues are organized, represented, and adapted to the diverse interest and abilities of learners 
and presented for instruction” (Shulman, 1987, pg. 8). The notion of pedagogical content 
knowledge was and still is a topic of interest, not only in research in mathematics education 
but spanning across subject disciplines such as physics, chemistry, biology, social sciences, 
English, and so forth (Ball, Thames & Phelps, 2008). However, amidst all this interest, the 
notion of pedagogical content knowledge has remained ill defined. Ball et al., (2008) assert 
that definitions of pedagogical content knowledge in studies across subject disciplines have 
been superficial and lacked clarity. Furthermore, in the instances where there were clearer 
definitions of it, the boundaries between pedagogical content knowledge and other domains of 
knowledge remained blurred (Ball et al., 2008). In addressing the lack of clarity in defining 
what pedagogical content knowledge is and identifying the ‘blurriness’ between knowledge 
domains, Ball5 (2005, 2008) and her colleagues refined the notion of pedagogical content 
knowledge and introduced the term, mathematical content knowledge for teaching (MKT) to 
describe the professional knowledge needed for teaching mathematics.  
The conceptual framework of MKT is an artifact of the two projects conducted by Ball and her 
colleagues over the past two decades (Ball, 1990; Ball 1993a; Hill, Rowan & Ball, 2005; Ball 
et al., 2008). The aim of these two research projects, the Mathematics Teaching and Learning 
to Teach Project and the Learning Mathematics for Teaching Project was to identify the 
mathematical knowledge required to teach. This was achieved by analysing teaching practices 
in grade K-8 classrooms in the US, and, based on these analyses, “a set of testable hypotheses 
about the nature of mathematical knowledge for teaching” were developed (Ball et al., 2008, 
pg. 390).  These testable hypotheses lead to the refinement of the notion of PC. As a result, the 
MKT-model consists of two overarching knowledge categories, subject matter knowledge and 
PCK, mapped onto Shulman’s ‘subject matter knowledge and pedagogical content knowledge’. 
Each overarching knowledge category consists of three sub-domains of knowledge. Subject 
matter knowledge highlights the importance of knowing mathematics and consists of common 
content knowledge (CCK), specialized content knowledge (SCK) and horizon content 
knowledge (HCK). Pedagogical content knowledge highlights the importance of learning 
mathematics and the knowledge needed by teachers to promote this learning and, therefore, 
consists of knowledge of content and students (KCS), knowledge of content and teaching 
                                                          
5 Deborah Ball was a graduate student of Lee Shulman, 
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(KCT) and knowledge of content and curriculum (KCC). The sub-domains of knowledge are 
illustrated in Figure 6. 
 
SUBJECT MATTER KNOWLEDGE PEDAGOGICAL CONTENT KNOWLEDGE 
 
 
Common content 
knowledge 
(CCK) 
 
 
 
Specialized content 
knowledge 
(SCK) 
 
 
Knowledge of 
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students 
(KCS) 
 
 
 
Knowledge of content and 
curriculum 
(KCC) 
Horizon content 
knowledge 
(HCK) 
 
Knowledge of 
content and 
teaching 
(KCT) 
 
 
Figure 6: Mathematical Knowledge for Teaching Model (Source:  Ball et al., 2008, p. 403) 
 
The first sub-domain in the category, subject matter knowledge, is common content knowledge 
(CCK). This knowledge domain is referred to as ‘common’ because the knowledge and skills 
are not just used in teaching - it is used in other settings (e.g. medicine, banking, architecture, 
engineering etc.) and thus not unique to teaching (Ball et al., 2008). Moreover, the term 
‘common’ does not “suggest that everyone has this knowledge” because a person with CCK is 
able to recognise an error, calculate correctly and successfully solve a mathematical problem 
(Ball et al., 2008). Ball et al. (2008) cautioned that although they refer to common content 
knowledge as knowledge known in common with other adults educated in mathematics, they 
found that it is not always clear what they mean. As a result, the boundaries between common 
content knowledge and specialized content knowledge is blurry because in some instances it is 
difficult to discern common from specialized content knowledge (Ball et al., 2008).  
The second sub-domain, specialized content knowledge (SCK), is the sub-knowledge domain 
that drew the most interest from Ball et al. (2008, pg. 400) for it is the “mathematics knowledge 
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and skills unique to teaching”. The teaching of mathematics requires of teachers to have a 
unique understanding of mathematics and reasoning, meaning teachers should know more 
mathematics than what is being taught to the learners (Ball, et al., 2008) and have to model 
mathematical behaviour to the ‘apprentices’ (Brown, Collins & Duguid, 1989) in their care. 
Furthermore, teaching of mathematics requires “significant mathematical knowledge, skill, 
habits of mind and insight” (Ball et al. (2008, p. 398). Specialized content knowledge consists 
of various skills and knowledge. Skills such as ‘unpacking’ (analysing features of) 
mathematics, seeing whether there are patterns in the errors learners make, and understanding 
different conceptual models of basic operations constitute specialized content knowledge.  
Horizon content knowledge (HCK), or otherwise referred to as horizon knowledge, refers to 
the ability to grasp the interrelatedness of mathematical topics across the curriculum, as well 
as the interconnectedness of mathematical concepts in general. Teachers with HCK are not 
only able to understand connections and relationships between topics and concepts but they are 
able to see connections between representations.  
The first sub-domain of pedagogical content knowledge, knowledge of students and content 
(KCS) is also a sub-domain in the typology of Shulman (1986). Knowledge of students and 
content is a blending of “knowing about students and knowing about content” (Ball et al., 2008, 
p. 401). KCS is evidenced through the teachers’ ability to predict the possible errors learners 
will make in a mathematics task, what learners’ conceptions and misconceptions are when 
engaged with specific concept learning and which mathematical activities will be difficult, 
easy, interesting, confusing or motivating. Furthermore, it is evidenced by being able to 
interpret learners’ thinking, based on their justifications (Ball et al., 2008). In summarizing 
what knowledge of students and content entails, Ball et al. (2008, pg. 401) say that a teacher’s 
“knowledge of students and content is an amalgam, involving a particular mathematical idea 
or procedure and familiarity of what students often think or do.” 
  
The last sub-domain of knowledge, knowledge of content and teaching (KCT), referring to 
knowledge about best practices - the ability to decide which teaching approach will yield the 
best learning outcome. KCT comprises (1) designing the instructional task by sequencing the 
content, (2) thinking about which examples would lead to deeper conceptual understanding of 
the content at hand, and (3) assessing the pros and cons of different representations when 
teaching a particular concept. In addition, KCS also includes initiating and leading classroom 
discussions by, deciding when to pause for more clarification, which questions to pursue to 
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gain a deeper understanding of learners’ thinking, deciding when to ask a new question, or 
deciding when to assign a new task to enhance learning. Each of the instruction designing tasks 
involves the blending of mathematical content knowledge and “pedagogical issues that affect 
student learning” (Ball et al., 2008, pg. 401). 
 
2.3.2 Strengths and weaknesses of the mathematical knowledge for teaching model 
The MKT model has been praised and is referred to as “probably the most influential 
reconceptualization of teachers’ PCK within mathematics education” (Depaepe, Verschaffel & 
Kelchtermans, 2013, p. 13). In a systemic review on how PCK was conceptualized in empirical 
studies in mathematics education, Depaepe et al. (2013) mentioned three distinct merits of the 
MKT model: First, it was developed out of empirical evidence on the knowledge needed by 
teachers to teach mathematics. Second, the MKT construct adapted Shulman’s heuristic into a 
reliable and valid tool to measure teachers’ mathematics knowledge about teaching, and lastly, 
“MKT provides empirical evidence for a positive relation between teachers’ PCK and student 
learning outcomes” (Depaepe et al., 2013, pg. 14).    
As with all theories, a theory is never an entirety (Foucault & Deleuze, 1977) - there are always 
conceptual discrepancies and room for refinement and the MKT construct is not exempted from 
these conceptual discrepancies. Four problems of the MKT model were highlighted by Ball et 
al. (2008). The first problem stems from the strength of the model and how it addresses the 
“messiness and variability of teaching and learning” but the framing of the theory is informed 
by mathematics teaching practice, the classification of knowledge domains does not take into 
account that some “situations can be managed using different kinds of knowledge.” (Ball, et 
al., 2008, p. 403). The second and third problems emerged from the first problem on the 
strength of the theory. The second problem concerns the static nature of the knowledge 
categories (Ball, et al., 2008). In constructing the MKT model, Ball and her colleagues (2008) 
explicitly set out to measure how mathematical knowledge plays out in the context in which it 
is used, namely the classroom, but they did not examine and make the thinking behind the 
mathematics knowledge explicit. As a result, the “features of pedagogical thinking” that shape 
the use of the mathematics knowledge “remain tacit and unexamined.” (Ball, et al., 2008, p. 
403). The third problem is also referred to as the ‘boundary problem’. The boundaries between 
knowledge domains are blurry, which “affects the precision (or lack thereof) of our definitions” 
as it is difficult in some cases to distinguish between CCK and SCK from KCS (Ball et al., 
2008). A final weakness identified by Ball et al. (2008), is the lack in understanding whether 
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the formulation of these knowledge domains are specific to a particular culture or are culture 
independent. Furthermore, they also need to understand how different teaching styles/habits 
might have an impact on the formation of their knowledge domains. 
A key aspect that has been overlooked in the development of the MKT model is the lack of 
understanding how teachers’ conceptualise of the nature of mathematics, and what it means to 
understand mathematics influences on their own knowledge formation. In other words, the 
question can be asked what impact teachers’ beliefs of the nature of mathematics has on their 
knowledge formation. Teachers’ conceptualisations of what mathematics is vary greatly as 
depicted in the illustration, in Figure 7. 
 
Figure 7: Illustration of continuum of teachers' views of mathematics 
 
As illustrated in Figure 7, at the one end of the continuum mathematics is viewed as a body of 
facts and procedures and knowing mathematics is seen as the ‘mastery of facts and procedures 
(Schoenfeld, 1992). On the other end, mathematics is viewed as the “science of patterns” which 
is parallel to natural science, because it emphasises the empirical seeking of patterns 
(Schoenfeld, 1992, p. 28). Teachers whose mathematics knowledge for teaching is influenced 
by an epistemology of mathematics as the “science of patterns”, develop not just mathematical 
concepts but also mathematical thinking processes i.e. problem-solving, reasoning and proof, 
communication, connections and representations and exploring of patterns (National Council 
for Teachers of Mathematics, 1989, 2000). The student teachers whom I studied in this study 
had different beliefs about problem-solving, for example.  
 
"Mathematics is viewed as a 
body of facts and procedures
Mathematics is viewed as 
the "science of patterns" 
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Ball et al.’s (2008), MTK framework does not explicitly describe and analyse mathematics 
content knowledge as consisting of both mathematical concepts and factual knowledge or 
processes (procedural knowledge). Schoenfeld (2016, p. 4), argued that scientists and 
mathematicians use a combination of knowledge of “concepts and tools, and practices and 
habits of mind” to inquire into what makes things work. In addition, scientists and 
mathematicians refer to this combined knowledge as the “content” of the discipline or 
disciplinary knowledge (ibid, p. 4). Mathematics content knowledge should, thus, also be 
described as consisting of both concepts and processes for it is the ‘cornerstone of teachers’ 
knowledge which affects both what they teach and how they teach it (Harel, 2008c). By 
implication, the other knowledge domains in Ball et al.’s (2008) MKT framework should also 
be understood in terms of the mathematical thinking processes as proposed by Foster, Wake 
and Swan (2014). Foster et al. (2014) concurred that the MKT model does not explicitly 
describe and analyse teachers’ content knowledge as consisting of both concepts and processes. 
They therefore, saw the need to adapt the framework to place mathematical thinking processes 
more “prominently within the consciousness of the mathematics education community” (Foster 
et al., 2014, p. 98).  
 
2.3.3 Frameworks combining mathematical content knowledge and mathematical 
thinking processes 
It is well documented that pedagogical content knowledge is subject and topic specific (Lehrer 
& Franke, 1992; Hadfield, Littleton, Steiner & Woods, 1998; Hashwe, 2005). This study, 
however, argues that it is also mathematical thinking processes specific; teachers of 
mathematics need to understand both mathematical concepts, processes, and should have 
pedagogical knowledge of how to teach mathematical concepts through mathematical 
processes. Thus, the pedagogical content knowledge needed for teaching problem-solving, and 
reasoning and proof will be different to the pedagogical content needed for teaching 
mathematical facts and procedures. There is therefore, a need for teachers to hold specific kinds 
of knowledge to teach for the development of mathematical problem-solving as both processes 
and mathematical thinking. I draw on the following case studies to support this argument.  
 
Mathematical knowledge for teaching mathematical problem-solving 
Foster et al.’s (2014) case study stemmed from questions such as, what would a learner’s 
development in mathematical communication in a problem-solving context comprise and what 
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pedagogical knowledge of problem-solving is needed by teachers in order to support leaner 
engagement in mathematical communication. In response to this question, Foster et al. (2014), 
proposed, “(a) robust conceptualisation of mathematical process knowledge (MPK) and 
pedagogical process knowledge (PPK). Foster’s (2014) study was underpinned by an adapted 
version of Ball et al.’s, (2008), MKT - model, in which each occurrence of the word “content” 
in Ball’s framework was replaced with the words “concepts and processes”, as illustrated in 
Figure 8, adapted from Foster et al. (2014, p. 98).  
 
CONCEPT AND PROCESS KNOWLEDGE PEDAGOGICAL CONCEPT AND PROCESS 
KNOWLEDGE 
 
 
Common content concept 
and process 
Knowledge 
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concept and process 
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        concepts and 
        processes and  
         curriculum 
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process knowledge 
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concepts processes 
and teaching 
 
Figure 8: Foster et al.'s (2014) adapted version of Ball et al.'s (2008) MKT model (Source: Foster et al., 2014, 
p. 98) 
In their case study, Foster et al. (2014) investigated secondary school (age 11 -18) in-service 
teachers’ lesson study informed by the Japanese model of lesson planning, with an added focus 
on problem-solving. The authors were particularly interested in how the three sub-domains of 
pedagogical concept and process knowledge (PPK), i.e. knowledge of concepts and processes 
and students (KPS); knowledge of concepts and processes and teaching (KPT), and knowledge 
of concepts and processes and curriculum (KPC) can be supported by a carefully designed 
lesson study programme.  
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In discussing, what the authors meant by each of the PPK sub-domains, they drew parallels 
with Ball et al.’s (2008) pedagogical content knowledge sub-domains. Thus, parallel to Ball’s 
‘knowledge of content and students’, KPS, is referred to as the blending of knowledge of 
processes and “common ways in which students think about processes, what context motivate 
them to learn the processes and what difficulties they have” (Foster et al., 2014, pg. 102). 
Knowledge of processes and teaching refers to “knowing and being able to use effective 
strategies for teaching problem-solving processes” (ibid). Teachers’ ability to select and 
sequence appropriate mathematical tasks to assist in a “coherent development in students’ 
process skills” is known as knowledge of processes and the curriculum” (ibid). 
Findings regarding ‘knowledge and processes and students’, suggested learners in the study 
often misinterpreted requests for mathematical communication from the teacher and tasks to 
show their ‘working out instead of seeing communication as a “reasoned mathematical 
argument” (Foster et al., 2014, pg. 102). With reference to, the teachers’ knowledge of 
processes and teaching, findings suggested this knowledge domain was underdeveloped. 
However, the teachers demonstrated a specific kind of knowledge of processes and the 
curriculum by being able to design a sequence of lessons to develop a single process such as 
reasoned argumentation through problem-solving. The authors explained that their empirical 
findings are limited to this particular case study and that it is not possible for them to report on 
the development of a clear approach of the learning of problem-solving over time as it is beyond 
the scope of their study (Foster et al., 2014). These authors concluded that they anticipated that 
the empirical conceptualisation of the mathematics knowledge for teaching has not to date 
identified knowledge of mathematical thinking processes as essential to everyday classroom 
practice. They conclude that problem-solving does not receive the required attention in the day-
to day teaching of mathematical concepts. Furthermore, they conclude that teachers’ 
understanding of process skills and how to assess learning through process skills are currently 
largely underdeveloped. 
Mathematics teachers’ knowledge for teaching problem-solving 
In a similar vein, Chapman (2015), highlighted the fact that the categories of mathematical 
knowledge proposed by Ball et al.’s (2008), model does not provide a complete picture of the 
knowledge needed by teachers to teach for the development of mathematical problem-solving. 
Chapman (2015), thus, proposed a mathematical problem-solving knowledge for teaching 
(MPSKT) framework, which addresses the question of what teachers need to know, particularly 
32 
 
to teach mathematical problem- solving proficiency. According to Chapman (2015), teachers 
need to hold interdependent categories of knowledge, but are not limited to these categories 
only, to develop learners’ mathematical problem- solving proficiency, as diagrammatically 
illustrated in Figure 9. 
 
 
 
 
 
 
 
 
 
Figure 9: Interrelationships of MPSKT (Source: Chapman 2015, p. 32) 
 
Chapman’s (2015) construct of mathematical problem- solving proficiency is defined as the 
direct relationship between suggested characteristics for successful problem- solving and 
mathematical proficiency. Mathematical problem-solving proficiency therefore, encompasses 
the relationship between components of successful mathematical problem-solving as proposed 
by Schoenfeld’s (1985), Mayer and Wittrock’s (2006), and Kilpatrick et al., (2001) strands of 
mathematical proficiency. The relationship between the components of successful problem-
solving and the strands of mathematical proficiency is illustrated in Table 1, adapted from 
Chapman (2015, p. 22). 
 
 
 
 
 
PS proficiency 
PS content 
knowledge 
Pedagogical PS 
knowledge 
Affective factors 
and beliefs 
33 
 
Table 1:  
Perspective of mathematical problem-solving proficiency 
Mayer & Wittrock 
(2006) 
Schoenfeld  
(1985) 
Kilpatrick et al., 
(2001) 
Mathematical PS 
proficiency 
 
Concepts 
Procedures 
Appropriate 
Resources 
Conceptual 
understanding and 
procedural fluency 
Conceptual 
understanding of 
mathematical concepts, 
operations and relations 
 
Strategies Heuristic 
Strategies 
Strategic competence Understanding of general 
heuristics and specific 
strategies and when and 
how to use them 
Metacognitive 
knowledge 
Metacognitive  
control 
Adaptive reasoning Capacity for logical 
thought and 
understanding of 
reflection for awareness, 
monitoring, controlling 
and overseeing one’s 
own cognitive 
processing during PS 
 
Beliefs Appropriate 
beliefs 
Productive disposition Holding beliefs about 
mathematics, PS and 
one’s PS competence 
that support motivation 
and confidence 
 
 
In Table, 1, Chapman shows the possible relationship between each of the five knowledges 
proposed by Mayer and Wittrock (2006), each of the components for successful problem-
solving proposed by Schoenfeld (1985) and each of the interwoven strands of mathematical 
proficiency. Chapman (2015) further argues that similar to mathematical proficiency; 
mathematical problem-solving proficiency is not a “one dimensional concept” and cannot be 
developed by just focusing on one or two of the components (p. 21). Thus, the development of 
mathematical problem-solving proficiency requires teaching practices that will incorporate all 
the components as illustrated in Table 1. Furthermore, in order for teaching practices to 
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successfully incorporate, all the components of mathematical problem-solving proficiency 
teachers are not only required to know how to solve mathematical problems but also what 
create deep knowledge6.  
According to Chapman (2015), development of mathematical problem-solving proficiency 
includes a proficiency in selecting and designing mathematical problems that are largely 
influenced by teachers’ views regarding the nature of mathematical problems. Teachers’ views 
about the nature of problems is crucial for the development of students’ mathematical problem-
solving proficiency as it could either limit or enhance how students experience, perceive and 
learn problem-solving (Chapman, 2015). Consequently, Chapman (2015) proposed that 
mathematical problem-solving knowledge for teaching should include the view that a problem 
is a mathematical task for which the solver does not have an obvious way to complete the 
problem task. Furthermore, teachers should not only understand problem-solving as a process 
but also in terms of mathematical thinking or problem-solving thinking. To show the 
relationship between problem-solving thinking and mathematical thinking, Chapman (2015) 
referred to Mason, et al.’s (1982), notion of mathematical thinking that involves specializing, 
generalizing, conjecturing and convincing.  
Secondly, knowledge of problems also includes how teachers understand the structure and 
purpose of mathematical problems in order to make sense of students’ solutions. Having an 
understanding of the structure of mathematical problems include understanding how the syntax 
of word problems influences the way in which students understand the problems which impacts 
on the solution strategies used. In addition, it also includes understanding how different 
structural problems have an effect on students’ solutions.  
Thirdly, knowledge of problem-solving also includes knowledge of heuristics, but over and 
above this, teachers need to have conceptual and procedural knowledge of various problem-
solving models, such as Polya’ s, Mayer and Wittrock’s and Schoenfeld’s models of problem-
solving to understand the thinking and processes involved in finding a solution for a problem. 
Knowledge of problem posing is the companion of problem-solving as teachers do not only 
need to know and exemplify how to solve problems, but they should also know how to generate 
new problems and reformulate problems worked on during the problem-solving process. The 
generation of one’s own problems can occur before the problem-solving process, during it, or 
                                                          
6 Knowledge includes the following factors, knowledge of problem solving, knowledge of problem posing, 
knowledge of students as problem solvers, and knowledge of problem solving instruction.  
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afterwards. Problem posing after the problem- solving process usually includes extending the 
existing problem that was solved. Teachers need knowledge of how to pose problems so that 
they are able to support their students in generating their own “useful and meaningful problems 
to develop their problem-solving proficiency” (Chapman, 2015, p. 26). Teachers also need to 
know common difficulties encountered by students about problem-solving. 
Mathematical problem-solving knowledge for teaching should also include knowledge of the 
difficulties experienced by students when they attempt to solve problems. These difficulties 
include, but are not limited to, the following: “lack of knowledge of essential facts, rules and 
formulas, insufficient mastery of computational skills, inability to read, and lack of a method 
for attacking the problem” (Chapman, 2015, p. 27). In addition to having knowledge of the 
common difficulties encountered by students, teachers also need to have knowledge of both 
the cognitive and affective dispositions of successful problem solvers as well as knowledge of 
students’ mathematical thinking. More specifically, teachers need to understand students’ 
mathematical reasoning during the problem-solving process because knowledge about 
students’ reasoning has been shown to be useful in understanding and supporting students’ 
problem- solving. 
Chapman (2015) argues that it is obvious that MPSKT should include knowledge of problem-
solving teaching practices that will support and develop mathematical problem-solving 
proficiency. Holding knowledge of problem-solving teaching practices requires from teachers 
to be strategic competent, understand the role of metacognition during the problem-solving 
process. Furthermore, teachers need to anticipate students’ possible solution strategies as well 
as know when and how to assist students in order to successfully solve the problem without 
lowering the cognitive demand. It is expected that teachers may at times find themselves in a 
position of not knowing the solution to a problem. Teachers, thus need to know how to deal 
with instances of not knowing. 
An associated construct is students’ mathematical problem-solving beliefs. Beliefs have been 
referred to as a cognitive and affective construct (Goldin, 1998), which can either facilitate or 
inhibit problem-solving. It is important for teachers to have an understanding of students’ 
mathematical problem-solving beliefs, because their beliefs influence how they approach 
problem-solving. Not only should teachers be aware of their students’ beliefs about problem-
solving but also about their own mathematical problem solving beliefs, because these may 
influence how they approach and teach problem solving. In conclusion, Chapman (2015) 
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contends that mathematical problem-solving knowledge for teaching is a “complex network of 
interdependent knowledge” and requires a deep understanding from teachers about the 
interdependent nature in order to develop problem-solving proficiency through their teaching 
practices (p. 19). 
I have examined a few pertinent frameworks of teachers’ mathematics knowledge, needed for 
teaching mathematics, as well as mathematical problem-solving processes and thinking. By 
implication, these frameworks propose specific forms of mathematical learning, which requires 
that teachers create specific mathematical experiences for students. As Schoenfeld (1985, p. 
185) explained, “if the bulk of students’ experience with particular mathematical ideas occurs 
in the classroom, the students’ mathematical world views – their abstraction of their 
experiences with those mathematical ideas – will be based on those experiences.” As an 
example, student teachers’ perspectives and use of geometrical proofs will be greatly 
influenced by how proofs have been used in the geometry lectures (Schoenfeld, 1985). 
Similarly, if mathematics content courses for student teachers are focused mainly on 
memorization of facts and procedures it is highly unlikely that student teachers will develop an 
appreciation of mathematics as a discipline nor will they make the necessary sense of the 
discipline (Schoenfeld, 2016). It is also highly unlikely that student teachers will become 
mathematical thinkers, because students need to experience mathematics content in its full 
richness to become thinkers of the discipline (Schoenfeld, 2016). 
 
 
2.4 MATHEMATICAL THINKING AND TEACHER EDUCATION 
Mathematical thinking is a very broad and vague term; there is no clear definition among 
mathematics education scholars. Devlin (2012) describes mathematical thinking as crucial, 
though elusive, but includes abilities such as logical thinking, analytical thinking and 
quantitative reasoning (ibid). Devlin (2012) also argues that, mathematical thinking does not 
require following procedures and an intense manipulation of symbols, but is a “specific way of 
thinking about things in the world.” Mathematical thinking does not only have to be thinking 
within a mathematical context (i.e. working with mathematical symbols, axioms, definitions 
and theorems) but can also requires logical, analytical and quantitative thinking (Devlin, 2012) 
within contexts other than mathematics. However, specific components of mathematics 
provide a context for learning how to think in a specific way, different to ‘general’ logical and 
analytical. This ‘specific’ and ‘different’ way is to ‘think like a mathematician’, showing 
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inclinations, habits and practices of thought. Mathematical thinking is about ways of thinking 
and not about learning new mathematics (Devlin, 2012). 
 
2.4.1 Schoenfeld’s understanding of mathematical thinking 
‘Mathematical thinking’, ‘learning to think like a mathematician’, ‘disciplinary thinkers ‘ some 
of the  phrases introduced to mathematics education by Schoenfeld (1985, 1992, 2016). 
Schoenfeld (1992) understands mathematical thinking in terms of competence in disciplinary 
tools and being able to use them in making sense of mathematics. According to Schoenfeld 
(1992) mathematics is an activity that is performed in the human mind by using the tools of 
mathematics i.e. abstraction, symbolic representation, and symbolic manipulation. 
Furthermore, it does not mean that by being trained how to use these tools one thinks 
mathematically (Schoenfeld, 1992). Hence, learning to think mathematically “means (a) 
developing a point of view- valuing the processes of mathematization and abstraction and 
having the predilection to apply them , and (b) developing competence with the tools of the 
trade, and using those tools in the service of the goal of understanding structure – mathematical 
sense-making” (Schoenfeld, 1992, pg. 336). To clarify his understanding of mathematical 
thinking, Schoenfeld (1992) highlights two fundamental components, i.e. “having a 
mathematical point of view” and “being a member of the mathematical community”. By this, 
he means that a mathematical thinker has a mathematical point of view and sees the world 
through the eyes of mathematicians and the community and belongs to and shapes the 
development of this mathematical worldview (Schoenfeld, 1992). 
 
2.4.2 Foundational components of mathematical thinking 
According to Schoenfeld (1985), his theoretical framework of mathematical thinking as 
problem-solving has been informed by diverse disciplines such as mathematics education, 
artificial intelligence (AI), developmental psychology and cognitive anthropology, among 
others. His conception of mathematical thinking consists of two basic components; 1) having 
a mathematical point of view and being a member of the mathematical community, and 2) 
seeing the world through the lens of a mathematician. These two components are, in essence, 
epistemological perspectives of cognitive anthropology such as enculturation and 
apprenticeship (Brown, Collins, & Duguid, 1989, Lave, 1988; Lave & Wenger, 19) in a 
community of practice. Schoenfeld (1992) like other scholars (e.g.  Lave, 1988; Rogoff & Lave, 
1984; Resnick, 1989) perceive of mathematics learning as essentially a social, cognitive and 
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constructive activity, instead of an “absorptive” one (p. 340). He therefore, argues that 
developing a mathematician’s viewpoint is learning to think like a mathematician, which is a 
process of becoming and a form of enculturation (Resnick, 1989) into seeing the world 
mathematically. In an earlier paper, Schoenfeld (1987) described a mathematician’s point of 
view as: 
 
----a certain way of thinking about mathematics, of its value, of how it is done, etc. 
What we had picked up was much more than a set of skills; it was a way of viewing the 
world, and our work. We came to realize that we had undergone a process of 
acculturation, in which we had become members of, and had accepted the values of, a 
particular community. (Schoenfeld, 1987, p. 213)                                                     
 
Thus, for Schoenfeld (1992), having a mathematical point of view is synonymous with 
Resnick’s (1988) notion of learning and thinking as socialization - also referred to as 
enculturation. For Schoenfeld (1992) mathematicians’ “habits and dispositions” (Resnick, 
1989, pg. 58) are culturally bound in the community of practicing mathematicians.  Defining 
such a community is fraught with challenges, because the boundaries of a community have to 
be established in some way. Drawing on the work of Lave (1988), who investigated the 
apprenticeship system by which Monrovian tailors learn their skill, Schoenfeld (1992) 
illustrates the importance of a mathematician being a member in a mathematics community. In 
a similar vein as apprentices in Taylors’ Alley, my thesis argues that student teachers are 
apprentice mathematical thinkers who are apprenticing themselves into a community 
surrounded by mathematics teacher educators and mathematicians from who they learn 
mathematical skills, values and perspectives.  
 
Schoenfeld’s (1992) second foundational component - seeing the world from a mathematical 
point of view - refers to identifying interesting mathematical problems in non-mathematical 
contexts, such as “optimization of supermarkets” express lanes (p. 341) thus, being able to 
embody “habits and disposition of mathematicians” in everyday phenomena. Viewing the 
world in mathematical terms corresponds with Devlin’s (2012) conceptualisation of 
mathematical thinking as demonstrating analytical and quantitative skills in ‘non-
mathematical’ contexts.  
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2.4.3 Models of mathematical thinking as problem-solving 
Schoenfeld (2016), explained in his book, Mathematical Problem Solving, that his views were 
influenced by George Polya’s (1945) book, How to Solve It. Schoenfeld (1985), describes how 
he had read the book for the first time in 1975 and then became interested in finding out what 
it means to “think mathematically” and how one can help students to accomplish it. Schoenfeld 
(1992, pg. 51), recognizes that Polya’s influence in, How to Solve It (1945) “planted the seeds 
of the problem-solving ‘movement’ that flowered in the 1980’s, calling Polya’s book a 
‘revelation’ (Schoenfeld, 2016). Polya’s own work addresses pertinent issues regarding the 
teaching of mathematical problem- solving, such as the role of the teacher as instructor and as 
example of mathematical thinking (for her ‘apprentices’), the process of systematic problem-
solving, especially the importance of ‘looking back’ and also ‘problem posing’. According to 
Polya (1957), the role of the teacher is to model how mathematical problems should be solved, 
by ‘thinking aloud’ when solving problems. The point is that students may well need an 
auditive example of how to think and learn to do this. They learners then have a model of what 
verbalised thinking entails. 
 
Polya’s (1945) classic four-stage model (see, Figure 10), has been, and still is, instrumental for 
both the teaching and assessing of mathematical problem-solving. According to the model, 
problem solvers first need to understand the problem and what it entails before they can devise 
a plan. By devising a plan, the solver decides on a suitable solution strategy. Once the solver 
has ensured that the chosen strategy is appropriate, she can carry out the plan. The final stage 
is to ‘look back’. By ‘looking back’ the solver is reflecting on the solution strategies to 
determine if the strategy used was the most suitable. 
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Figure 10: Polya’s (1945) four-stage problem-solving framework 
 
Building on Polya’s (1945) work on heuristics, Schoenfeld (1985, 1992) developed a four-
phase theoretical framework of mathematical thinking as problem-solving that was empirically 
derived from a decade-long period of his design experiments, aimed at understanding and 
improving students’ problem-solving (Schoenfeld, 1985). In these design experiments, 
Schoenfeld (1985) first modelled to his students how to solve non-routine mathematical 
problems and then they had to solve problems on their own. Based on the findings of these 
design-experiments, mathematical thinking was conceptualised as comprising of mathematical 
processes, mathematical strategies and tacit mathematical understanding. These three 
components - mathematical processes, mathematical strategies and tacit mathematical 
understanding - were further refined to form an analytical tool, consisting of four key 
interrelated components, namely, resources, heuristics, control/metacognition, beliefs 
(Schoenfeld, 1985), as shown in Table 2. Later Schoenfeld (1992) added another component, 
namely practices. The (1985), framework represents an attempt to explain a range of 
behaviours that, arguably, constitute mathematical thinking as problem-solving.  
Understand 
the problem
•E.g. Do you understand what are you 
asked to find or show. Do you 
understand all the words in the problem, 
etc. Plan can only be devised once you 
understand the problem. 
Devise a Plan
•Deciding on a  suitable strategy, i.e. can you restate the 
problem in your own words, guess & check, making a 
drawing, working from backwards, etc., may be 
daunting-the more you solve problems the easier it 
becomes to choose the correct startegy
Carry out the 
Plan
•Carrying out the plan is easier once it is accurately 
devised. You need to ensure you have the necessary 
strategies. If a strategy does not work the first time be 
persistent, try again. If it still doesnt work try a new one.
Look Back
•The look back phase is an important 
phase but often overlooked. During this 
phase you look back at your final 
solution - to reflect on what strategies 
you used, are there possibly an easier or 
better method to find a solution
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Table 2:  
Knowledge and behaviour necessary for an adequate characterization of mathematical problem-solving 
performance (Source: Schoenfeld, 1985, p. 15) 
Resources Mathematical knowledge possessed by the individual that can be brought to bear 
on the problem at hand: 
 
Intuitions and informal knowledge regarding the domain 
Facts 
Algorithmic procedures 
“Routine” nonalgorithmic procedures 
Understandings (propositional knowledge) about the agreed-upon rules for 
working in the domain 
 
Heuristics Strategies and techniques for making progress on unfamiliar or nonstandard 
problems; rules of thumb for effective problem-solving, including: 
 
Drawing figures; introducing suitable notation 
Exploiting related problems 
Reformulating problems; working backwards 
Testing and verification procedures 
Control Global decisions regarding the selection and implementation of resources and 
strategies: 
 
Planning 
Monitoring and assessment 
Decision making 
Conscious metacognitive acts 
 
Belief systems One’s “mathematical world view” the set of (not necessarily conscious) 
determinants of an individual behaviour: 
 
About self 
About the environment 
About the topic 
About mathematics 
 
Table 2, summarizes the key knowledge and behaviour exhibited by a student who can think 
mathematically. A student who can think mathematically is resourceful, flexible, and efficient 
in the ability to deal with ‘unfamiliar’ mathematical problems (Schoenfeld, 1985). In addition, 
the framework serves as a tool to find out what the cause of failure or success is of a person 
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attempting to solve a mathematical problem. The failure or success of the problem-solving 
attempt is dependent the problem solver’s knowledge base (resources), strategies (heuristics), 
ability to monitor or self-regulate (control), and beliefs about mathematics as a (belief system) 
and practices (ibid). 
 
Resources 
According to Schoenfeld (1985), the solver’s knowledge base is key, because in an attempt to 
solve a problem, the solver draws from three broad classes of information - relevant facts 
known by the solver, algorithmic procedures, and relevant competencies. Not only is it 
important for the solver to have these resources at her disposal, but also knowing how this 
knowledge is structured, stored and retrieved from memory (ibid). A very important aspect to 
take note of is that the solver’s knowledge base does not need to be ‘true’, but what the solver 
believes to be true is important because this is the foundation of all problem-solving 
(Schoenfeld, 1985). 
 
Heuristics 
Resourceful problem-solvers have a wide range of problem-solving techniques (heuristics) at 
their disposal. Heuristics are methods, tools and strategies that can be helpful in problem-
solving (Bruner, 1960). According to Tiong, Hedberg, and Lioe (2005), heuristics are methods 
that have been useful in previous problem-solving experiences and which one might want to 
apply to the problem-solving process at hand. Schoenfeld (1985) summarizes how a problem-
solver builds a repertoire of problem-solving strategies as: 
Occasionally the person solves a problem using a technique that was successful earlier 
and something clicks. … If that method succeeds, twice the individual may use it when 
faced with another similar problem. In that, way a method becomes a strategy. Over a 
period of years, each individual problem solver comes to rely – quiet possibly 
unconsciously – upon those methods that have proven useful for himself or herself. 
That is the individual develops a personal and idiosyncratic collection of problem 
solving strategies. (Schoenfeld, 1985, p. 70 -71) 
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The methods used by problem solvers could be obtained through various ways, such as methods 
taught by teachers, methods self-discovered, methods observed while other where solving 
problems and those gained form mathematics textbooks (Tiong et al., 2005).  
Heuristics play an important role in solving non-routine problems of unfamiliar topics. Polya 
(1945) suggested several problem-solving strategies including, working backwards, searching 
for similarities, making a drawing, etc. Tiong et al., (2005) categorized problem-solving 
heuristics into four broad categories. These categories are representation heuristics, 
simplification heuristics, pathway heuristics, and generic heuristics. Representation heuristics 
such as acting it out, using a diagram/model and equations are heuristics that “guide the 
representation of problems in different forms” (Tiong at al., 2005, p. 3 – 4). Representation 
media include but are not limited to a mixture of different semiotics, such as words, 
mathematical symbols, graphs, diagrams, gestures, sound etc. (Quarfoot, 2015). Most popular 
semiotics used in mathematics classrooms are words, diagrams, mathematical symbols, and 
graphs. Over the last two decades, there has been an increase in interest on the role of gestures 
in teaching and learning of mathematics (Radford, 2003; Arzarello & Edwards, 2005; Roth, 
2001). Gestures refer to “extra-linguistic modes of expression” (Arzarello, et al., 2009, p. 97), 
and includes glancing, pointing, using hands or fingers, etc. 
Simplification heuristics are heuristics that guide the solver in deciding which information in 
the problem is important and necessary in the problem statement but before the solver can make 
these decisions, she needs to fully understand the problem. Simplification heuristics include 
but are not limited to the following heuristics, look for patterns, solving only part of the 
problem, and restate the problem in another way (Tiong et al., 2005). 
 
Pathway heuristics refers to choosing “effective and suitable paths” to solve the problem and 
they may require other heuristics as well (Tiong et al., 2005). Working backwords and using 
before-after concepts are examples of pathway heuristics. 
 
Generic heuristics are heuristics used to select heuristics, as they do not suggest an immediate 
heuristic to solve the problem but guides the solver where to find an appropriate solution 
strategy (Tiong et al., 2005). Generic heuristics, such as guessing-and-checking, also referred 
to as trial-and-error, are frequently used heuristics to approach a problem (ibid). Generic 
heuristics also include heuristics such as think of a similar problem and make systemic lists. 
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However, knowing how to use various heuristics cannot replace knowing the relevant subject 
matter knowledge, because heuristics are only scaffolds that help to solve problems (Tiong et 
al., 2005). Schoenfeld (1992) pointed out that an extensive number of studies have been 
conducted to find out what heuristics students employ when they attempt to solve a problem. 
Ultimately, findings of these studies were unable to provide mathematics education with 
distinct directions with regard to students’ problem-solving strategies. However, there is 
enough evidence, to suggest that problem-solving strategies are both student- and problem 
dependent (Schoenfeld, 1992).  
 
Control and metacognition 
Furthermore, having a range of heuristics and mathematical knowledge, the solver also needs 
to be competent in monitoring progress as well as making the right decisions. Monitoring refers 
to being able to assess one’s progress towards finding a solution and to determine whether you 
are able to adapt your approach if you are not on the right solution path. Referring to Polya’s 
‘devising a plan’ stage, this is not a once off decision.  
 
Beliefs 
Belief systems are also referred to as students’ worldview (Schoenfeld, 1985). Students’ belief 
systems have an impact on how they use their resources, heuristics and how they control and 
monitor the problem-solving process. Their beliefs about the nature of mathematics and their 
self-efficacy beliefs are key determinants of good mathematical problems solvers. Beliefs are 
one of the affective components as classified by McLeod (1992). McLeod, who classified 
affective components as beliefs, emotions, and attitudes. DeBellis and Goldin (1997) later 
added a fourth affective component, namely, values. Hannula (2004) pointed out that the four 
components do not encapsulate the complete affective field and added motivation. Hannula 
(2004) pointed out affective components such as beliefs, motivation, emotions and attitudes 
influence students’ problem-solving processes. He further described the relationship between 
mathematical thinking and affective domain by stating that: 
 
In mathematical thinking, the motivational aspect determinates goals in a situation. […] 
Emotions are an evaluation of the subjective progress towards goals and obstacles on 
the way. […] Cognition is a non-evaluative information process that interprets the 
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situation, explores possible actions, estimates expected consequences, and control 
actions. (Hannula, 2004, p. 55)       
                                                                                            
Motivation, beliefs, emotions and values are interrelated components that could either hinder 
or promote problem-solving processes. They also separate good problem solvers form poor 
ones. 
 
In addition to Polya’s (1945) classical problem-solving framework and Schoenfeld’s (1985), 
mathematical problem-solving framework, there are other mathematical problem-solving 
models, e.g. Garafalo and Lester’s (1985), framework, consisting of four distinctive 
metacognitive activities - orientation, organization, verification and execution. There is also 
the work of Carlson and Bloom (2005), who argued that mathematical problem-solving 
processes are cyclic in nature and not linear as depicted in Polya’s framework. They offered a 
multidimensional framework for investigating and analysing mathematical problem-solving 
behaviour. As different scholars proposed, various models to analyse mathematical problem-
solving behaviour there are also various lenses through which mathematical thinking is viewed. 
Over the past three decades, mathematics education has seen a range of linguistic terms 
describing and expounding Schoenfeld’s (1985) ideas. Taking the lead from Schoenfeld 
(1985), some elaborated on “problem-solving by expanding on the importance of affect in 
problem-solving, like McLeod (1992). Cuoco, Goldenberg and Mark (1996) developed the 
theoretical construct of mathematical “habits of mind”, while Mason, Burton and Stacey 
(1982/2000) examined “thinking mathematically”, which is also the title of their book. Also 
influenced by Schoenfeld’s (1985) work, the NCTM (1998/2000) proposed “mathematical 
processes” and later the Common Core State Standards for Mathematics (2010), in which core 
“mathematical practices” are discussed. The range of linguistic terms of mathematical thinking 
mentioned here signifies mathematical thinking as processes, activities, practices, behaviours 
and habits of mind of mathematicians. In addition, it also illustrates that there are various lenses 
from which to view mathematical thinking, such as mathematical thinking as ‘reasoning and 
proof’ (Tall, 2013, 2014; Stylianides, 2005; Harel & Sowder, 2007); mathematical thinking as 
‘abstraction’ (Devlin, 2000); mathematical thinking as ‘problem-solving’ and mathematical 
thinking as ‘modelling’ (Zawojewski & Lesh, 2003; Lesh & Harel, 2003). My study views 
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mathematical thinking as problem-solving through the ‘lens’ of Polya (1945) and Schoenfeld’s 
(1992) frameworks. 
 
2.4.4 Problem-solving for mathematics education  
 For the purpose of studies in mathematics education, one has to derive some definition of what 
it means to ‘solve’ a ‘problem’. Mathematical problem-solving cannot be defined with a simple 
definition because there are multiple notions and meanings of what mathematical problem-
solving is. Wilson, Fernandez and Hadaway (1994) noted, “when two people talk about 
mathematics problem-solving, they may not be talking about the same thing” (p.1).  The 
meaning of problem- solving may range from ‘solving’ (completing) rote textbook exercises 
across a spectrum to doing mathematics as a mathematician (Schoenfeld, 1992). Polya (1945, 
1957), described problem-solving as ‘the art of discovery’. He also regarded the type of 
problems a student must solve as key to doing mathematics, because these problems should 
challenge the student’s “curiosity and evoke his creative abilities” (Polya, 1978, p. The 
National Council of Teachers of Mathematics (NCTM, 1982, 2000) alludes to this view by 
saying that problem-solving refers to how students engage in a task without knowing which 
known solution method will lead to the solution. According to Schoenfeld (1985), when a 
student already knows a (reliable) solution path, there is no problem to solve, but only an 
exercise to practice a process or to strengthen memory of both factual and procedural 
knowledge. Schoenfeld (1985) further argues that a problem is not determined or classified as 
a problem, based on an inherent property (like difficulty) but on the relationship between the 
solver’s knowledge/ability and the problem. For example, when one poses the following 
problem, “Find the sum of all the numbers between 1 and 99” to a group of first year student 
teachers the students will follow different paths. For some it will be a problem because they 
have not encountered this type of task before and they are likely to embark on finding a solution 
path – perhaps by adding all the numbers. Others may have solved this problem or similar 
problems in the past and therefore would recall form experience which solution path to follow. 
For the latter type of student, “finding the sum of all numbers between two given numbers” 
and similar tasks are exercises to practice and reinforce facts or processes and are not problems 
for them because they know what to do. The complexity of the ‘problem’ is thus not dependent 
on the function of the task but on the student’s exposure and experience to this type of task, 
and of the knowledge and belief system of the solver (Schoenfeld, 1992; Carlson & Bloom, 
2005).  
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Finding solution paths requires identifying what the problem/question is, and then reflecting 
on what path exists toward a solution. I argue that for this to happen certain knowledge has to 
be in place. For example, a question requires that multiple digit numbers must be added, a 
pathway has to come to mind about how to proceed. Students cannot perform the task if they 
do not know of different ways to perform this activity. They are thus not only faced with a 
mathematical problem, but also with a mental executive decision, a metacognitive decision 
(Flavell, 1987), utilizing working memory abilities (Dehaene & Changeux, 2011, Cockroft, 
2015).  Much of mathematics requires learning, and while problem-solving is also a form of 
learning, it is at the same time a form of applying knowledge and using knowledge and skills 
to identify a problem and searching for a way to address it and to solve it (Figure 11). 
 
Figure 11: Components of mathematical problem-solving 
 
The ability to see the problem and to act upon it in a strategic way, deliberating on possible 
solution paths, requires to work from knowledge that is retrieved from memory and applying 
it in an integrated way to first ‘see’ and then to ‘solve’ the problem. Duncker (1945) describes 
the generic activity of problem-solving, emphasizing the goal of the solver and the importance 
of having “recourse to thinking”. I would argue that this recourse is the existing knowledge 
that a solver uses to ‘see’ and to ‘solve’ the problem: 
A problem arises when a living creature has a goal but does not know how this goal is 
to be reached. Whenever one cannot go from the given situation to the desired situation 
Abstract maths 
knowledge: 
concepts, facts  
and skills
Identifying the 
'problem by using 
the knowledge
Examining the 
problem and 
considering 
pathways to 
solve it
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simply by action, then there is recourse to thinking…Such thinking has the task of 
devising some action, which may mediate between the existing and the desired 
situation. (Duncker, 1945, pg.1) 
Although I have started this section by proposing that there is no clear definition for what 
problem-solving, I would argue that there are at least three distinct features of problem-solving 
in mathematics learning. 
(1) The solver does not have a solution path for solving the task at hand (Lithner, 2008). 
(2) The solver needs to put some effort to find a solution and the effort is a thinking or 
cognitive effort (Lesh& Zawojerski, 2007). 
(3) The problem should be worth the while of solving the problem (Johanassen, 2000). 
An important overarching goal is that the problem-solving episode should serve as a learning 
experience that can reinforce conceptual understanding and procedural knowledge, utilizing 
facts and principles that are retrieved from memory.  
 
2.5 MATHEMATICAL PROBLEM-SOLVING AS A CURRICULAR GOAL FOR 
LEARNING MATHEMATICS 
The rationale for learning mathematics, globally, has been informed by the worldwide drive 
for competencies and skills to succeed in the twenty first century and the 4th Industrial 
Revolution. Students need to construct knowledge and develop skills in a fast-changing world, 
where 21st century skills are interchangeably referred to as higher-order thinking skills, deeper 
learning outcomes and complex skills in curriculums and amongst scholars (Scott, 2015). 
Several sources7  identified competencies needed for the 21st century. For instance, the 
Assessment and Teaching of 21st Century skills Project, a worldwide multi-stakeholder 
partnership categorized 10 competencies into four categories; (i) ways of thinking; (ii) ways of 
working; (iii) tools for working and (iv) skills for living in the world (Griffin, McGaw & Care, 
2012), see Table 3. 
 
 
                                                          
7 The Delores Report, produced by the International Commission on Education for the Twenty-first Century; The 
Assessment and Teaching of 21st Century skills Project ,(ATC21S) & The US-based Apollo Education Group 
(cited in Scott, 2015) 
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Table 3:  
21st Century Skills (Source: Griffin et al., 2012) 
Ways of thinking Ways of working Tools for working Living in the world 
Creativity and innovation Communication Information literacy Citizenship – local and 
global 
Critical thinking, problem- 
solving, decision making 
Collaboration (teamwork) ICT literacy Life and career 
 
Learning to learn, 
metacognition 
  Personal and social 
responsibility – including 
cultural awareness and 
competence 
 
While various sources identified 21st century competencies, there is no single prescribed 
approach in how to educate students for the twenty-first century (Dede, 2010). However, 
mathematics has been identified as a pertinent vehicle to develop these skills, which are 
expressed as mathematical thinking as evidenced in mathematics curriculum frameworks 
across the globe. 21st century skills included in mathematics curricula, but not limited to these 
are; problem-solving, logical reasoning, curiosity, creative and ICT proficiency. Learners from 
countries that have adopted a mathematical thinking approach are Singapore, where the 
curriculum centres on mathematical problem-solving, and the Netherlands’, which adopted a 
realistic mathematics approach, plus Japan, China and Finland with their focus on 
mathematical thinking approaches in the curriculum. There is a move, generally, to revise 
mathematics curriculum frameworks to address the need to develop mathematical thinking 
practices needed for the 21st (e.g. South African Curriculum and Assessment Draft Policy for 
Mathematics, 2018, the US Common Core State Standards, 2010). I give a brief account of 
mathematics curriculum frameworks with a strong mathematical thinking approach. 
2.5.1 From mathematical process standards to common core state standards (CCSS) in 
the USA 
The current US Common Core State Standards Mathematics is a result of several iterations of 
curriculum revision, from the 1980’s Standards to Principles and Standards for School 
Mathematics (NCTM, 2000). The NCTM (2000) emphasises that the process standards should 
not be taught in isolation but constantly bear in mind the ways in which students learn 
mathematics. When students engage in the processes, they actually learn mathematics by doing 
mathematics (Van de Walle, 2006). The National Research Council (NRC) (2000) describes 
the learning of mathematics in terms of being mathematical proficient. A mathematical 
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proficient student is one who understands mathematics, indicators of mathematical 
understanding is being proficient in the five interwoven strands8 (Kilpatrick et al., 2001). 
Drawing from the two documents on mathematical processes (NCTM, 2000) and mathematical 
proficiency (NRC, 2001) the Common Core State Standards (CCSS, 2010, p. 6 - 8) were 
derived, consisting of content standards and eight mathematical practices. The eight 
mathematical practices include (1) making sense of problems and persevere in solving them, 
(2) reason abstractly and quantitively, (3) construct viable arguments and critique reasoning of 
others, (4) engage in mathematical modelling, (5) strategic use of mathematical tools, is 
focused on precision, looking for underlying mathematical structures, and looking for and 
expressing regularity in repeated reasoning. 
The eight mathematical practices capture the nature of mathematical problem-solving in terms 
of processes as well as the mathematical thinking required. As referred to by the CCSS, 
mathematically proficient learners are able to make sense of the problem by explaining it to 
themselves and finding solution entry points. They are also able and proficient in using a 
variety and suitable heuristics. Furthermore, mathematical proficient students are those who 
can mathematize through modelling, they can reason inductively and deductively, can justify 
their solution strategies to others. Meaning they are able to reason but can also listen and 
critiques the reasoning of other students. They are able to look for and make use of structure, 
meaning they are able to specialize, generalize, and conjecture. Similar to Kilpatrick et al.’s, 
(2001) strands of mathematical proficiency the eight mathematical practices are interdependent 
can cannot develop in isolation or one without the other. Similar, mathematical practices are 
highlighted in the Singapore curriculum for mathematics as discussed in the section to follow. 
 
2.5.2 Singapore’s mathematics curriculum framework 
After several iterations of revising the mathematics curriculum, the development of students’ 
problem-solving abilities became the primary goal in both the primary and secondary 
mathematics curriculum frameworks (Fan & Zhu, 2007). Since the 1990s mathematical 
problem-solving has maintained the centre or focal point of the Singapore mathematics 
curriculum. Figure 12, presents the pentagon framework of the mathematics curriculum “with 
five inter-related components surrounding the center, mathematical problem-solving” 
(Ministry of Education (MOE), 2012).  
                                                          
8 Interwoven strands previously mentioned, conceptual understanding, procedural fluency, strategic 
competence, adaptive reasoning and productive disposition. 
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Figure 12: Ministry of Education (2012). Primary Mathematics Teaching and Learning Syllabus. Singapore. 
(Source:  Ministry of Education (MOE)) 
 
Key in this mathematics curriculum framework are the processes, namely thinking skills and 
heuristics. The primary grades curriculum clearly listed 11 problem-solving heuristics, such as 
the ones I discussed earlier like, acting it out and using a diagram/model (Fan & Zhu, 2007). 
At the high school level, the curriculum stipulated the same 11 heuristics (primary school) but 
two additional ones were added, using equations and thinking of a related problem (ibid). It is 
evident that finding an effective heuristic to make sense of a problem is crucial in finding a 
solution for a problem. A common and effective heuristic in the middle school, the 
diagram/model heuristic played a vital role in the Singapore mathematics curriculum (Kho, 
1987) because it arose much interest from researchers from the western countries (Fan & Zhu, 
2007). The diagram/model heuristic was then referred to by the researchers from the western 
countries as the bar modelling, this bar model was not only an effective tool for problem-
solving, “but also served as a link to algebra (Fan & Zhu, 2007). The bar modelling differed 
from the tape diagram because it also served as a link from arithmetic to algebra; variables 
were included in the modelling process. 
 
 
 
 
                                                                 Attitudes 
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Concepts 
Beliefs 
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Appreciation 
Confidence 
Perseverance 
 
 
 
Monitoring of one’s 
own thinking 
Self-regulation of 
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and 
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Application of 
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and heuristics  
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Analytical 
  
Numerical calculations 
Algebraic manipulation 
Spatial visualization 
Data analysis 
Measurement 
Use of mathematical 
tools 
Estimation 
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The curriculum, furthermore, adopted Polya’s problem-solving framework, and the goal of 
teaching mathematics is to create opportunities for students to become better problem solvers. 
Both primary and high school students are required to solve problems from routine to non-
routine problems. In 2000 a slight adaptation was made to the mathematics curriculum, 
mathematical problem-solving remained at the centre but the process were modified. The 
processes no longer highlighted thinking skills and heuristics only but included reasoning, 
communication and connections, and applications and modelling (Fan & Zhu, 2007). There 
has also been a shift from treating problem-solving as an independent topic to adapting the 
processes in order for mathematics to be taught through problem-solving (Fan & Zhu, 2007). 
There is also a strong emphasis on metacognition and advocacy for teachers to provide 
metacognitive experiences for students because these metacognitive experiences will assist 
students in developing their problem-solving skills (MOE-Singapore Mathematics Curriculum, 
2006a). 
2.5.3 Mathematical thinking in the South African Mathematics Curriculum Framework 
The South African National Curriculum Framework (Department of Education, (DOE), 1997, 
2002, and 2011) has undergone several reviews and has been revised, but the general aims 
remained constant. Similarly, the specific aims and skills for learning and teaching remained 
constant. An emphasis of 21st century skills are also evidenced in the specific aims and skills 
for mathematics education. The specific aims of teaching of mathematics is aimed at 
developing both the cognitive (e.g. deep conceptual understanding for sense making of 
mathematics) and affective factors (e.g. spirit of curiosity, confidence and competence in 
mathematics) (Curriculum and Assessment Policy Statement, CAPS, DBE, 2011). The specific 
skills are more focused on the development of mathematical content and mathematical thinking 
processes. The mathematics content skills needed to be developed are, e.g. using the correct 
mathematical language; number vocabulary, concept, calculation and application skills. The 
mathematical thinking skills include communication and logical reasoning skills, investigative, 
analytical and interpretation skills, demonstrating awareness of the importance and application 
of mathematics in everyday life situations. (DBE, 2011) 
The Curriculum and Assessment Framework for Mathematics (DBE, 2011) strongly refers to 
mathematical thinking processes such as problem- posing and solving, communicate and 
reason logically but does not clearly articulate how these skills should be developed through 
teaching. My sense is that the framework is merely a tool for the monitoring and control of the 
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sequencing and pacing of mathematical concepts teaching. Teachers are strictly guided what 
to teach and when to teach it, without clear indication of the key features on how to teach 
mathematics for sense making. Because of a lack in clarity on how mathematics should be 
taught, coupled with the constant low performance in mathematics the curriculum has again 
been reviewed.   
The latest revised Mathematics Curriculum Framework (2018) proposes a shift towards 
“teaching mathematics for understanding”. The purpose of the revised framework thus is to 
assist and guide teachers to teach mathematics in a way that will promote mathematical 
proficiency (Kilpatrick et al., 2001). The interwoven strands of mathematical proficiency is 
one of the underpinnings of the proposed mathematics curriculum, coupled with the 
development of 21st century skills and 4th Industrial Revolution competencies.  
The purpose of referring to the proposed mathematics curriculum framework is not to highlight 
strengths and shortcomings of the framework. However, this study argues that by 
foregrounding the teaching of the five interwoven strands of mathematical proficiency is a shift 
in the right direction - as mathematical thinking practices are explicitly foregrounded through 
the strands of proficiency. Similarly, by referring to the curriculum frameworks mentioned in 
this section is not to indicate that these frameworks are perfect because there are shortcomings 
in all frameworks. The aim of referring to these curriculum frameworks is twofold; firstly, to 
show that mathematical problem-solving is the heart of mathematics (Halmos, 1980). 
Secondly, mathematical problem-solving is a goal for learning mathematics, as noted by 
Kilpatrick et al. (2001), “We believe problem-solving is vital for it calls on all strands of 
[mathematical] proficiencies”  
All three frameworks propose that mathematics should be learned through problem-solving 
processes, some more explicit than others. Singapore and the USA‘s curriculum frameworks 
explicitly articulate mathematical problem-solving as a goal for learning mathematics.  The 
diagrammatic illustration of the Singapore mathematics framework is an illustration of how by 
engaging in problem-solving the interwoven strands of mathematical proficiency can be 
achieved.  The Singapore, Ministry of Education (2011) states:   
The development of mathematical problem-solving ability is dependent on five inter-
related components, namely, Concepts (conceptual understanding), Skills, Processes 
(strategic competence & adaptive reasoning), Attitudes (productive disposition) and 
Metacognition”. (Brackets added to show relation to proficiency strands) (MOE, 2012a).  
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I would conclude that the goal of teaching mathematics thus is to develop mathematics 
problem-solving proficient students. Therefore, I would argue that mathematics teachers need 
to be proficient in mathematical problem-solving and have mathematical knowledge for 
teaching problem-solving (Foster et al., 2014; Chapman, 2015). Hence, if it is expected of 
teachers to successfully implement a problem-solving approach in mathematics teaching in the 
primary school, then it holds that they need to become adept at solving problems along with 
how to teach problem-solving as a way of life in the school math community of learners and 
teachers – the everyday ‘mathematicians’ that inhabit their world. Therefore, the role of teacher 
preparation programmes is to mediate the development of student teachers’ mathematical 
problem-solving proficiency and mathematical knowledge for teaching problem- solving. 
However, before teacher educators plan and develop mathematical problem-solving courses 
they first need to be mindful of student teachers’ prior mathematical content knowledge and 
problem-solving beliefs. 
 
2.6 STUDENT TEACHERS’ MATHEMATICS KNOWLEDGE AND BELIEFS 
The preparation of competent teachers for the teaching of mathematical problem- solving 
requires pre-service teacher education programmes to honour the integrity of the mathematics 
content. According to Harel (2008) inculcation of ‘ways of understanding’ mathematical 
objects or products of mental acts, i.e. definitions, theorems, proofs, conjectures, problems and 
solutions, determine the integrity of a mathematics curriculum. Integrity is also inflected by 
‘ways of thinking’, which refers to the conceptual tools needed to construct mathematical 
objects/products. These conceptual tools include empirical reasoning, deductive reasoning, 
structural reasoning, heuristics, and beliefs about the nature of mathematical knowledge and 
the process of its acquisition. (Harel, 2013, p. 5). For instance, a conjecture is a cognitive 
product emanating from ‘mental acts’ (cognitive activities), such as empirical and deductive 
reasoning. Similarly, solutions of mathematical problems are cognitive products emanating 
from such activity, for example, utilising heuristics. In this way, Harel (2008, 2013) refers to 
mathematical thinking practices as ‘mental acts’, which include representing, conjecturing, 
proving, modelling, problem-solving, connecting, and so forth.  
However, promoting the integrity of mathematics content and taking the needs of student 
teachers into consideration is one of the greatest challenges in teacher preparation programmes 
in South Africa. The challenge lies in the ability of teacher educators to connect the 
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mathematics content to the student teachers’ interests, understanding and prior mathematical 
experiences without “watering down the content or neglecting the fundamental concepts” and 
mathematical thinking practices (Darling-Hammond, 2006, p. 190, italics own addition?).  
In preparing student teachers to teach mathematics, the mathematics content, and specifically 
their grasp on fundamental/foundational concepts, cannot be undermined.  According to Ma 
(1999), a ‘’profound understanding of fundamental mathematics (PUFM) presupposes 
understanding mathematics concepts and the relationships between concepts and related 
mathematical representations, as well as the underlying conceptual principles of algorithms. I 
argue that teachers (and teacher educators) have to embody this for the ‘apprentices’ whom 
they teach.  Ball and Cohen (1999 concur with those of Ma (1999) - teachers need to understand 
mathematics and the connection between concepts and topics in the curriculum and not see 
these as ‘topics to cover’ but as ‘concepts to teach’. 
 Furthermore, they also need to understand that mathematical thinking processes are discipline 
specific, in other words, the processes of proving in mathematics is different to the processes 
of proving in science. Schoenfeld and Kilpatrick (2008), referred to teachers’ knowing 
mathematics in depth and in breadth. Teachers with ‘broad’ mathematics content knowledge 
are able to conceptualize the mathematics they need to teach in a variety of ways, demonstrate 
their own understanding of main concepts and how to connect these to other concepts. ‘Deep’ 
knowledge refers to understanding the conceptual progression and sequencing of concepts. In 
summarizing the mathematics understanding required for authentic and valid pedagogy, Ball, 
Hill and Bass (2005) argue that teaching requires: understanding the interconnectedness 
between concepts and underlying meaning, the fluent use of mathematical terms and symbolic 
notation, knowledge about and utilising appropriate representations, and knowing how to make 
the knowledge accessible to students.                                                                                                     
The requirements suggested by Ball et al. (2005), propose that mathematics teacher educators 
should create learning opportunities that will develop fluency, accuracy and precision in 
mathematical computation, knowing appropriate representations, and understanding 
connections between concepts and topics/themes in the curriculum, while upholding the 
integrity of mathematics. This has to be exemplified in the design of courses.  Creating 
mathematics content courses that will enable student teachers to learn both mathematical 
concepts and engage in mathematical thinking practices, especially mathematical problem-
solving, is a daunting tasks in South Africa, given that many primary school student teachers 
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have a deficit in mathematics content knowledge (Fonseca & Petersen, 2015; Bowie, 2014; 
Fonseca, Maseko & Roberts, 2018). To be successful in mathematical problem-solving, student 
teachers themselves need mastery of the interwoven components of problem-solving, namely, 
mathematical resources (conceptual and procedural knowledge and factual knowledge); 
appropriate heuristics, control, problem-solving beliefs and practices (Schoenfeld, 1992). Or, 
as Mayer and Wittrock (2006, p. 289) propose, student teachers need mastery of the interwoven 
components of problem-solving, namely “knowledge of facts, concepts, procedures, strategies, 
beliefs and metacognitive knowledge, coupled with processes such as representing, 
planning/monitoring, executing and self-regulating”. Since the early 1990’s, student teachers’ 
resources have been a cause for concern and under scrutiny (Ball, 1990). Studies have indicated 
that student teachers enter teacher preparation programmes with insufficient conceptual, 
procedural, and factual knowledge as well as undesirable beliefs about the nature of 
mathematics and problem-solving. Student teachers’ prior mathematical content knowledge 
and problem-solving beliefs are a main cause of tension in the development of student teachers’ 
mathematical knowledge for problem-solving. It is for this state of ‘in-betweeness’ that I have 
described student teachers’ knowing as ‘liminal spaces’. These are spaces of transition, from a 
student with preconceived mathematical understanding, to becoming a mathematics teacher 
who upholds the integrity (the fidelity) of mathematics as a discipline. Student teachers are 
‘betwixt’ and ‘between’, because during the teacher preparation course they are challenged 
with new ways of thinking mathematically and understanding concepts and procedures as well 
as storing and retrieving mathematics facts. 
 
2.6.1 Beliefs and student teachers’ mathematics learning histories  
This thesis is making a case for prospective teachers’ mathematical problem-solving 
proficiency to be foundational in their education and training as teachers. As with much of 
learning, what one believes about a topic holds sway in the construction of new knowledge. 
This is evident in most theories of learning. Feiman-Nemser (2001) has argued that beliefs play 
a pivotal role in making sense of new knowledge. She notes that the knowledge and 
experiences, encountered by prospective teachers, is also cumulative. It is further documented, 
by authors such as Thompson (1992) and Pajares, (1992) that beliefs greatly influence 
prospective teachers’ assumptions of learning as well as their pedagogy. Either these beliefs 
could serve as an aid in the learning process, or as a barrier, depending on the exposure to 
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mathematics teaching they received during their primary and secondary school career. Prior 
experiences, such as being a learner in a primary- and secondary mathematics classroom and 
the influence of teacher preparation programmes are key in the development of mathematics 
beliefs (Raymond, 1997). Beliefs could thus be viewed as part of the “apprenticeship of 
observation,” of which Lortie (1975) writes. Pedagogical practice and, with it beliefs, build up 
though the many years that student teachers have spent in school as learner. To that, their 
teacher education studies will add. 
As with definitions of mathematical problem-solving, there are various terms used to describe 
beliefs (Pajares, 1992) and consensus is rare (McLeod & McLeod, 2002). Phillips (2007) 
suggested that the notion of ‘beliefs’ is such a widely used term in mathematics education 
research, that researchers do not deem it necessary to define it explicitly. Researchers mostly 
assume that readers know what ‘beliefs’ refer to (Thompson, 1992). Further to that, according 
to Pajares (1992), one cannot separate knowledge from beliefs. He proposes that there is a 
confluence of a learner’s epistemology (view of knowledge) and ontology (worldview). 
Ribiero (2006) would refer to this idea as ‘footing.’ Raymond (1997) defines mathematical 
beliefs as “personal judgments about mathematics, formulated from experiences in 
mathematics, including beliefs about the nature of mathematics, mathematics learning and 
teaching mathematics.” Phillip (2007), defined beliefs as: 
Psychologically held understanding, premises, or propositions about the world that are 
thought to be true. Beliefs are more cognitive, are felt less intensely, and are harder to 
change than attitudes. Beliefs might be thought of as lenses that affect one’s view of 
some aspect of the world or as dispositions toward action. Beliefs, unlike knowledge, 
may be held with varying degrees of conviction and are not consensual. Beliefs are 
more cognitive than emotions and attitudes (Phillip, 2007, p. 259).  
 
Beliefs are ‘more cognitive’ than emotions and attitudes, for it is impossible to separate beliefs 
and knowledge, which suggests that beliefs are epistemological.  (Fennema & Franke, 1992). 
There are many aspects that influences how student teachers view the nature of mathematics, 
and more specifically mathematical problem-solving, which, of course, is based on what they 
know and how competent they are in problem-solving itself. I am of the view that someone 
who is an ‘ace’ in problem-solving has strong beliefs and that these may differ from someone 
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who is anxious about problem-solving and whose self-esteem is low. This invokes 
psychological components too – which goes beyond the scope of this discussion. But, I would 
argue, beliefs (with self-concept) originates in students’ many years at school, where they were 
inundated with content in the primary school and did not build a strong foundation of early 
mathematics conceptual knowledge and when they were in such dire need to construct such a 
foundation of knowledge (Fritz, et al., 2013).  Pre-conceived ideas were formed through 
primary- and secondary school experiences, personal life, and by the teacher education 
practicum and theoretical knowledge gained from university courses. 
The greatest influences on how student teachers interpret and construct mathematical 
knowledge for teaching has been student teachers’ beliefs formed through school experiences 
with mathematics. Lortie (1975) pointed out that teaching is the only profession that children 
witness for 12 years or more and that it influences their thinking and their pedagogy. They were 
‘apprentices of observation’. Petker (2018) pointed to the fossilized notions student teachers 
hold, and which they find hard to revise, despite much practice and theory learning. By now it 
is well documented that preservice teachers do not enter teacher preparation programmes as 
‘pedagogical blank slates’ but with preconceived beliefs or understandings of what teaching is 
(Darling – Hammond, 2006) and more specifically mathematics teaching (Kennedy, 1991; 
Ball, 1988, Brown & Cooney, 1982).  As already mentioned, such beliefs are a consequence 
of observing and experiencing teaching throughout childhood and adolescence. The ‘dosage’ 
of this apprenticeship of observation (Lortie, 1975) has thus been intense. 
As learners in primary and secondary schools, preservice teachers do not only learn 
mathematics content knowledge and teaching strategies (Handal, 2003) but also images of 
teachers’ behaviour and beliefs about teaching (Korthagen & Lagerwerf, 1996). The 
apprenticeship of observation is the first ‘informal method’ of learning to teach on the 
continuum of teacher learning and it also frames how student teachers understand what and 
how they learn to teach in teacher preparation programmes. Feiman -Nemser (2001), 
introduced the ‘continuum of teacher learning perspective’, meaning when one looks at teacher 
learning in one phase, the whole spectrum of teacher learning should be considered. According 
to her, the spectrum of teacher learning consists of three phases; (1) learning opportunities 
encountered as learners in both primary and secondary school, (2) as students in preservice 
teacher education programmes and then (3) the ongoing learning in and through practice as a 
professional teacher. This perspective can be compared to similar models of Snow, Griffin and 
Burns (2005), Darling Hammond, and Bransford (2005). Feiman-Nemser suggests that 
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designers of teacher learning programmes should remain mindful of not only the long-term 
professional outcomes, but also should take cognisance of student teachers’ learning histories. 
For, whatever happens in learning in one phase, such as the initial teacher education phase, 
should be informed and will be influenced by what has been learnt before. Students come to 
university with a personal learning history. It has to be taken into account.  
This was the origin of my thesis study: Students had to unlearn fixed examples of maths 
pedagogy and, with that; they had to learn much maths content knowledge, the bulk of which, 
as I have argued so far in this thesis, would be based on problem-solving. 
I agree with Darling-Hammond (2006), referring to the apprenticeship of observation as one of 
three persistent challenges in learning to teach, because learning to teach requires from new 
teachers to firstly “understand teaching quite different from their own experience as students” 
(p. 305) at school. In terms of learning how to teach mathematics, the apprenticeship of 
observation influences more than just student teachers’ understanding of teaching, but also how 
they understand mathematical concepts, procedures and the nature of mathematics (Ball, 1988). 
This means that preservice teachers’ understanding of teaching is directly influenced by their 
school teachers’ beliefs about the nature of mathematics, their beliefs about teaching, as well 
as their beliefs about learning. 
In a study of teachers’’ philosophical views, Ernest (1989) found that teachers held three main 
philosophical views about the nature of mathematics, namely, an instrumentalist-, a Platonist- 
and a problem-solving view. According to Ernest (1989), teachers with an instrumentalist view 
of mathematics see mathematics as a set of rules and skills utilised to reach a specific goal. In 
this view, sub-strands that make up mathematics curricula are approached in silos - teachers do 
not emphasise the interconnectedness of topics.  The ‘Platonist’ view of mathematics sees 
maths as a “static but unified body of certain rules” (p. 250) that should be ‘discovered’. These 
teachers do not approach various mathematics topics in silos, but view the interconnectedness 
of various mathematics topics as key in understanding mathematics. The teachers who hold a 
problem-solving view of mathematics perceive maths as a body of knowledge that is open for 
autonomous investigation and discovery. I believe that teachers’ beliefs about the nature of 
mathematics have a direct influence on how teaching is viewed and how maths is learned. The 
teacher is therefore seen as chiefly an instructor in the instrumentalist view, as largely an 
explainer in the Platonist view and as a facilitator for learning in the problem-solving view 
(Ernest, 1989). I would argue that this distinction may have held true for teachers 30 years ago, 
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but that maths may be perceived differently by current teachers, or, at least that there may be 
elements of all three types in one teacher and in her practice. Teachers cannot teach if they do 
not engage with instructional explanation and devising interaction that gives freedom to 
explore. One sometimes instructs, sometimes explains and sometimes leads learners to make 
discoveries. Beswick (2005), illustrated showed how the beliefs about the nature of 
mathematics (Ernest, 1989), beliefs of mathematics learning (Ernest, 1989) and categories 
about the beliefs of teaching mathematics (Van Zoest, Jones & Thorton, 1994) are connected 
(Table 4). The table is, to my mind, somewhat reductionist, however. 
 
Table 4:  
Categories of teacher  
Beliefs about the nature of 
mathematics (Ernest, 1989) 
Beliefs about mathematics 
teaching (Van Zoest et al, 1994) 
Beliefs about mathematics 
learning (Ernest, 1989) 
Instrumentalist Content focussed with an 
emphasis on performance 
Skill mastery, passive reception of 
knowledge 
Platonist Content focussed with an 
emphasis on understanding 
Active construction of 
understanding 
Problem-solving Learner focussed Autonomous exploration of own 
interest 
 
According to Beswick’s (2005) summary, the three different views have implications for 
teaching of mathematics in the following ways: 
1. From an instrumentalist perspective, the teaching of mathematics by the instructor is 
primarily focused on content coverage with an emphasis on performance. Learning 
means the mastery of skills and knowledge is passively acquired. 
2. Similarly, to the instrumentalist view the Platonist view implies that the teaching of 
mathematics is focused on content coverage but also emphasising the importance of 
understanding. Learning of mathematics means the active construction of 
understanding. 
3. The problem-solving view implies the teaching of mathematics is learner centred and 
not content centred. Learning is an autonomous activity of one’s own interest.  
Beswick (2005) further explained that teachers may not neatly fit into one category but could 
be bordering on more than one category. Not only do practicing teachers border on these 
categories of beliefs but student teachers do as well, because they are products of the teaching 
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methods and beliefs of their schoolteachers. I do, surmise, though, that these categories are too 
narrow. 
On this view, however, Ball (1990) found that most student teachers enter teacher education 
with an instrumentalist view of mathematics. Ball (1990, p. 460), stated that the student 
teachers’ main beliefs about mathematics was that “doing mathematics means following set 
procedures step-by-step to arrive at answers; knowing mathematics means knowing "how to 
do it"; and mathematics is a largely arbitrary collection of facts”. Consequently, these beliefs 
influenced how the student teachers approached and solved the mathematical tasks (Ball, 
1990).  
Student teachers’ beliefs about the nature of mathematics may also influence the learning of 
mathematics and their dispositions towards problem-solving (Kloosterman & Stage, 1992). 
Studies capturing student teachers’ mathematical problem-solving beliefs indicated that there 
are student teachers who hold positive beliefs about problem-solving and there are also those 
who perceive of problem-solving as following the correct procedures and doing calculations 
(Hart, 2002).  
 
2.6.2 Conceptual and procedural knowledge of student teachers. 
Ball (1990) conducted a study aimed at finding out with what mathematical understanding 
elementary and high school student teachers enter teacher preparation programmes. Findings 
in the study (Ball, 1990, p. 461) indicated that the student teachers could solve division of 
fraction problems by following a set of rules, like ‘invert and multiply’ procedures, but that 
they lacked “explicit and connected understanding of mathematical ideas and procedures”. 
Furthermore, student teachers’ lack in understanding mathematics as a network of concepts 
was influenced by their views on the nature of mathematics. Ball (1990) concluded that the 
student teachers entered teacher preparation programmes with inadequate mathematics 
knowledge. Similarly, Philippou and Christou (1994) found that student teachers had limited 
conceptual understanding of the underlying structures of fractions. The student teachers 
performed better in addition and subtraction of fractions but performed poorly in multiplication 
and division because they treated the two operations as unrelated operations.  
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In another study on student teachers’ understanding of elementary number theory9  and 
multiplicative structures of natural numbers, conducted by Zaskis & Campbell (1994), the 
researchers found preservice teachers were strongly procedurally orientated. In their 
concluding remarks, Zaskis & Campbell (1996a) explained findings of the study suggest that 
the preservice teachers who participated in the study do not really know the most basic concepts 
of arithmetic. Southwell and Penglase (2005) investigated Australian primary school student 
teachers’ arithmetical content knowledge by conducting a survey. The aim of the study was 
twofold; the was first to determine the students’ current mathematics knowledge at the end of 
an elective mathematical content course, but also to adjust the current courses to better address 
the educational needs of the students in the preparation courses. Findings of the survey showed 
student weaknesses in particular areas, including place value, operations with common 
fractions, multiplication of decimal fractions, percentages and measurement. In addition, the 
place of language in mathematics also raised a cause for concern, for it is assumed that because 
a specific language is spoken, student teachers will understand all aspects of mathematics, 
including terminology and syntax (Southwell & Penglase, 2005). Student teachers’ conceptual 
understanding of topics such as operations of common and decimal fractions has been the focus 
in many studies. Seaman and Szydlik (2007) investigated student teachers’ understanding of 
operations of decimals and fractions, including finding the lowest and highest common factors, 
but with a focus on the ability of student teachers to utilize mathematical norms valued by 
mathematicians.  This was a qualitative study aimed at finding out about elementary student 
teachers’ mathematical sophistication when they completed basic mathematical tasks. A 
mathematically sophisticated person is one who is enculturated into the community of 
mathematicians, evidenced by their ability to utilize mathematical norms valued by 
mathematicians in order to construct their own mathematical understanding (Seaman & 
Szydlik, 2007). Data was collected through task-based, semi-structured interviews, where 
students had to complete three mathematical tasks10. In addition, the student teachers had to 
report on how well they made use of an online teacher resource platform to assist them to solve 
the three problems in the tasks. Findings of the study suggested the student teachers who 
participated in this study were mathematically unsophisticated as they were unable to use the 
“avenues of knowing of the mathematical community” (Seaman & Szydlik, 2007, p.179). 
                                                          
9 Which includes prime decomposition, finding highest common factors, lowest common multiples, 
Fundamental Theorem of Arithmetic, rules of divisibility 
10 The three tasks included a task on finding the lowest and highest common factor; a task on division of 
decimals, and a word problem required multiplication of fractions 
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These ways of understanding included interpreting examples and using context to create 
models, and using of precise mathematical definitions and objects, understanding the meaning 
in a problem and using models for fraction multiplication. The student teachers could not utilize 
these mathematician norms to gain either conceptual understanding or procedural fluency. 
Seaman and Szydlik (2007), therefore, concluded the student teachers’ lack in mathematical 
sophistication was not because of the fact that they have learned these mathematical concepts 
when they were at school and have forgotten them, but because of a “profound lack in 
mathematical sophistication”. (Seaman & Szydlik, 2007, p. 175).  
The studies conducted by Ball (1990), Seaman and Szydlik (2007); Southwell and Penglass 
(2005), investigated student teachers’ arithmetical concepts and skills and not primary school 
student teachers’ algebraic thinking and algebraic problem-solving. Van Dooren, Verschaffel 
and Ongena (2003), argued that arithmetical concepts and skills are necessary for the transition 
and development of algebraic thinking and problem-solving. Primary school student teachers 
need both arithmetical skills and problem-solving strategies, because arithmetical concepts 
such as the equal sign are often expressed as the symbol indicating a result of an arithmetic 
operation, while in algebraic equations the meaning of the equal sign is “fully symmetric and 
transitive” (Van Dooren et al., 2003, p. 30). Thus, both primary and secondary teachers should 
develop students who are flexible in switching between arithmetical and algebraic strategies 
when necessary. Hence, Van Dooren et al (2003), investigated whether primary school student 
teachers in Belgium can flexibly switch between algorithmic and algebraic strategies when 
faced with complex mathematical problems. The participants of the study were 97 student 
teachers, who were either in their first year or last year of studying, they were also either 
studying to become a primary school or lower secondary school teacher. The aim of the study 
was to find out what arithmetical and algebraic strategies are used by primary and lower 
secondary student teachers. Data was collected by means of a paper-and-pencil test 
administered collectively to all student teachers. The test consisted of six arithmetic word 
problems and six algebraic word problems, items were completed in a randomized order within 
one hour. The findings of the study showed a difference in the solution strategies utilized for 
the arithmetic word problems. The secondary student teachers used more algebraic strategies 
in solving both arithmetic and algebra problems, while the primary student teachers applied 
arithmetic strategies to arithmetic problems and a mixture of algebra and arithmetic strategies 
for the algebra problems. Furthermore, the findings also showed that there were two groups of 
primary student teachers; those who persistently and exclusively applied arithmetic strategies 
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to all problems irrespective of the nature of the problem, and those who were able to choose 
flexibly between arithmetic and algebra strategies depending on the nature of the problem.  
Van Dooren et al, (2001), concluded that many primary student teachers could not 
spontaneously use algebraic strategies when needed because they did not master algebra, and/or 
they lacked in understanding it adequately, and or because they “perceived it as manipulating 
meaningless mathematical symbols” (p. 45). On the other hand many of the secondary student 
teachers inflexibly applied algebraic strategies whether it was effective or not, and had little or 
no access to other strategies. Furthermore, many student teachers habitually solved word 
problems using the same algebraic strategies irrespective of whether the problem could have 
been solved more easily and quickly using arithmetic. According to the authors, it appears as 
though the student teachers’ problem-solving behaviour were to large extent influenced by their 
mathematical problem-solving experiences during their three years of teacher preparation. 
However, the differences in problem-solving behaviour are already present when they enter 
teacher preparation programmes due to the difference in their education backgrounds, and their 
pre-conceptions and beliefs about tasks. 
In conclusion, a common practice of investigations situated in preservice teacher education is 
to explicitly point out implications for practices in teacher education. For instance, in Ball’s 
(1990) study she recommended teachers educators to ask themselves, “Of all the things 
teachers need to know, which prospective teachers already know?” (pg. 464). Furthermore, she 
argued that the preparation of preservice teachers’ subject matter knowledge should be the 
central focus of teacher preparation programmes. This requires of teacher educators to not only 
teach more mathematics content but to have a thorough understanding of how preservice 
teachers can be assisted to transform and acquire in-depth understanding of mathematics by 
working with the knowledge they enter and moving them towards a deep understanding of 
mathematics (Ball, 1990).  
Philippou and Christou (1994) recommended the connection between conceptual and 
procedural knowledge should be made explicit to preservice teachers in mathematics 
preparation courses. In a similar vein, highlighting the importance for preservice teachers to 
understand both the conceptual and procedural dimensions of prime decomposition and 
Fundamental Theorem of Arithmetic, Zaskis and Campbell (1994), recommended specific 
pedagogical practices based on the mathematics tasks they used in the study. Southwell and 
Penglass (2005), recommended teacher educators to address specific content areas of 
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weakness, in order to identify these specific content areas teacher educators should implement 
screening tests and then design appropriate courses accordingly. According to Seaman and 
Szydlik (2007), teacher educators should create opportunities for student teachers to participate 
and develop mathematicians’ ways of knowing so that they can be enculturated to do the work 
of mathematicians.  With regards to improving student teachers understanding and skill in 
flexibly using arithmetic and algebra problem-solving strategies, Van Dooren et al (2001) 
recommended mathematics content courses improve student teachers’ algebraic strategies, 
discuss differences between arithmetic and algebraic strategies, as well as discussing the 
possible difficulties children will experience during the first transition to learning algebra. In 
addition, teacher educators could allow for student teachers to discuss the diversity of student 
teachers’ problem-solving strategies. 
The central focus of these recommendations for teacher preparation programmes highlights the 
pedagogical practices of teacher educators in teacher preparation programmes. Teacher 
educators are fundamentally linked to the structural components of teacher education and thus 
key in shaping and enacting the curriculum of initial teacher education (Schmidt & Blomeke, 
2011). 
 
2.7 PREPARING MATHEMATICS TEACHERS FOR THE PRIMARY SCHOOL 
Teacher educators are key mediators in shaping and enacting the curriculum of teacher 
education and it is, therefore, crucial to know what the philosophical underpinnings of their 
pedagogy are. In this vein, Flores (2016, pg. 214), argued that, in addition to gaining a better 
understanding of initial teacher education within its political, social and economic context, the 
following questions should be asked: “Who are the teacher educators?” “What are their views 
about teaching, teacher education and learning?” and “How do they connect key components 
of ITE curriculum in their practice explicitly?”  Moreover, the philosophy of training held by 
teacher educators as well as how these philosophies are articulated in policy documents and 
expressed in practice should be thoroughly scrutinized (Flores, 2016). Loughran (2006) argued 
that there is an assumption that good teachers will make good teacher educators, but that this 
might not be the case because the pedagogy of teacher education has some distinct features and 
there is not yet consensus on what constitutes a good teacher. Indeed, the pedagogy of teacher 
education has distinct features and therefore unique expectations. One of the main expectations 
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is to model and illustrate innovative mathematics teaching practices, especially mathematical 
problem-solving practices.  
This study’s perspective on the modelling of problem-solving in teacher preparation 
programmes is similar to the notion of Collins, Brown, and Holum (1991), whose cognitive 
apprenticeship model of learning was first published by Collins, Brown and Newman (1989). 
In the cognitive apprenticeship model, the ‘master’ or expert plays an important role and the 
teaching activities include – in some sequence, modelling, scaffolding, coaching and fading. 
Modelling as educator of apprentices refers to students who observe while the expert performs 
the task; while the students observe they need to construct a conceptual model of the processes 
needed to complete the task. Coaching: the aim of coaching is to bring students closer to expert 
performance through specific guidance, giving clues and feedback. Scaffolding refers to the 
support that is provided by the teacher to assist students completing the task. Fading refers to 
the process where the support is slowly removed until students are able to complete the task on 
their own.  
However, the pedagogy of initial teacher education has been widely critiqued as not seeing 
student teachers as apprentices. Some labelled it as a ‘weak intervention’ (Feiman-Nemser, 
2001) because teacher educators’ pedagogical practices do not illustrate and model the reform 
teaching practices about which they ‘preach’. Teacher educators’ pedagogy is one of the main 
challenges faced by ITE, specifically also in South Africa (Taylor, & Bowie, 2014).  Feiman-
Nemser (2001) argue that the pedagogy of ITE “mirrors the pedagogy of higher education 
where lectures, discussions, and seat-based learning are coins of the realm. Too often teacher 
educators do not practice what they preach. Classes are either too abstract to challenge deeply 
held beliefs or too superficial to foster deep understanding” (Feiman - Nemser, 2001, pg. 1020). 
Similarly, Korthagen et al (2006), critiqued teacher educators for not practicing what they 
preach by asserting that teacher educators should not merely promote innovative teaching 
practices but they should model and illustrate these innovative teaching practices in their own 
lecture rooms. However, strides have been recently made in mathematics content courses to 
model mathematical problem-solving practices. 
2.7.1 Mathematical problem-solving courses in teacher preparation programmes 
The study conducted by Guberman and Leikan (2013) was aimed at developing Israeli 
elementary student teachers’ mathematical thinking through a problem-solving course. The 
mathematical problem-solving course was structured around mathematical tasks, specifically 
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multi-solution tasks because the study was underpinned by the NCTM’s (2000) notion of 
problem-solving. The NCTM (2000, p.52) view problem-solving as a process requiring of 
students to engage in “tasks for which the solution method is not known.” The multi-solution 
tasks selected in Guberman and Leikin’s (2013) study required various solution paths, solvers 
could solve the tasks in multiple ways using different problem-solving heuristics or strategies. 
Thus, solutions for the mathematical tasks could be illustrated with different mathematical 
representations, properties, tools or theorems.  
The structure of the course was such that the students were encouraged to solve as many 
mathematical problems as possible from the textbook in many different ways. These problems 
were used as ‘lead-in-activities’ and student teachers had 30 minutes to work on these activities. 
The purpose of these activities was for student teachers to develop mathematical connections 
between representations of the mathematical concepts, different mathematical tools and 
concepts from the same content strand, and different mathematical topics. In addition to these 
‘lead-in-activities, students had to engage with thirty multi-solution tasks, spanned across the 
course, as well as solve three pre-test problems and two post-test mathematical problems which 
were unconventional in terms of the Israeli textbooks. The pre-and post-test problems involved 
multi-solutions across different concepts and topics.  
Findings of Guberman and Leikin’s (2013) study suggested the mathematical problem-solving 
course was successful in developing student teachers’ problem-solving competences. The 
student teachers became more competent in solving mathematical problems, as evident in the 
significant changes in their solution strategies. Their solution strategies included more 
advanced mathematics concepts and different representations. The student teachers adapted to 
mathematical problem-solving process and they started to make connections between 
mathematical problems, concepts and properties.    
In a study conducted at a Singapore university, Lam et al. (2013) redesigned a mathematics 
content course for secondary school student teachers. The mathematics content course was an 
introductory Differential Equations course. Lam and his colleagues (2013) decided that it 
would be best to incorporate the pedagogy of problem-solving into the traditional lecture-
model, by modelling how to teach mathematical problem-solving. They were motivated by 
mathematical problem-solving at the centre of the Singapore mathematics curriculum for 
primary school up until pre-university. Polya’s (1945) problem-solving framework was equally 
promoted in the Singapore mathematics curriculum at school level. The study was based on 
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two questions; first whether the student teachers would be able to apply the problem-solving 
heuristics learnt in the methods course to solve mathematical problems; and second, to what 
extent the secondary school student teachers would adopt the “the look back and check” phase 
in Polya’s (1945) problem-solving framework. Thus, Polya’s (1945) stages of problem-solving 
was a guiding principle for the redesign of the mathematics content course. Polya’s (1945) 
framework together with Schoenfeld’s (1945) framework found expression in the mathematical 
practical lessons (Lam et al., 2013; Toh et al., 2011b). The mathematical practical lessons were 
designed to assist the student teachers “develop the mental habit of following through with a 
problem-solving model”, especially when they ‘get stuck’ in the problem-solving process (Lam 
et al., 2013, p. 103). 
The sequence of the practical lessons was that the tutor would start by highlighting Polya’s 
(1945) and Schoenfeld’s (1985) problem-solving framework. This was done so that the student 
teachers could understand that problem-solving does not only require subject matter knowledge 
but also heuristics, useful beliefs and metacognitive control (Toh et al., 2011b). Thereafter the 
tutor demonstrated and discussed how different problem-solving strategies could be 
implemented to solve problems (Toh et al., 2011b). This was followed by an illustration of how 
to use the practical worksheets by solving a specific problem. After the discussion and 
demonstration students had to solve reasonably challenging problems referred to as the 
problem of the day in 40 minutes. The tutor then went over the problem while the students 
engaged in peer-marking (Lam et al, 2013). All in all, student teachers had to solve six 
reasonably difficult problems, which were assessed.  
Lam et al. (2013) explained that it was important for them to assess the practical worksheets 
because if they did not assess it the students would not be motivated to learn through problem-
solving because they were of the view that student teachers only work hard on what is formally 
assessed. Furthermore, the assessment of the practical worksheets served as an indication to 
student teachers that mathematical problem-solving is valued in mathematics education. 
Taking these aspects about assessment into consideration the assessment of the practical 
worksheets played a crucial role in the redesign of the mathematics content course. Thus, 
student teachers’ performance in the practical lessons constituted a significant percentage of 
the continuous assessment of the course. The assessment instrument, a rubric consisted of four 
main components: (1) applying Polya’s 4-stage approach to solving mathematical problems, 
(2) making use of heuristics, (3) exhibiting ‘control’ during problem-solving, (4) checking and 
expanding the problem (Toh, et al., 2011b, p. 105).                                                                               
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The overall findings suggested all the student teachers, except one, were generally able to 
respond with relevant heuristics. The one student teacher presented an incorrect solution with 
incorrect heuristics for one of the two most difficult problems, which required proofs that are 
more challenging. Similarly, many student teachers could not complete stage four (check and 
expand) for these difficult problems but they could solve the other problems. Lam et al. (2013) 
concluded that the redesign of the mathematics content course was beneficial for the student 
teachers’ learning of mathematics. Students were able to learn the same amount of mathematics 
content as with the traditional lecture mode but they also learnt to use problem-solving 
heuristics to solve university level mathematics problems. An important point to take into 
consideration is that these student teachers were able to apply various heuristics even though 
they were not always able to get the correct solution. They were also able to expand on the 
problem once they found the solution to the problem. Lam et al.,’s (2013) study was the 
beginning of a vision to prepare student teachers who will be able to teach mathematical 
problem-solving in Singapore. More specifically prepare teachers who as confident problem 
solvers. 
  
2.8 TEACHER EDUCATORS: PERSONIFYING MATHEMATICAL THINKING AND 
DOING FOR APPRENTICES 
Recently the Conference Board of Mathematical Sciences (2012) in the US made two key 
recommendations, among others. These are: 1) mathematics content courses in teacher 
preparation programmes should develop a robust understanding of the mathematics student 
teachers need to teach. 2) mathematics content courses for teachers should “develop the habits 
of mind of a mathematical thinker and problem-solver, such as reasoning and explaining, 
modelling, seeing structure and generalizing” (Conference Board of Mathematical Sciences, 
(CBMS, 2012, p.19). In other words, student teachers need to engage in mathematics content 
courses, which embody mathematical thinking practices (reasoning, conjecturing, explaining, 
problem- solving, etc.).  On this suggestion, I argue that student teachers should be in the 
pedagogical company of a ‘performing mathematician’. By this I mean, mathematics teacher 
educators should embody the actions of a mathematician, and student teachers should be 
enculturated into the community of practice of mathematicians as apprentices. To make it 
possible for student teachers to be apprenticed to a ‘master teacher’ of maths thus suggests that 
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they are ideally in the ‘pedagogical company’ of a performing mathematician – and this 
requires a specific kind of pedagogy from the mathematics teacher educator (MTE).  
The teaching of mathematics in teacher preparation programmes is multifaceted. In addition to 
knowing what future teachers of mathematics should know11, teacher educators need a robust 
knowledge of mathematics, pedagogy of maths and knowledge of the learners.  Furthermore, 
teacher educators need knowledge of the “professional and research literature relating to the 
teaching and learning of mathematics, knowledge of theories of learning and teaching, and 
knowledge of methodologies of research that enquires into learning and teaching into schools 
and educational systems” (Jaworski, 2008, p. 336).  Zaslavsky (2008) concurs that the 
knowledge base of teacher educators consists of the knowledge for teaching mathematics 
together with “knowledge on how to enhance teacher learning”. Zopf (2010) encapsulated these 
types of knowledge as mathematical knowledge for teaching teachers (MKTT). This specific 
type of knowledge is the “mathematical knowledge used by mathematics teacher educators in 
the work of teaching mathematics to teachers” (Zopf, 2010, p. 11). It is a very specific type of 
knowledge, which combines knowledge of how to train, teach for deep learning, and combining 
higher education in a discipline with its counterpart in professional education. Not much is 
known by the mathematics education research community about MKTT.   
Teacher educators have to work out a way to teach the content knowledge and to fuse it with 
the professional knowledge.  It is for this reason that I have referred to the cognitive 
apprenticeship theories developed in the wake of the work of Brown, Collins and Duguid 
(1989) and Collins, Brown and Holum (1991). In this view of learning the teacher (in this 
instance the lecturer at university) forms an apprenticeship relationship with student teachers 
in which they learn mathematics problem-solving by working with their ‘master teacher’, 
learning to solve maths problems as they see this phenomenon embodied in their classes at the 
university. In other words, those classes are maths-cum-pedagogy manifestations of 
‘becoming’ a maths teacher. 
Of course, in such a practice of supporting student teachers in ‘becoming’ maths teachers, each 
teacher educator will find her own way. According to Zaslavsky and Leikin (2004, p. 9)   
teacher educators develop their knowledge by studying their own teaching and by reflecting on 
                                                          
11 Teachers need to know mathematics, pedagogy related to mathematics, mathematical didactics in 
transforming mathematics into activity for learners in classrooms, elements of educational systems in which 
teachers work including curriculum and assessment, and social systems and cultural settings with respect to 
which education is located. (Jaworski, 2008, p. 335) 
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their teaching. Reflection on their own teaching is an integral part of the work of mathematics 
teacher educators, because this reflection includes “examining, framing, and attempting to 
solve the dilemmas of classroom practice; and being aware of and questioning the assumptions 
he or she brings to teaching” (p. 121). Mathematics teacher educators are, thus, able to share 
their understanding of their teaching practice with the mathematics teacher education 
community (Masingila et al., 2017). 
Zaskis and Zaskis (2011) conducted a study to find out how teacher educators use mathematical 
knowledge and how this knowledge shapes their work with elementary school teachers. Zaskis 
and Zaskis (2011), are of the view that the mathematics knowledge of teachers and teacher 
educators are complex but argued that teacher educators need mathematical knowledge for 
teaching coupled with distinguishing factors, such as “awareness”. They further argued that 
“awareness-in-council” guides the practice of a teacher educator because; it consists of 
“awareness-in-discipline”. They therefore, drew on Mason’s (1998) notion of “awareness”. 
According to Mason (1998), the role of teacher educators in preparing student teachers is to 
develop and enhance different awareness levels instead of just assisting them learning the 
content needed for teaching. Teacher educators should thus, plan instructional events that 
combine content and pedagogy in various way – often subtle, often by direct instruction and 
by ‘noticing’ (Mason, 1998). My sense is that teacher educators should think of the students as 
apprentices who require some modelling, coaching, scaffolding and fading (Brown et al., 1991) 
and who can look to their mentor as a model of how to embody, for example, problem-solving. 
They can, therefore, learn to transpose what they experience in the university classroom to the 
school classroom as they exit their liminal space.  They can convert the model to a model that 
can work for them in the school, but they need to have experienced problem-solving tools and 
techniques themselves so that they can express their experiences in their own teaching. Most 
of the students had a weakened school experience. My argument is that teacher educators have 
to ‘replace’ they school experience with a university experience, which they then can use as 
hypothetical model of how it ‘feels’ to truly learn the habits of mind of problem-solving. 
Guided by Mason’s (1998) notion about teacher awareness, Zaskis and Zaskis (2011), 
conducted a study aimed at finding out, “in what ways is expertise in mathematics implemented 
in teaching methods for elementary school?” (p. 248). Five mathematics teacher educators with 
experience of teaching methods courses for student teachers participated in the study. Data was 
collected through clinical interviews; with participants responding a scenario where they had 
to select a possible candidate to teach a methods course in a teacher preparation programme. 
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The candidates in the scenario had different educational backgrounds and teaching experience 
(both simulated candidates). Maria was a doctoral student in Mathematics Education with a 
master’s degree in mathematics. In addition, Maria had taught mathematics for five years in 
secondary school and three years at college level. The second candidate, Elena, also a doctoral 
student in Curriculum and Instruction, had a bachelor’s and master’s degree in Education 
with15 years of teaching experience at various grade levels. None of them had experience 
teaching student teachers methods Maria was hired. The participants had to explain whether 
they agreed with this choice. 
Findings of the study indicated that all five participants agreed that Maria was the most suitable 
candidate for the ‘methods’ position. This indicated a preference to depth of subject matter 
knowledge and not the extent of teaching experience. Based on their preference for depth of 
knowledge in a teacher educator, the participants were invited to discuss how their 
mathematical knowledge finds expression in the teaching of an elementary (early grades) 
mathematics methods course. The participants were asked to be specific about instances when 
they had opportunities to express their advanced knowledge and to give examples of these 
forms of knowledge. Participants expressed their own understanding of how mathematical 
knowledge is used in their teaching practice with examples. Zaskis and Zaskis (2011) 
summarized individual perspectives into unifying themes both theoretical and practical, these 
themes included goals of the mathematics courses and how these goals were realised. The 
summarised goals of the mathematics content courses articulated by the participants included 
students engaging in mathematical thinking as problem-solving, to instil mathematical values, 
acquire a view of mathematics an interconnected web of concepts and topics, give student 
teachers a ‘taste of mathematics’, emphasising Polya’s stage of problem- solving. These goals 
can be realized by selecting mathematical tasks that highlight specific mathematical values, 
select problems that highlight the use of specific solution strategies, and selecting tasks that 
will develop student teachers’ mathematical thinking.    
In addition to the perspectives described, the participants also described other important aspects 
in the work of a mathematics teacher educator. Participants highlighted that it is important for 
teacher educators to have mathematical knowledge but it is not the most important. In addition, 
teacher educators need to be aware and empathetic towards student teachers’ prior 
mathematical experiences and have the ability to unpack elementary mathematics.  
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Zaskis and Zaskis (2011) concluded that the teacher educators who participated in the study 
implied that their mathematical knowledge is not the essence of their work in teaching student 
teachers, but “the means for developing values, appreciating problem-solving and getting 
outside the maze.” Furthermore, their mathematical knowledge contributed to their 
“awareness-in-council” as illustrated by tasks design, selecting problems-solving activities and 
by responding to student teachers’ questions. In other words, the mathematics teacher educators 
aimed to direct their attention on task-design, selecting problem-solving activities and 
answering students’ questions, so that the student teachers’ attention is drawn to the practices 
of doing mathematics and teaching of mathematics, so that awareness become explicit (Mason, 
2008, cited in Zaskis & Zaskis, 2011). The authors noted that the themes identified in the study 
is not an indication of a complete view of the participating teacher educators but a partial view 
because the interviews did not capture their implicit knowledge.    
In addition, Zaskis and Zaskis (2011) found that two of the mathematics teacher educators use 
their knowledge to develop mathematical thinking through problem- solving in their student 
teachers. While Masingila, Olanoff and Kimani (2017) who were teacher-researchers, engaged 
in a self-study, situated within a larger community of practice and aimed at investigating what 
MKTT they used and developed for supporting student teachers in generating MKT by learning 
via problem-solving. The authors took an inquiry approach by reflecting on their teaching in a 
community of practice. The community of practice (COP) consisted of three levels, (1) an 
experienced mathematics teacher educator, educator (MTEE), (2) two novice mathematics 
teacher educators, and (3), mathematics student teachers. The two novices were motivated to 
participate in the COP because they wanted to improve their teaching practice. Furthermore, 
they wanted to be part of a COP where they are supported to reflect on how they use and 
develop their MKTT in problem-solving courses for student teachers. Two mathematics 
content courses were studied, over a span of two university terms (e.g. late Aug- mid Dec 2007; 
and mid-Jan – late April 2008). Both courses were structured into two sections, and content 
with an emphasis on specific mathematics concepts. Content in the first term consisted of 
concepts of “numeration, operations, number theory, probability, statistics and functions” 
(Masingila, 2017, p. 8). In the second term, concepts included “rational numbers, geometry and 
measurement” (p.8). The types of problems that were used in the study are problems that are 
classified as doing mathematics according to Stein et al.’s (1996), conceptual framework for 
instructional tasks.  
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Data in this study was collected through cooperative lesson observations with the two novices 
observing the experienced teacher educator. In addition, they made notes and reflected on the 
experienced teacher educator’s instructional moves and the student teachers’ engagement and 
discussion while they solved the mathematical problems. The purpose of the reflection was for 
the novices to think about what they will do when they teach their students. The experienced 
teacher educator also observed the novices teaching practices. The data was analysed using 
Corbin and Straus’s (2008), open coding method after the end of the first 15 weeks. 
The results of the study indicated that the MTEs used and developed MKTT through making 
the mathematical goals explicit during the teaching of the lesson, which was to support student 
teachers to develop deep understanding into the nature of foundational mathematics. 
Furthermore, making students aware of recurring and repeating themes and patterns in 
mathematics, which supports the making of connections between concepts and topics in 
mathematics. Making the mathematical goals explicated allowed the MTEs to critically think 
about the mathematical concepts and processes they want their student to engage in and how 
they would facilitate the engagement. They also taught about how manipulatives might hinder 
or support their student teachers’ understanding. 
The MTEs discovered that teaching mathematics via problem-solving is a challenging task 
because they first needed to have deep and connected mathematical understanding themselves 
before they can support students to develop a deep and connected understanding of 
mathematics.  
The MTEs also used and developed MKTT by selecting and facilitating tasks. The MTEs could 
not select their own mathematical tasks because the courses had a prescribed activity-textbook. 
They found that while they could not select their tasks themselves they had to decide on how 
to sequence and adapt so that the students engaged with the tasks. A second aspect in which 
the MTEs used and developed MTKK was in implementing the use of the task and maintaining 
the high-level cognitive demand required form the task. A third important aspect of the role of 
the instructor was to reflect on the tasks used, how they were implemented and how the students 
engage in these tasks. Furthermore, they argued that tasks should be selected that are connected 
to achieving the mathematical goals. The MTEs found that it was crucial for them to reflect on 
the selection and facilitation of tasks as the students’ engagement in problem-solving process 
was dependent on selecting appropriate tasks. While being able to select and sequence 
problem-solving tasks the novice participants found that knowing which questions to ask to 
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scaffold students’ thinking without lowering the cognitive demand of the tasks was a challenge. 
Thus, the participants found that by asking questions to prompt students to think more deeply 
assisted the student teachers to think about connections between concepts. The participants also 
realised how the questions they asked set the expectation that all solutions should be justified 
by the student teachers. 
The authors concluded that in the same way student teachers need to develop a deep 
understanding of mathematics as a connected whole, “MTEs need experiences that will enable 
them to develop a deep understanding of the mathematics that they will teach to prospective 
teachers and support them in understanding mathematical ideas deeply” (Masingila et al., 2017, 
p.18). Furthermore, the MKTT needed by MTEs is more complex compared to traditional 
instructional approaches. The authors also concluded that by reflecting on the processes of 
learning to teach via problem-solving to assist student teachers to develop MKT they learned 
that they need to make pedagogical decisions in a principled way. These included but were not 
to the following: deciding when is it necessary for student teachers to continue to work on a 
problem and when to move on, justification for mathematical sound decisions, and deciding 
when mathematical concepts should be introduced from the instructor and when it should 
emerge from student teachers’ activity. As mentioned by the authors this study shed new light 
on the aspects of MKTT needed by MTEs in learning to teach via problem- solving.  
Both the studies by Zaskis and Zaskis (2011) and Masingila et al. (2017) were qualitative 
studies but differed in how the data was collected. In Zaskis and Zaskis’s study, data was 
collected by means of interviews and Masingila et al.’s study was a self-enquiry study through 
reflection. The findings in both studies indicated that MTEs use and develop their knowledge 
by explicitly stating what the mathematical goals are to assist student teachers in developing 
mathematical knowledge for teaching. In addition, the importance of selecting appropriate 
tasks that will allow for engagement in problem-solving processes was also highlighted. 
In both studies discussed there is a strong emphasis on the goal of mathematics content courses 
to develop mathematical thinking practices, specifically mathematical problem-solving and the 
knowledge required from mathematics teacher educators to successfully implement courses 
aimed at promoting mathematical problem-solving proficiency.  
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2.9 SUMMARY OF THE CHAPTER 
In summarising the chapter, I reiterate a few of the arguments I made throughout the chapter 
to support the overarching argument of this chapter, stated in the introduction. In this chapter, 
I have described university mathematics content courses for student teachers as ‘liminal 
spaces’. These are spaces of transition for student teachers from preconceived mathematical 
understanding, to becoming a mathematics teacher who upholds the integrity (the fidelity) of 
mathematics as a discipline. Student teachers are ‘betwixt’ and ‘between’, because during the 
teacher preparation course they are challenged with new ways of thinking and understanding 
mathematics. Therefore, the role of teacher preparation programmes is to mediate the 
development of student teachers’ mathematical problem-solving proficiency and mathematical 
knowledge for teaching problem-solving. In this sense, student teachers should be in the 
pedagogical company of a ‘performing mathematician’. By this I mean, mathematics teacher 
educators should embody the mathematical practices of a mathematician, and student teachers 
should be apprenticed into the community of practice of mathematicians. There is therefore, a 
need for an in-depth study of student teachers’ liminal spaces. 
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CHAPTER 3 
DESIGN OF THE STUDY 
3.1 INTRODUCTION 
Differentiating between the terms, research methodology, methods, and design can be ‘fuzzy’ 
processes for novice scholars, like myself. However, Henning, van Rensburg and Smit (2004), 
clarified the distinction between methods and methodology by explaining: 
The term “method” denotes a way of doing something (one thing). Methodology refers 
to the coherent group of methods that complement one another and that have the 
“goodness of fit” to deliver data and findings that will reflect the research question and 
suit the research purpose. The group of method of data collection and analysis will also 
be coherent because the researcher has philosophised in a certain. (Henning, van 
Rensburg & Smit, 2004, p. 36) 
In this chapter, I describe the ‘epistemological home’ of the study; I show how I had planned 
to ‘make’ knowledge from the inquiry and what I regard as knowledge worthy of the work.  
For this reason, I set out the epistemological assumptions of the study because, as Ernest (2009) 
argues, all methods and methodology in mathematics education are underpinned by 
epistemology (Ernest, 2009) – what knowledge is and how it is made. I start by referring to 
philosophical considerations, namely the nature of the knowledge claims of a study - claims 
about ‘what knowledge is believed to be ‘real’ and thus observable  (ontological 
considerations), how we know it and make it (epistemological considerations), what values 
underpin knowledge-making and its use  it (axiological  considerations), how we write about 
it (rhetorical issues), as well as the design and  the process of studying a phenomenon with 
suitable methods  (methodological considerations) (Creswell, 2009).  
Ontology, as the philosophy of what is real is closely related to epistemology, as the philosophy 
of what is knowledge and how it is made. These are both related to philosophising about 
methods for knowledge making – methodology (Krauss, 2005). Furthermore, methodology 
identifies specific practices needed to construct/make knowledge about what counts as reality. 
However, Cavaye (1996) advises, “methodologies chosen depend on what the researcher is 
trying to do rather than a commitment to a specific paradigm” (cited in Krauss, 2005, p. 761). 
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In a similar vein, Onweugbuzi and Leech (2005) argue that the research question of a study 
should drive the method(s) selection and that methodologies are only tools designed to assist 
us to know and understand the world. Although this study is based on research questions that 
require quantitative and qualitative data tools, the study is not bound to any methodological 
paradigm per se. 
 
3.2 RESEARCH DESIGN: A CASE OF STUDENT TEACHERS’ LEARNING 
The design for this inquiry is intertwined with the design of the course module, which is 
discussed in another section of the chapter, using different data sources and methods of 
collection and analysis, with the theoretical framework of Activity System Analysis (ASA) 
(Engestrӧm, 2001) as the lens for interpreting the analysed data. The framework was discussed 
in Chapter 1. 
Both the quantitative and qualitative data sets were collected within the construct of  a 
“bounded system” (Stake, 2005, Yin, 2014), namely a mathematics content course module, 
which was constructed to get an in-depth understanding of the student teachers’ mathematical 
problem-solving proficiency development. This study is therefore, a case study because, 
a case study design is employed to gain an in-depth understanding of the situation and 
meaning for those involved. The interest is in process rather than outcomes, in context 
rather than in a specific variable, in discovery rather than in confirmation. …Case 
studies are distinguished from other types of qualitative research in that they are 
intensive descriptions and analyses of a single unit or bounded system (Smith 1978) 
such as an individual, a program, event, group, intervention, or community. (Merriam, 
1998, p. 19)                                                                  
A case study approach made it possible for me to investigate the phenomenon of the 
mathematics content course in-depth as well as to gain an understanding of the process of 
student teachers’ mathematics learning. As the focus of the study is not only on the outcome 
of student teachers’ mathematical learning, but also on their process in learning to become 
teachers of mathematics as problem-solving. This case study approach also allowed me to 
explain how the mathematical problem-solving course module developed because of the 
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heuristic quality of case studies. Merriam (1998) described the heuristic quality of case studies, 
because they: 
 Explain the reasons for a problem, the background of a situation, what happened 
and why. 
 Explain why an innovation work or failed to work. 
 Discuss and evaluate alternatives not chosen. 
 Evaluate, summarize and conclude thus, increasing its potential applicability. 
(Merriam, 1998, p. 31) 
The study is more specifically a specific kind of case study, a hybrid (Henning et al, 2004), 
referred to as ‘first-person case study’, which is a coining of Ball’ s (2000) first person inquiry 
and Merriam’s (1999) notion of a case study. In explaining what I mean by first-person case 
study, I situate the notion of first-person inquiry within the domain of practitioner research. I 
start by giving a brief account of the notion of practitioner inquiry and then explain ‘first-person 
inquiry’ as a practitioner inquiry genre.  
Practitioner inquiry 
A plethora of terms12 has been used to describe practitioner inquiry in the literature and in 
popular usage (Cochran–Smith & Lytle, 2007).  Practitioner inquiry is a blanket term that 
encompasses many different traditions, methodologies and movements. Zeichner and Noffke 
(2001) examined the roots and methodologies of practitioner research and developed a 
typology that includes: 
 
(1) The action research tradition stemming from the work of Collier and Lewin,  
(2) The British teacher-as-researcher movement,  
(3) Contemporary teacher researcher movement in North America,  
                                                          
12 Modifiers such as ‘‘action,’’ ‘‘collaborative,’’ ‘‘narrative,’’ ‘‘pedagogical,’’ ‘‘participatory,’’ 
‘‘autobiographical,’’ ‘‘reflexive,’’ and ‘‘critical’’; have been combined with each other, with a collection 
of nouns connoting systematic examination of educational problems such as ‘‘research,’’ ‘‘inquiry,’’ 
‘‘scholarship,’’ and ‘‘study,’’ and with a number of terms referring to the identity of the agents involved 
in the inquiry process such as ‘‘teacher,’’ ‘‘practitioner,’’ ‘‘teacher educator,’’ ‘‘participant,’’ and ‘‘self.’’ 
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(4) The recent growth of self-study by college and university educators and  
(5) Participatory research that developed out Asia, Africa and Latin America with 
oppressed groups and then spread to North America. (Zeichner & Noffke, 2001, p.301) 
Since the emergence of practitioner inquiry, it has been critiqued that it is not a legitimate from 
of educational research. Zeichner and Noffke (2001) discussed three critiques made by 
Hodgkinson (1957), about practitioner inquiry; the first is that teachers are not ‘qualified’ to 
do research. Secondly, studies conducted in classrooms are not representative of larger 
populations and thus the findings could not be generalized or apply to other studies. Thirdly, 
teaching is a demanding job that requires teachers’ full attention and by being involved in 
research will draw their attention away from educating the children. Amidst the criticism 
against its legitimacy as educational research, practitioner inquiry has received great support 
for its knowledge-generating potential, because teachers are no longer knowledge consumers 
only, but also producers and mediators of knowledge (Zeichner & Noffke, 2001). In addition 
to the knowledge generating potential, practitioner inquiry has also been supported by authors 
because of its unique design to overcome the divide between research and practice. For 
instance, action research as a genre of practitioner inquiry has been “designed to bridge the gap 
between research and practice … to overcome the persistent failure of research to impact on, 
or improve practice” (Cohen, Manion & Morrison (2007, p. 298). Not only is action research 
designed to bridge the divide between practice and research. Other genres of practitioner 
research (e.g., teacher research, scholarship of teaching and learning, narrative inquiry), with 
different traditions and methodologies, share the following features: 
They view the practitioner as researcher; professional contexts are the sites of study; 
there are blurred boundaries between inquiry and practice; community and 
collaboration are important constructs; and they act to make new knowledge public and 
have this new knowledge lead to improved practice. (Letts, 2013, p. 478)                                                                                  
One common feature that is especially evident in all genres of practitioner research is the 
practitioner herself take on the role of the researcher and engaging in a deeper form of reflective 
practice. The roles can also reverse, when the researcher takes on the role of the teacher to do 
the research and becomes a researcher practitioner. This dual nature of practitioner research 
allows for a wide variety of educational practitioners to participate in the inquiry process, 
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including significant stakeholders who are not “practitioners” in the professional sense 
(Cochran-Smith & Lytle, 2007). Practitioner inquiries can also be conducted by individuals 
alone or in collaboration with others. These collaborations may include a teacher and an expert, 
teacher educator and student teachers, university and school-based teachers, parents and 
community-based activist. As seen in most cases of practitioner inquiry, the role of the 
community is key, since it is the context in which knowledge is constructed, used, made public, 
and initially opened for scrutiny (Cochran-Smith & Lytle, 2007). Another feature of 
practitioner inquiry highlighted by Cochran-Smith and Lytle (2007), is that professional 
contexts is taken as sites of inquiry, meaning that a variety of educational contexts at different 
organizational contexts become sites for inquiry; ranging from K – 12 classrooms, university 
teacher education programme, university partnerships with teaching schools, etc. Moreover, 
the problems and concerns that arise in the professional sites are taken as the focus of the study.  
The issue of blurred boundaries between inquiry and practice is more prevalent in university-
based practitioner inquiries, because there is no clear demarcation between the activities of 
practice and the activities of research. Blurring boundaries and roles in the university context 
can create “enormous potential for innovative programs of research and the generation of new 
kinds of knowledge as well as tensions and professional dilemmas” (Cochran-Smith & Lytle, 
2007, p. 619). Innovative programs of research is at the centre of Ball’s (2000), notion of first-
person inquiry. 
First-person inquiry   
In a first-person inquiry, such as the one that I conducted, myself as the teacher educator was 
the principal investigator in the mathematics education setting. This type of research 
positioning is referred to as a ‘first-person inquiry’ because the principal investigator is self-
reporting the study. Ball (2000), classified first-person inquiry as a specific case-genre of case 
studies, situated in the wider domain of practitioner inquiry. While, first-person inquiry is a 
special genre of case studies, with two features that characterize important distinctions between 
the two genres. Ball (2000) pointed out the two important distinctions: 
First, design – not only of the methodology but also of the phenomenon and its context 
as well – plays a critical role. Instead of merely studying what they find, they begin 
with an issue and design a context in which to pursue it. The issue with which they 
begin is at once theoretical and practical, rooted in everyday challenges of practice but 
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also situated in a larger scholarly discourse, and they create a way to examine and 
develop the issue further. What they ultimately focus on may emerge out of the situation 
and its unfolding, but they have an important hand in constructing fundamental features 
of the arena of the study. (Ball, 2005, p. 386) 
In this sense, this study is a first-person inquiry because I have identified that student teachers 
need to be both mathematically proficient and mathematical problem-solving proficient. The 
issue I identified is both theoretical (e.g. Schoenfeld, 1985; Polya, 1945; Kilpatrick et al, 2001) 
and practical, as described in Chapter 2 review; the issue is also rooted in my everyday 
challenges of teaching in a teacher preparation programme as well as situated in the larger 
scholarly discourse of teacher education. I designed the course with specific features aimed at 
reaching the learning goals set for the course.  
Like any design study, in an educational context, this study can yield three main categories of 
knowledge, such as the effectiveness of the course design, teacher educator knowledge, and 
students’ learning outcomes. The effectiveness of the course design can be determined through 
capturing the lived experiences of both the lecturer and the student teachers and through student 
feedback. Student outcomes can be determined by means of student products, surveys and 
reflections, and teacher educator knowledge can be determined through ongoing reflection on 
course processes. 
3.2.1 The practitioner-researcher in the study 
My role in this study is that of an active co-participant in that I was the lecturer delivering the 
mathematics content course as well as the researcher investigating the student teachers 
emerging mathematical problem-solving proficiency. In my role as the practitioner-researcher, 
I tried to remain aware of my subjectivity. My subjectivity makes me who I am as a practitioner 
and researcher, it also equips me with the perspectives and insights in all that I do as a 
researcher, from selecting the topic of this study right through to the theoretical emphasis I 
make in my writing (Glesne & Peshkin, 1992). Maxwell (2005) stated that in interpretive 
studies, one cannot eliminate the researcher’s biases because the researcher is the instrument 
of the research. As a practitioner-researcher, apart from being aware of my subjectivity I also 
had to take cognizance of my ethical conduct towards the participants. 
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3.2.2 Ethical consideration dilemma 
Ethical conduct is not just the simple matter of avoiding placing at risk those whom in 
our research projects we variously call the researched ‘other’ and ‘respondents’. It is 
the infinitely more complex challenge of doing good, a consideration that places 
researchers at odds with one another as they raise entirely different questions about the 
location of good in the conduct of research. (Eisner & Peshkin, 1990, p. 243) 
Ethics clearance was obtained from the Faculty of Education Ethics committee at the teacher 
education institute where this study was conducted (Ethical clearance number: Sem 2 2018 – 
024, see Appendix A). In the ethical clearance application, I agreed to adhere to three ethical 
concepts of research namely; informed consent, avoidance of potential harm and risks, and 
confidentiality (see Appendix B, for informed consent form). These three ethics concepts have 
their roots in human subject research in the medical science; specifically “in the area of new 
drugs and experimental treatments” (Flinders, 1992, p. 102), and was adopted by social science 
research. Flinders (1992) further explains that each term is associated with different stages in 
the research process. Informed consent is associated with the recruitment of the participants; 
and has its roots in the principle of respect for persons (Sowder, 1998; Marshall & Rossman, 
2011). The principle of respect for persons recognizes the “individual’s personal dignity and 
autonomy” (Sowder, 1998, p. 435).  
Generally, in educational inquiries, researchers recognize an individual’s personal dignity and 
autonomy by taking into consideration four elements of informed consent. Sowder (1998), 
listed these four elements as (i) participants are fully informed; (ii) they are competent to give 
consent; (iii) have a clear understanding of the conditions of consent and (iv) participants give 
consent voluntarily. Furthermore, researchers undertake to minimize potential risk or harm to 
participants. This ethical concept is associated with conduct in the fieldwork. In other words, 
the researcher assures the participants that she will minimize the risks of, for example, physical 
harm, psychological stresses and professional standing and identity (Flinders, 1998). Finally, 
confidentiality, which, is associated with the writing up of the research report, aims to protect 
the identity of the participants and possible risk factors of stress and embarrassment. Factors 
of confidentiality are normally addressed by the use of pseudonyms.  
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Now that I have explained the three ethical concepts of qualitative research, I want to return to 
Eisner and Peshkin (1990), and agree with them that ethical conduct is just not a simple matter 
of avoiding placing the participants at risk. I want to add that in the initial stage of conducting 
the study, when one applies for ethical clearance, it seems like a simple matter, but once you 
conduct fieldwork and write up the research report these three ethical concepts raise certain 
concerns in qualitative studies especially. The three ethical considerations lead me to reflect on 
aspects pertaining to ethical conduct in practitioner inquiries. For instance, in the consent form 
the participants in the study are informed that they could withdraw from the study at any time. 
However, in this study it is not that simple for student teachers to withdraw from the study, as 
the mathematics content course is a compulsory part of the qualification. By withdrawing from 
the study will mean that student teachers will not complete the course and possibly place 
themselves at risk of not meeting the required credits needed for the qualification. On the other 
hand, as a collective, the student teachers could have refused to participate in the study from 
the outset but they did not; they consented to participate. This made me consider why they 
consented to participate in the study, why they agreed to be the researched. Was it because of 
power relations, where they felt obliged to participate in the study because the lecturer of the 
course asked them? Alternatively, was it because they either fully understood or thought about 
potential risks or because they had not or were equipped to. Throughout the process of the 
study, I kept these tensions in mind. 
With regard to avoidance of causing harm when conducting field work it is indeed a 
substantially complex challenge of doing good. As both a practitioner and researcher, I have 
the moral obligation to do good to my students, as participants in the study and as students 
enrolled in the course. These dual roles can cause internal conflict within the researcher, 
because on the one hand the educational needs of the student teachers need to take priority and 
on the other hand the research goals. Although the research goal was theoretically underpinned, 
and as the practitioner I decided from the onset that I am the teacher educator during the lectures 
and a researcher when I make field notes, I was still faced with considerations of potential risk 
factors, such as deciding at times when it would be justifiable in the interest of the research 
goal to leave student teachers who struggle to solve a mathematical problem. As incidence of 
this nature could cause further harm to a fragile mathematics disposition in the case of student 
teachers with math anxiety, low self-efficacy, and so forth.  
The ethical consideration of avoidance of causing harm does not only refer to ethical conduct 
in fieldwork, but is also evidenced in how the researcher reports the findings, in other words 
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how the researcher protects the confidentiality of the participants. Flinders (1998) warned that 
it is more difficult in interpretivist research to protect the confidentiality of participants than in 
other types of studies. The difficulty to protect confidentiality in interpretivist studies is 
ascribed to the ‘thick descriptions’ and detailing the lives of the participants in their natural 
settings (Flinders, 1998). Drawing on James (1982) argument, Flinders (1998) further 
explained that the difficulties to protect confidentiality can lead to problems, such as: 
 Participants may become upset at how they are portrayed;  
 Individuals may be subjected to unwanted publicity  
 Information about participants may be disclosed to people who have the power to 
use that information for exploitive purposes  
 People may be depicted in ways that are embarrassing to their local communities, 
professions, or families 
 Sensitive reports may foreclose on future research opportunities (Flinders, 1998, p. 
105). 
Here I was faced with the dilemma of how to describe the development of the student teachers’ 
mathematical problem-solving proficiency as suggested by the findings without causing stress, 
embarrassment and unwanted negative publicity about the student teachers who agreed to 
participate in the study in good faith. Once again, I was faced with the dilemma of doing ‘good’ 
to the student teachers as a teacher educator and as a researcher. Taking an ecological position 
on ethics (Flinders, 1998) as a practitioner researcher in this study aided me in working through 
these ethical dilemmas. 
From an ecological position on ethics, the classroom is viewed as an ecosystem. Flinders 
(1998) explains that ecology does not necessarily refer to an environment but to a set of 
interdependent relationships. He therefore, likens classrooms as biotic environments filled with 
living beings, such as children and teachers. In other words, the classroom is “consciously 
designed as a cultural milieu – populated not by foliage, insects and fungi, but by language, 
relationships, and ideas. These cultural dimensions of the classroom – its curriculum and norms 
of interaction – are what connect it meaningfully with the world beyond its four walls” (p. 108). 
By viewing the classroom as an ecosystem, Flinders (1998) points out that no part of the 
ecosystem, neither the researcher nor participants, can gain control over the entire system. In 
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this sense, the notion of informed consent is a matter of cultural awareness, being aware of the 
cultural differences between the researcher and participants. Flinders (1998) refers to the 
cultural awareness of the differences in respective roles, status, cultural norms and language 
that makes communication possible. Thus, when I asked the student teachers if they would 
participate in this study, I asked them to collaborate because of our interdependent relationship. 
Ecological ethics directs our thinking beyond cultural sensitivity, as individuals should be 
recognized as a larger system, the environment; therefore, we should shift our concern about 
avoiding harm of the individual to avoiding harm of the environment (Flinders, 1998). For 
instance, in this study, I had to be mindful of how I report on the student teachers development 
of mathematical problem-solving proficiency. More specifically mindful of the language I use 
because the student teachers are part of a larger environment or community and I may not only 
cause harm to the student teachers but the entire education system. In reporting on the findings 
I had to mindful that words not only convey information about the student teachers and ideas 
but also about the relationship between myself the student teachers and where our relationship 
stand in terms of “power, status and privilege” (Flinders, 1998, p. 112). 
 
3.3 THE CASE STUDY SITE: MATHEMATICS CONTENT COURSE 
The ‘empirical field’ is a second year mathematics content course offered in a primary school 
teacher preparation programme13 at an urban university in the south of Johannesburg. The 
university has also been my work place since late 2013 and at the time of data collection for 
this study I have been teaching the course for two years.  
Structure of the programme 
The structure of the four-year Bachelor of Education degree (BEd) consists of a number of 
compulsory courses and electives. In the first year of the foundation phase and intermediate 
phase programmes mathematics education is compulsory. However, from the second year, 
mathematics education becomes an elective14 for the intermediate phase students, while it 
remains compulsory for the foundation phase student teachers. Because the mathematics course 
                                                          
13 The primary school teacher preparation programme offers two programmes a foundation phase programme 
(Grdes R-3) and intermediate phase programme (Grades 4 – 7). 
14 At the teacher preparation programme referred to in this study mathematics is no longer an elective 
specialisation from the second year to the fourth year but a compulsory course from the first year until the 
fourth year. 
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is an elective specialisation, the intermediate phase (grades 4 – 7) student teachers had to meet 
certain set criteria as shown in Table 5. 
Table 5:  
Set criteria for mathematics as an elective 
Set Criteria 
 National Senior Certificate 
(Grade 12, exit exam) 
First year, second semester Final 
Mark 
Mathematics Mathematics 
Literacy 
Percentage obtained Minimum 50% Minimum  
65% 
Minimum 65% 
 
The table shows the student teachers had to obtain an average of at least 50% in their school 
leaving mathematics mark or 65% in their school leaving mathematical literacy15 mark, and at 
least 65% in their first year mark. However, not all student teachers who opted to study 
mathematics as specialisation met the set criteria. The first-year module lecturer made 
recommendations for student teachers who obtained a minimum of 40% in mathematics in their 
final year of schooling who wanted to select mathematics education. Thus, the student teachers 
who opted to specialize in mathematics in the primary school entered the course with diverse 
mathematics backgrounds. 
The intermediate phase mathematics programme consists of the first-year compulsory 
introductory mathematics specialisation and from the second year an elective course. The 
second-year elective course, namely, Mathematics for the intermediate phase (MATINA2), 
spans across two semesters with each semester focusing on different topics. The two semesters 
consist of 12 – 14 weeks of lectures depending on the academic calendar. Each lecture is 45 
minutes in duration; student teachers attend two lectures of 45 minutes per week. Coupled with 
the lectures, student teachers also attend lesson observations at the institution’s teaching 
school16 and partnership schools, as shown in Figure 13. 
                                                          
15 Mathematical literacy is a subject of life-related applications of mathematics. It was offered for the 
first time in 2006 as an alternative subject for a large population of learners who struggle with 
‘traditional’ mathematical concepts and abstraction. 
16 Synonymous to the Finnish teacher training schools (TTS)  
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Figure 13:  Structure of the intermediate phase mathematics programme 
 
The mathematics programme is organized such that the student teachers are exposed to subject 
matter knowledge in the mathematics content courses across the four terms and to pedagogical 
content knowledge in the second semester. In the second semester student teachers attend 
lectures focusing specifically on the ‘how’ to teach mathematics. Figure 13, also shows student 
teachers attend three days of lesson observations at the teaching school, this is three days per 
term. The student teachers observe teaching in groups and the purpose of the observations is to 
link theory to practice. The first work integrated learning (WIL) takes place in January when 
the schools open and again in July in the third term. In this section of the programme students 
go to a variety of schools. During the lesson observation cycles at the local teaching school, 
student teachers have to prepare and teach a mathematics micro lesson per group. Similarly, 
during WIL, student teachers have to teach a variety of lessons, including a mathematics lesson, 
but do so individually at their respective schools. 
 
3.3.1 Selection of participants and sampling  
The sampling scheme used in this study, namely convenience and purposeful selection, is one 
of 24 sample schemes (Ongweugbuzi & Collins, 2007). It is classified as convenience, 
purposeful sampling because the setting, the mathematics content lectures and the student 
teachers who participated in the study were conveniently available and willing to participate. 
Furthermore, for the sampling I was guided by the research questions, the purpose of the study, 
Intermediate phase mathematics educaton 
programme (Years 2)
Term 1
Mathematics content 
course
3 days lesson observation 
(Teaching school)
One week work integrated 
learning 
(WIL- partner schools
Term 2
Mathematics content course
3 days lesson observation 
(Teaching school)
Term 3
Mathematics content course
Teaching and methodology 
course
3 days lesson observation
(Teaching school)
One week WIL
(Partner schools)
Term 4
Mathematics coontent 
course
Teaching methodology 
course
3 days lesson observation
(Teaching school)
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and the possibility of generalizing the findings (Ongweugbuzi & Collins, 2007). Thus, there 
were 67 participants, (24 males and 43 females), second-year intermediate phase student 
teachers who initially were registered for the mathematics content course. Three weeks into the 
course, five student teachers dropped the course. The language of instruction at the university 
is English17 but approximately 90% of the student teachers are English second language 
speakers, as shown in the bar chart below. 
 
Figure 14: Breakdown of participants’ home language 
 
The bar chart gives a breakdown of the student teachers home languages, 44, 8% (𝑛 = 30) 
student teachers’ home language is isiZulu; 13, 4% (𝑛 = 9) home language is isiXhosa; 
7, 5% (𝑛 = 5) student teachers’ home language is Siswati and Sepedi, respectively. While, 
5, 9% (𝑛 = 4) home language is Xitsonga and Sesotho, respectively and, 10, 4% (𝑛 = 7) 
home language is English. 
 
3.3.2 Design principles of the course 
In discussing the conceptual principles guiding the design of the mathematics content course, 
I draw on Brown’s (2009), notion of ‘teaching as design’. In the 1980’s, Eisner (1983) argued 
that teaching is a craft and that teachers act like orchestra conductors rather than like 
technicians, because they conduct dialogue. In agreeing to a certain extent with Eisner, Brown 
(2009) however, argued that teaching is a design activity. At the heart of Brown’s argument of 
                                                          
17 English is one of the 11 official languages of South Africa 
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teaching as a design activity, is the dialectic relationship between teachers’ practice and 
curriculum artifacts. Brown (2009) explains:  
Design is more than the process of creating something; it is about crafting something 
in order to solve a human problem, to change the state of a particular situation from a 
current condition to a desired one, and to accomplish a goal. I use the term “craft” 
because it implies a certain quality – some designs are more elegant than others. 
Moreover, design, like all goal-directed human activity, involves the use of tools, be 
they physical or cultural. (Brown, 2009, p. 23)                                                                       
In the above quote, Brown (2009) applies the metaphor of design to describe the relationship 
between teachers and curriculum tools in designing a teaching episode. He argues that teachers 
decide on how to sequence content, which teaching practices and curriculum material to use, 
and all this is done to reach the instructional goal. In addition, he also refers to the ‘constructive 
interplay” between teacher practice and curriculum materials and to the way in which the 
characteristics of both influence the outcome (Brown, 2009, p. 23).  
Borrowing from Brown’s (2009) perspective of teaching, the course was designed by 
considering the following: (1) a clear course goal, (2) translating the desired goal into teaching 
artifacts that include teaching strategies, curriculum tools and content and, (3) searching for 
evidence in relation to course goals. All these considerations are aimed at addressing a human 
problem and changing the current state to a desired state, meaning changing the student 
teachers’ current state of mathematics content knowledge to the determined course goal. 
Mathematics content course desired goal 
The overarching goal for the mathematics content course is to apprentice the second-year 
student teachers into a community of mathematical thinking practice. By a community of 
mathematical thinking practice, I am referring to a group of second year student teachers who 
“engage in a process of collective learning in a shared domain of human endeavor” (Wenger, 
2006, p. 2). By giving student teachers an opportunity to explore and engage with their own 
mathematical thinking practices and to develop mathematical problem-solving proficiency. My 
anecdotal view is that the student teachers were just exposed to ‘drill and practice’ during their 
schooling and not much mathematical thinking practices. Here, I am not suggesting ‘an either, 
or approach’ to teaching mathematics, because students need knowledge of both mathematical 
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facts, procedures and mathematical thinking to be successful in mathematics as expressed in 
the following interview18. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Hiebert and Grouws (2007), share the late Israeli mathematician, Amitsur’s (1994) views that 
mathematical facts and mathematical thinking are not independent but that the two 
competences should possibly be taught in different ways. By pointing out that there is, “no 
reason to believe based on empirical findings or theoretical arguments, that a single method of 
teaching is most effective for achieving all types of learning goals” (Hiebert & Grouws, 2007, 
p. 374). Hiebert and Grouws (2007) further explained that some teaching methods are possibly 
more effective for the development of memorization of mathematical facts, whereas other 
teaching methods are more effective for the development of conceptual understanding and 
                                                          
18 Interview conducted by Anna Sfard in 1994, prior to the ICMI study conference. The aim of the interview was 
to find out from the late Israeli mathematician, Simshon Abraham Amitsur, his views on the role of research in 
mathematics education  
Interviewer: What are, in your opinion, the main goals we should strive to attain in the 
field of mathematics education. 
Amitsur: Research should find ways to improve the teaching of mathematics. In school, 
we try to teach two things: mathematical facts and logical thinking. The question is in 
what ways one may try to attain these targets. I’m not sure the two abilities can be 
developed in the same manner. Facts should be taught in one way, and logical thinking 
should be developed in another way. Moreover, different populations require different 
methods. Some students may learn facts easily even if they have a distinct difficulty with 
logical thinking; with other students, it may be the other way round. 
Interviewer: Is it possible to separate these two abilities? 
Amitsur: Of course not. They are not independent. I would rather say that we’re talking 
here about two partially coinciding normal curves, or rather about one curve with two 
peaks. A person may be quite proficient in calculations but at the same time unable to 
cope with a problem requiring a little non-routine thinking. There is also another 
educational objective. In a sense, it is only ancillary. It’s the ability to translate real-life 
problems into mathematical problems, and vice versa. We should be careful not to mix up 
this particular ability with the capacity for logical thinking. The later plays a central role 
in proving, whereas the issue of translations belongs, in fact to linguistics. We should 
remember that people may differ quite substantially in their linguistic skills. 
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other for the development of problem-solving skills. Furthermore, some teaching methods are 
especially effective for developing short – term learning gains, while others might be better for 
developing and retaining learning gains for the long – term” (Hiebert & Grouws, 2007).  
Coupled with specific instructional methods to reach specific learning goals is the need to 
create opportunities for students to develop the specific learning goals. In other words, if 
conceptual understanding or procedural skill efficiency is the goal then opportunities should 
be created for students to develop these. Similarly, when the goal is for student teachers to 
develop mathematical problem-solving skills then opportunities should be created. For 
instance, when the goal is to develop conceptual understanding students can attain conceptual 
understanding if teaching of mathematics attends to two features. The first is that teaching 
attends specifically to concepts and the relationships between concepts, skills and facts (Hiebert 
& Grouws, 2007; Hiebert, 2003). Hiebert and Carpenter (1993) defined conceptual 
understanding as the interconnectedness and relationships between mathematical concepts, 
skills and facts. Later Hiebert and Grouws (2007) added that conceptual understanding should 
also be viewed from a sociocultural perspective. Thus, from a sociocultural perspective 
conceptual understanding can be seen as “an activity of participating in communities of people 
who are becoming competent in the practices of the trade” (Hiebert & Grouws, 2007, p. 382).  
The second feature that teaching needs to attend to in order to develop conceptual 
understanding is creating opportunities for students to engage with, “struggling, or wrestling” 
with important mathematical ideas (Hiebert & Grouws, 2007, p. 387). In others, words teachers 
should create opportunities for students to engage in problem-solving that facilitates conceptual 
understanding. Lester and Lambdin (2004) highlighted the reciprocal relationship between 
conceptual understanding and mathematical problem-solving, for conceptual understanding 
develops problem-solving abilities and at the same time as problem-solving develops 
conceptual understanding develops. Not only is understanding of concepts dependent on the 
connecting of concepts or pieces of knowledge but also in terms of the ability to represent 
internal mental representations externally (Hiebert & Carpenter, 1992). Meaning being able to 
communicate mathematics through external representations such as spoken language, written 
mathematical symbols, pictures, diagrams and physical objects (Hiebert & Carpenter, 1992). 
Thus, how students can represent and connect mathematical concepts is key to understanding 
concepts deeply and the ability to use them to solve problems (NRC, 2001). Furthermore, the 
importance of well-chosen representations in problem-solving as the link between the 
development of procedural fluency and conceptual understanding has been highlighted by 
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Rillte-Johnson, Siegler and Alibali (2001). Rittle-Johnson et al., (2001), by drawing on the 
reciprocal relationship between conceptual understanding and problem-solving argue that 
conceptual understanding is needed to choose accurate problem representations and that the 
quality of problem presentations lead to improved procedural fluency, which again leads to 
improved conceptual understanding. Procedural fluency is defined as “knowledge of 
procedures, knowledge of when and how to use them appropriately, and skill in performing 
them flexibly, accurately and efficiently” (NRC, 2001, p. 121). The NRC (2001) is also of the 
view that there is an interacting relationship between conceptual understanding and procedural 
fluency by explaining that performing a variety of procedures develops conceptual 
understanding and conceptual understanding enables the flexible use of procedures. However, 
Hatona and Inagaki (1986) pointed out that it is not only important to efficiently perform 
procedures but understand why the procedures work is equally important.    
The teaching strategy adopted for the course module 
Because the course design and methodological approach is closely linked to the inquiry, it 
needs to be set out. The teaching is thus the ‘intervention’ in the study, which has some of the 
characteristics of design-based research (DBR) (Cobb, Confrey, diSessa, Lehrer, & Schauble, 
2003). The teaching strategy adopted in the mathematics content course is referred to as 
‘structured problem-solving’ practice. However, there are various recommendations for how 
problem-solving should be taught. For instance, Mayer and Wittrock, (2007), proposed seven 
instructional methods19 to assist students in the problem-solving process. Schroeder and Lester 
(1989), proposed three approaches to teaching mathematical problem-solving that in theory 
can be isolated but in practice there is an integration of the three approaches. These approaches 
are teaching about problem-solving, teaching for problem-solving and teaching through 
problem-solving. In a teaching about problem-solving the teacher teaches stages or steps of 
problem-solving and teach specific heuristics. Teachers teaching for problem-solving focuses 
on the acquisition of mathematics knowledge to solve problems. Cai (2003), explained that the 
idea of teaching mathematics through problem-solving is for students to learn mathematics 
while they attempt to solve mathematical problems in their own way. In teaching through 
problem-solving lesson starts with a mathematical problem. The aim is for students to learn 
important mathematical concepts of the problem at hand by exploring the problem situation 
                                                          
19 Instructional methods include, (1) load reducing methods, (2) structure based - method, (3) schema 
activation methods, (4) generative methods, (5) guided discovery methods, (6) modeling methods, and (7) 
teaching of thinking skills methods. 
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(Cai, 2003). Cai and Lester (2010), pointed out that through solving problems students learn 
mathematical concepts and procedures and in turn develop their problem-solving competency. 
In addition, other fundamental aspects of teaching through problem-solving is the development 
of reasoning and communication competencies. A similar approach to teaching mathematics 
through problem-solving is the Japanese problem-solving teaching method referred to as 
“structured problem-solving” (Stigler & Hiebert, 1999; Shimizu, 1999, cited in Asami – 
Johansson, 2015). According to Shimizu (2003, p. 206), the general framework for Japanese 
structured problem-solving lessons consist of the following aspects: “(1) posing of a problem, 
(2) students’ work on the problem, individually or in groups, (3) whole class discussions of 
various solutions, (4) summing up the lesson, (5) followed by extension exercises, which are 
optional depending on time available.” 
Teaching mathematics through problem-solving or through structured problem-solving lessons 
requires the selection of appropriate mathematical problem-solving tasks that will allow for 
student teachers to engage in reasoning and develop their communication competencies.   
Curriculum tools: mathematical problem-solving tasks 
A great discovery solves a great problem but there is a grain of discovery in the solution 
of any problem. Your problem may be modest; but if it challenges your curiosity and 
brings into play your inventive faculties, and if you solve it by your own means, you 
may experience the tension and enjoy the triumph of discovery. (Polya, 1957, p. v)                                           
The quote from the writing of Polya (1957) captures the essence of a mathematical problem as 
the relation between the solver and the problem and that the difficulty level of the problem is 
not inherent in the problem. Selecting appropriate mathematical problems are key in the 
development of problem-solving competencies and teaching through problem-solving. 
According to Doyle (1988), students’ classroom activities and what they learn is largely 
defined by the tasks given by teachers. Furthermore, the type of tasks that students engage in 
determine how they think about a curriculum domain and how they engage with the tasks 
(Doyle, 1988). It must be borne in mind that socio-economic and emotional factors such as 
students’ background knowledge, motivations, and attitudes toward the content also influence 
what they learn (Doyle, 1988). Similarly, student teachers’ learning of mathematics is 
dependent on mathematical tasks selected by teacher educators because these tasks influence 
how they think about mathematics as a discipline and how they understand it, while taking into 
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account the influence of their prior mathematical knowledge beliefs and attitudes. Thus, in 
teacher preparation programmes the use of mathematical tasks can take on a variety of 
purposes, but is mainly to access mathematical content and emphasize and embody issues 
related to mathematical pedagogy.  
However, mathematical tasks have a range of meanings within mathematics education, as the 
definition of task is not taken-as-shared (Watson & Mason, 2007). Stein and Lane (1996) 
referred to an instructional task and described it as an “activity engaged in by teachers and 
students during instruction that is oriented toward the development of a particular skill, concept 
or idea” (p. 54). In a similar vein, Watson and Mason (2007), suggested the definition of tasks, 
“include the activity which results from learners embarking on a task; including how they alter 
the task in order to make sense of it; the ways in which the teacher directs and redirects learner 
attention to aspects arising; and how learners are encouraged to reflect or otherwise learn from 
the experience of engaging in the activity initiated by the tasks” (p.1). In this sense, a 
mathematical task as an activity can be a problem, project, investigation, example or 
homework, etc. assigned by the teacher during instruction that is concerned with development 
of specific skills and concepts. It also includes the sense making of the task by the students and 
the interaction between the teacher, the student and mathematical tasks. In this study, I 
interchangeably refer to a mathematical task or mathematical problem. 
There are various types of tasks in mathematics, “some problems can be solved in seconds, 
others take a life time; some are computational, others are not; some problems do not have one 
single answer, others have infinitely many solutions, etc.” (Wong et al, 2002, p. 27). 
Furthermore, different tasks are used to develop different types of skills and mathematical 
thinking. Thus, Yeo (2007) argued that teachers need to know differences between types of 
mathematical tasks so that they can choose appropriate tasks to develop different types of 
cognitive structures. Yeo, (2007), further explained that teachers need to be able to differentiate 
between standard mathematics textbook ‘problems’ and mathematical problems solving tasks, 
as well being able to differentiate between word problems and real-life problems for the 
purpose of their teaching. In order for teachers to be able to differentiate between different 
types of tasks and to select appropriate tasks for teaching or assessment, they need to know the 
characteristics of the different tasks. 
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3.3.3 Characteristics of mathematical problem-solving tasks  
Mathematical task features determine the nature and the outcome or solution of the task; as 
well as the level of cognitive engagement required from the student and pedagogical 
engagement required from the teacher. Mathematical task features do not only refer to the 
obvious structural features, such as a problem that is purely in word form or purely in symbol 
form but includes the underlying mathematical thinking at play, such as requiring from student 
teachers to engage in activities like making conjectures, explaining their reasoning, abstracting 
mathematical properties, discussing, and questioning their own thinking (Lampert, 2000).  
Non-routine problems allow solvers to engage in generalizing and conjecturing as well use 
multiple solution strategies (Silver & Kenney, 1995). Silver et al., (2005), stated it is obvious 
for those interested in mathematical problem-solving that a “key aspect of mathematics is for 
students to have experiences in which they solve problems in more than one way” (p. 288). 
Providing students with experiences in which they solve problems in multiple ways is 
beneficial for students’ mathematical understanding and teachers’ pedagogy. Different 
solutions to mathematical problems can improve students’ conceptual understanding (Boaler, 
1998, Silver et al., 2005) and contribute to students creative and critical thinking skills (Leiken 
& Levav- Waynberg, 2007). It also has the potential to promote discourse in mathematics 
lessons (Cobb et al., 1997). Furthermore, by providing students with experiences to solve 
problems in multiple ways has the potential for students to access a range of representation 
media (Silver et al., 2005). 
Appropriateness as a characteristic of mathematical problem-solving tasks  
The appropriateness of mathematical problems is at the heart of mathematical problem-solving 
because it is the feature that distinguishes mathematical problems from exercises and semi-real 
word problems. For a task to be considered a mathematical problem-solving task it needs to be 
developmentally appropriate (Lesh & Zawojewski, 2007), meaning the solver must see it as a 
problem and not a procedural practice task. Furthermore, if the goal of a task is to develop 
higher order thinking that is typical to ‘doing mathematics’ (e.g. problem-solving) it should be 
at the appropriate cognitive level, such as high cognitive demand (Stein et al, 2000). In a similar 
vein, in agreement with Duch (2001), Weiss (2003), writes “If a problem is to serve as a 
stimulus for higher-order and critical thinking, students must find the problem to be 
challenging” (p. 26). Associated with finding a task challenging is the appropriate skills 
attached to solving the task, if the challenge of the mathematical problem meets the skills of 
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the solver then the solver experiences a state of flow. On the other hand, if the skills do not 
meet the challenge, the student might become anxious or if the student’s skill exceeds the 
challenge of the task the student might become ‘bored’, or ‘flow’ is broken (Csikszentmihalyi, 
1992, 2014). 
 Csikszentmihalyi conducted an extensive number of interviews with chess, players, rock 
climbers, musicians, dancers and surgeons to find the level of balance between skill and 
challenge, which he coined the state of flow. I was first introduced to the notion of flow by 
Professor Jari Lavonen (in personal conversation, 2014), who has investigated Finnish science 
students’ ‘in-the-moment’ engagement with science learning. This conversation with Professor 
Lavonen has sparked great interest in me to find out more about the state of flow. I then began 
to wonder whether the student teachers I teach ever experience a state of flow when they engage 
in mathematical problem-solving activities. For instance, when solving mathematical 
problems, are the student teachers aware of how well they are performing, do they feel in 
control and do their skills meet the challenge posed by the problem? Furthermore, do they 
enjoy the feeling they experience during the problem-solving processs, do they find the process 
of problem-solving rewarding? Do they have a sense of feeling in control, or is there tension 
and having a balance between skill and challenge and feelings of rewarding are conditions to 
experience a state of flow or optimal experience as discussed by Csikszentmihalyi (1992, 
2014)? The following is a short description of each of the nine conditions for flow. 
1. Extreme concentration and focus 
Total concentration is one of the most frequently mentioned flow dimensions 
(Csikszentmihalyi, 2014). Furthermore, when you are in a state of flow you become so 
immersed in the actions, your mind cannot have a chance to wonder off (Csikszentmihalyi, 
2014).  
2. Clarity of goals  
Clarity of goals is very important because when people are involved in an activity, there is an 
ultimate goal but they also know how to get there following a set plan. According to 
Csikszentmihalyi, (2014), knowing what the overall goal is important but even more important 
is to break up the overall goal into smaller doable goals and to get feedback that you are on the 
right track. 
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3. Immediate and clear feedback 
In flow, especially when the challenge and skill are in balance a person always knows how well 
they are doing in an activity (Csikszentmihalyi, 2014). The person gets immediate feedback of 
how well or badly they perform from the activity. The immediate feedback and clarity of goals 
keeps the person attentive and focused. If immediate feedback is not received and the person 
does not know how well they perform during the activity they lose concentration. 
4. Challenge and skill are in balance 
The person involved in the activity believes that what they are doing is more or less possible 
to do based on the skills they have. To experience a state of flow their challenge and skill 
should be in balance. If there is too much to do, the demands are too high and the challenges 
are too high the person might feel anxious. On the other hand if the challenge is too low and 
the skills they have are too high the person can become bored (Csikszentmihalyi, 2014). 
5. Ego or self-consciousness disappears 
Another outcome of flow is that the person loses their sense of self while they busy with the 
activity, they become one with the activity. The person is not preoccupied with herself but at 
the same time, she is also aware of their circumstances and surroundings. However, there is an 
interesting contradiction because once the tasks or activity is complete the person experiences 
their own self as stronger than what they were before (ibid). 
6. Transformation of time 
In a state of flow, time seems to either slow down or speed up because of enjoyment and 
engagement in the activity. There is no need or time to monitor the time because you are too 
involved in the activity. There are however, situations where the awareness of time is essential 
for successful completion of the activity. 
7. Sense of control 
In short, this condition means success is in one’s own hand (Csikszentmihalyi, 2014). The 
person is aware of how well they are doing, and they can rectify or improve on their own 
performance. 
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8. Irrelevant stimuli are excluded from consciousness 
When people are engaging in an activity, they are in the ‘zone’; there is a merging of awareness 
and the activity. People forget about their problems and all external stimuli is excluded. 
9. The experience becomes autotelic 
The term autotelic is derived from the Greek words auto (self) and telos (goal), thus an activity 
is autotelic if it is done for its own sake and not for some external reward or future benefit 
(Csikszentmihalyi, 2014). The activity that produces flow becomes its own reward. The 
autotelic condition is important because a “person might start out hating an activity but once 
they see the opportunities or options, they may develop a little skill and begin to see what you 
can do with it, then you can begin to enjoy it and you become addicted to it” (Csikszentmihalyi, 
2014, p. 138). The ratio between challenges and skills are illustrated in the flow chart, Figure 
15. 
 
Figure 15: Flow chart (Source: Csikszentmihalyi, 2014, p. 139) 
 
 
High  
                      Anxiety                    Arousal                 
 
                                                                                                 
                                                                                                     Control 
Challenge                Worry                                                                                                                                                                       
 
 
 
Low                    Apathy                             Boredom                             Relaxation 
                
                  Low                                        Skill level                                          High 
100 
 
Illustrated in the flow chart, ‘flow’ seems to occur in the diagonal where there is a one-to-one 
ratio between arousal (challenge) and control (skill), (Csikszentmihalyi, 2014). Arousal and 
control are two good positions to be in for learning because people can easily move into a state 
of flow from these two positions. From arousal, they need to up their skills to be in equilibrium 
with the challenge to be in a state of flow. In the position of control, the person is happy, feel 
in control because the skills are high but the challenges are not so high, and therefore need 
some challenge to move into flow. Opposite arousal is boredom because when a person feel 
there is no opportunity to express his skills he becomes bored. Apathy is opposite the state of 
flow because once a person have been in a state of flow, reached a balance between skill and 
challenge, he can become apathetic and do not care about the activity anymore, until he has to 
up his skill and meet a new challenge. 
An important condition for a flow experience is that the experience becomes autotelic, which 
can also be understood in terms of intrinsic motivation. As an autotelic, experience refers to 
the task or activity being completed for its own sake and not for some external reward. Thus, 
the theory of flow has also been used to describe motivation and engagement in a large variety 
of activities including in classroom learning (Salmela-Aro et al., 2016). In the classroom 
setting, various forms of engagement have been studied such as emotional engagement (Finn, 
1989) schoolwork engagement (Salmela- Aro et al., 2016), engagement in science classes 
(Lavonen et al., 2005) and situational engagement (Linnansaari et al., 2015). Emotional 
engagement has been described as students feeling learning in school is interesting and 
essential for achieving personal goals (Finn, 1989). While, schoolwork engagement has been 
defined as the “… experience of energy, dedication and absorption at school” (Salmela – Aro 
et al., 2016, p. 1). Situational engagement has been defined in the context of flow theory, but 
an emphasis on situational interest is added. Linnansaari et al., (2015), pre-conditions for flow 
includes situational interest, skill and challenge because flow entails “the attempt to achieve a 
goal because it is intrinsically rewarding (Csikszentmihalyi, 1997)” (p. 193). Thus, Linnansaari 
et al.,’s (2015) used flow theory to expand on their definition of engagement by including 
situational interest.   
According to studies conducted by Linnansaari et al., (2015) and Sing, Granville and Dika 
(2002), students’ interest is an important factor to predict their engagement and learning 
outcomes. Furthermore, interest in a task or activity seems to occur when students enjoy 
performing the activity and find the activity meaningful (Linnansari, et al., (2015). As further, 
explained by Linnansaari et al., (2015) the construct, interest can be approached form two 
101 
 
major perspectives: interest as a characteristic of the person (personal interest) and interest as 
a psychological state aroused by specific characteristics of the learning situation (situational 
interest). Situational interest is a fleeting, spontaneous emotional state stirred up by something 
in the environment with possible short-term effects on the person’s knowledge (Linnansaar, et 
al., 2015). 
Linnansaari et al.,’s (2015) concept of engagement consists of a relationship between pre-
conditions for flow and engagement as illustrated in Figure 16. 
 
Figure 16: Pre-conditions of engagement, optimal learning experience and engagement. 
(Source: Linansaari et al., 2015, p. 193) 
 
Figure 16, shows when a student’s skill meets the challenge of the task, she enjoys completing 
the task and finds it meaningful the student experiences flow that results in learning. I argue 
that mathematical problem-solving tasks be viewed from the perspective of flow whether they 
will reveal it are appropriate for engagement. Engagement in mathematical problem-solving 
requires high levels of skill, challenge and interest. Apart from viewing student teachers’ 
problem-solving skills in terms of the correctness of solution strategies, skills should also be 
viewed from the perspective of student teachers’ sense of self-efficacy, control over the 
problem-solving process and feeling of competence to find a solution. As pointed out by 
Brophy (2008) students’ skills play a pivotal role in engagement and motivation. When student 
teachers feel they have the necessary skills for solving mathematical problems they will enjoy 
solving similar problems in the future and they will solve problems because of the intrinsic 
reward they get by solving the problems.  
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Whole-class discussions as part of structured problem-solving 
Conducting whole-class discussions is considered one of the key teaching practices in 
structured problem-solving lessons or teaching through problem-solving. Not only is it 
important for student teachers in mathematics content courses to spend more time on solving 
problems but the nature of the discourse around solving the problem is crucial (Frank, Kazemi 
& Battey 2007). The discourse around solving mathematical problems includes explaining and 
justifying one’s mathematical thinking, listening to others thinking, reasoning and making 
sense of others solutions and making connections between ideas. Justifying, explaining and 
reasoning about one’s own mathematical thinking and that of others is one of the strands in the 
mathematical problem-solving proficiency framework. In this sense, whole-class discussions 
can be seen as an aid to develop mathematical problem-solving proficiency. Because when 
teachers are aware and understand their students’ mathematical thinking, they can support the 
development of mathematical proficiency (Frank et al., 2007). Franke et al. (2007) pointed out 
knowing about students’ mathematical thinking “supports opportunities for question asking 
linked to students’ ideas, eliciting multiple strategies, drawing connections across strategies 
and so on” (p. 229). Furthermore, students develop understanding when they are required to 
share their solution strategies in detail and justify why they work (Frank et al., 2007). As 
mentioned earlier, Hiebert and Grouws (2007) too argued for a view of ‘understanding’ as a 
participant becoming competent in the practices of the trade. Meaning becoming competent in 
explaining, justifying and reasoning about mathematical problem solutions synonymous to the 
practices of mathematicians.  
Communication in the form of clearly sharing one’s mathematical thinking with others, 
listening to others thinking, analyzing and evaluating others mathematical thinking is one of 
the process standards of the NCTM (2000). Coupled with effectively communicating their 
mathematical reasoning and argumentation by using multiple forms of representations such as 
words, graphs, diagrammes, tables and equations, etc., and making connections between 
different representations. The NCTM’s process standards and structured problem-solving 
lessons implies specific teaching practices (Fraivillig, Murphy & Fuson, 1999; Frank et al., 
2007; Jackson & Cobb, 2010; Stein, Engle, Smith & Hughes, 2008) and social norms, and 
sociomathematical norms (Cobb et al., 2001). The implications for teachers to foster classroom 
discourse that will advance student’s thinking requires form teachers to attend to eliciting 
student, supporting and extending. The role of the teacher is crucial in both creating 
opportunities for classroom discussion or mathematical communication and maintaining 
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mathematical communication. Mathematical communication can take on various forms, as 
some researchers perceive of communication as developing mathematical argumentation and 
autonomy (Frank, et al., 2007). While, others highlight the opportunity for the development of 
deeper mathematical understanding and others the sharing of students’ solution strategies and 
thinking associated with those strategies (ibid). In this study, communication is viewed from 
the perspective of students sharing their solution strategies and associated thinking. However, 
irrespective from which perspective communication in mathematics classes or lecture rooms 
are viewed teachers need specific ideas and practices of how to promote mathematical 
conversations because it is a challenging task for teachers to think on their feet and make 
decisions about how to use students’ work to promote important mathematical ideas. Therefore, 
Stein et al. (2008), proposed a five practices model to support teachers in conducting whole-
class discussions. The five practices proposed by Stein et al. (2008), has direct links to the 
Japanese structured problem-solving lessons. The five practices are, (1) anticipating student 
responses, monitoring student responses during the explore phase, selecting student responses 
for whole-class discussions, sequencing student responses purposefully, and connecting 
student responses to one another and to powerful mathematical ideas.  
In Stein et al., ‘s (2008) model the practices build onto the practices preceding it, once the 
teacher has anticipated both students’ correct and incorrect solutions they have to monitor 
students’ responses while they are attempting solution strategies. The five practices model is 
specifically aimed at assisting teachers connecting students’ solutions to one another and to 
powerful mathematical ideas that are part of the lesson outcomes. In the midst of engaging in 
these five practices, teachers also need to guide the renegotiation of sociomathematical norms 
by focusing on which solution strategies are appropriate as well as pressing students to explain 
their solution processes. Lastly, the teacher negotiates the “norms of participation throughout 
each phase of the lesson”, and the “teacher assigns competence” (Jack & Cobb, 2010, p. 27) 
Social and socio-mathematical norms 
Key in conducting whole-class discussions centered on linking students’ solutions to one 
another and important mathematical ideas is the explicit negotiation of social and 
sociomathematical norms that are in line with the teaching goals (Jackson & Cobb, 2010; Frank 
et al., 2007). Yackel and Cobb (1996), distinguished between two types of classroom norms, 
social and socio-mathematical norms. Social norms apply to any classroom and not only and 
specific to mathematics classrooms; these norms are characterized by explanations, 
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justifications and argumentations. Students can explain and justify their thinking in science, 
literature, history and mathematics classes. However, the socio-mathematical norms like what 
counts as different, sophisticated, or efficient solutions to a mathematics problem apply to 
mathematics classrooms only. Furthermore, sociomathematical norms also include “what 
counts as an acceptable mathematical explanation” (Yackel & Cobb, 1996, p. 474).  
The establishment of social – and sociomathematical norms is dependent on negotiations and 
agreed upon ways of interactions as determined by the classroom. According to Yackel and 
Cobb (1996), the negotiation of socio-mathematical norms give rise to learning opportunities 
for both the teacher and students. Teachers learn about students’ “conceptual possibilities and 
current understanding” by listening to students’ mathematical thinking in whole class 
discussions (p. 467). This informs teachers’ teaching practices like selecting sophisticated 
mathematical tasks that will inform students’ solutions. Cobb et al. (2001), also found by 
analyzing socio-mathematical norms one gains insight in to how teachers promote students’ 
intellectual autonomy. Students who are intellectually autonomous are students who are aware 
of and draw on their own intellectual abilities when they make mathematical judgments and 
decisions as participants in mathematical practices (Yackel & Cobb, 1996; Cobb et al., 2001). 
Cobb et al. (2001) explained the development of intellectual autonomy by equating it to Lave 
and Wanger’s (1991), notion of peripheral participation. The development of intellectual 
autonomy can be associated to the gradual movement from peripheral participation in 
classroom activities to full participation by making their own mathematical judgments rather 
than to relying on that of the teacher. 
Course content and activities  
The mathematics content course, which serves as the empirical field in this study adopted a 
combination of direct teaching, and Japanese structured problem-solving teaching approach. 
The first semester consisted of 12 weeks of lectures, with every alternative week taking the 
form of a problem-solving lecture followed by a lecture focused on the development of 
mathematical facts and procedures. Similar to Schoenfeld (1985) I used practice exercises 
during the direct teaching sessions to increase the student teachers’ mathematical skill levels, 
while the problem-solving sessions focused on developing mathematical problem-solving 
proficiency. I adopted a direct teaching and problem-solving teaching strategy because of the 
student teachers’ diverse levels of mathematical backgrounds. The student teachers were also 
challenged to do all calculations without a calculator to bring about awareness of the 
105 
 
importance of mental computation and fluency. Because computational fluency is one of the 
key, components of number sense (Greeno, 1991; NCTM, 2000). In the NCTM’s (2000), 
Principles and Standards for School Mathematics characterized number sense as, “(1) 
Understand number ways of representing numbers, relationships among numbers, and number 
systems; (2) Understand meanings of operations and how they related to one another; (3) 
Compute fluently and make reasonable estimates” (NCTM, 2000, p. 32). In addition, mental 
math strategies and fluently applying operations need to be developed through conceptual 
understanding and not route memorization (NCTM, 1995).  
The mathematical problem-solving lectures always started with the lecturer first addressing 
student teachers’ questions on the previous week’s exercises, and then starting with a ‘problem 
of the week’. Student teachers were given the option to either solve the problems in groups or 
individually, most student teachers opted to work in groups. After they had solved the 
problems, their solutions to the problems were collected followed by a whole class discussion 
in which student teachers shared their solutions with the rest of the group. The lecturer then 
summarized and concluded the lectures. Exercises and extensions were dealt with in the ‘basic 
skills’ lectures. As part of the problem-solving approach student teachers had to familiarize 
themselves with the theoretical underpinnings and therefore, had to engage with Polya’s four-
stage problem-solving framework as well as with Schoenfeld’s (1985, 1992) mathematical 
problem-solving framework. In addition, to developing the student teachers’ mathematical 
understanding through problem-solving the aim of the problem-solving approach was also to 
model to student teachers the different ways in which mathematics could be taught.   
In addition, to the development of mathematical facts and procedures the direct teaching 
lectures were also aimed at developing student teachers specialized content knowledge, 
highlighting the importance of teaching mathematics to develop mathematically proficient 
students. Thus, as part of the course work the student teachers had to read and study the chapter 
on Strands of mathematical proficiency, taken from the book Adding it up (Kilpatrick et al., 
2001). The chapter was discussed and referred to throughout the duration of the course when 
student teachers worked on solving problems as well as engaged in practice exercises. The 
mathematics topics covered included sub-topics of the rational number system such as, whole 
number operations and properties, fractions, decimal numbers, percentages, ratio and rate, and 
number theory. 
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3.4 EVIDENCE IN RELATION TO COURSE GOALS: VIEW OF LEARNING 
Learning in the mathematics content course, as well as in this study was approached from a 
sociocultural perspective.  The findings were also interpreted through a sociocultural lens (see 
Section 1.4), reasoning that the approached to course design and enactment should align with 
the epistemological view of how knowledge is made socially and culturally. Sociocultural 
theory is the ‘family name’ for theories such as cultural-historical theory, activity theory, 
situated cognition, and distributed cognition. They are all aligned to the work and key concepts 
of Vygotsky, drawing on Vygotsky’s (1978), view that learning and development is in a 
dialectical relationship and that learning leads the way for development. Furthermore, learning 
cannot exist without development and development cannot exist without learning. Since 
student teachers are in a process of developing, means that they are both acquiring knowledge 
and come into being. There are other synonyms for developing but I highlight acquiring and 
coming into being, as they are appropriate for my view of learning, as being also means 
situated. My view of learning is thus conceptualized through the metaphor of ‘becoming in 
activity’. The metaphor of ‘becoming in activity’ is a coining of metaphors of acquisition and 
participation (Sfard, 1998; Hage & Hodkinson, 2011), and learning in an activity system (Roth, 
2012). 
From an activity system perspective, Greeno (2005), synthesized and built on the metaphors of 
participation and acquisition, referred to as “interactional studies” and “cognitive science” and 
proposed a metaphor of ‘situative learning’. (p. 80). Greeno (2005), explained that by focusing 
on activity systems, a ‘situative perspective’ highlights that the activities take place in various 
learning environments and are important, not only because of how effectively content 
knowledge is taught, but also because participation in practice is key to students’ learning 
process. Furthermore, knowledge is exhibited differently in different activities.  
Here, I elaborate on Roth’s (2012) explanation of mathematics learning from an activity system 
perspective. From an activity system perspective learning is viewed in terms of change. 
Conjoined with some teaching and also learning in an activity, there is some change in 
knowledge. This is complex and cannot be viewed as a change in knowledge between prior 
knowledge and gained knowledge because the inner contradictions of the activity system have 
to be considered. It is not a matter of a pre-test and a post-test, assuming that the ‘intervention’ 
has caused the change and that no ‘extraneous’ factors played a role. Roth (2012), explained 
learning ‘in an activity system’ by drawing on the following example: 
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Moving from Roth’s (2012) perspective, I do not view learning as the difference between the 
student teachers’ mathematical problem-solving proficiency on entering the mathematics 
course and their mathematical problem-solving proficiency at the end of the course. 
Furthermore, student teachers’ collective development of mathematical problem-solving 
proficiency is a complex process and should be understood in terms of the rest of the activity 
system that includes a ‘gaze’ (Wardekker, 2008) on the subject, the tools, the rules, the 
community, the object and the division of labour. Although learning is viewed from a 
‘becoming’ metaphor in activity, the individual student’s mathematical problem-solving 
proficiency and becoming a participant in a community of mathematicians should be viewed 
in relation to the entire activity system. Because student teachers participated in the 
mathematics content course, change is inevitable and there is some form of knowledge 
development. 
 
3.5 DATA COLLECTION METHODS 
Methods play a central role in scientific inquiries, as a result is it expected from inquirers to be 
both “methods users and methodologist – someone who knows methods and their reasons for 
A mathematics educator interested in understanding the impact some intervention has on students 
gives a test or uses (clinical) interviews to establish what students know (their mental framework 
or discourses) before the intervention (K1).  
They then teach a unit or do a teaching experiment and then interview/test the students again, this 
time identifying knowledge after the unit (K2). Learning is conceived as the difference ∆ =  K2 −
 K1.  Here knowledge is taken as something unproblematic, assessable using this or that method; 
and learning how students get from one to the other state is problematic. The category of learning 
is reduced to the difference between two states. But this category does not model change in itself. 
There is some teaching and learning that makes (‘construct”) a change in knowledge.  
What is required is a category that embodies change itself. That is acting itself has to produce the 
change being the result of some constructive effort (Bakhtine [Volochinov] 1977; Vygotskij 
2002). The fundamental unit of learning therefore has to be something like (K1, K2) which is 
irreducible to K1 and K2 or a mixture thereof. Any time we are conducting an observation (by 
giving a test, doing an interview), this unit will manifest itself in one or another way precisely 
because it is not identical with itself. We can use the same reasoning for evaluations of knowledge 
across different settings (activities); again, a particular student or person may exhibit different 
mathematical knowing. (Roth, 2012, p. 9) 
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existing and for utilisations” (Henning et al., 2004). The methods selected in this study denotes 
the pragmatist researcher’s views of reality and knowledge. This includes how knowledge is 
made and what constitutes knowledge in relation to the research questions guiding this study 
(Henning et al, 2004). Furthermore, pragmatist researchers have freedom of choice to choose 
research methods, techniques and procedures that best meet their needs and purposes 
(Creswell, 2009). 
   
3.5.1 Data collection instruments and time scale 
This study is a first-person case study used to explore how second year student teachers’ 
mathematical problem-solving proficiency developed in a primary school teacher preparation 
programme. The study is also a descriptive study in which its aim is to describe and understand 
the knowledge gained by student teachers in a specific activity system. According to Yin (2003, 
2013) case studies can employ qualitative and quantitative data collection methods. In this 
special kind of case study, I have employed qualitative and quantitative data collection 
methods.  
Because the study is a first-person case study, I used opportunities from the mathematics 
content course to gather data from the student teachers. Data was gathered from four different 
data gathering methods: questionnaires, document analysis, video lesson recordings and 
reflective journals. Questionnaires are one of the most common data collection methods 
because it can easily be distributed to a large number of people and is highly structured (Swain, 
2017). Observations assist with providing a more comprehensive picture as it can provide 
“information on the environment and behavior of those who cannot, or will not, speak for 
themselves” (Opie, 2004, p. 122). Videos recordings have been helpful to provide a 
comprehensive picture of both verbal and non-verbal activities in a classroom setting and to 
use for further analysis. According to Simon’s (2009) document, analysis does not only refer 
to formal policy documents but also include anything in written form produced from the 
research site.  
Merriam (1999) argues that the theoretical framework regarding methodology that emerges 
from a literature review helps shape research questions and aspects of emphasis. The theoretical 
framework that helped shaped my research questions is Chapman’s (2015) mathematical 
problem-solving proficiency framework, for it encapsulates Schoenfeld’s (1985) mathematical 
problem-solving framework and Kilpatrick et al.’s (2001) interwoven strands of mathematical 
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proficiency framework. As pointed out in Chapter 2, mathematical problem-solving 
proficiency is not a one-dimensional trait and it cannot be achieved by focusing on only one or 
two of the strands. Thus, I have set out to find out what are student teachers’ mathematical 
problem-solving beliefs, what heuristics they use to solve non-routine problems, and their 
awareness of control, challenge and skill balance. A summary of the research questions and 
associated data collection instruments are shown in Table 6. Because I had planned to interpret 
the outcome of data analysis form a CHAT perspective, I kept the components of ASA in mind 
from the outset of the study when I posed the research questions and sub-questions. 
Table 6:  
Summary of research questions and data collection instruments 
 RESEARCH QUESTION: 
 
How does student teachers’ mathematical problem-solving proficiency evolve over the duration of a 
mathematics content module in a teacher education programme? 
 
 SUB-QUESTIONS 
 
 
 
 
 
 
 
 
What are student 
teachers’ mathematical 
problem-solving 
beliefs? 
 
How do the whole 
class discussions and 
mathematical 
‘problems of the 
week’ scaffold 
mathematical 
problem-solving 
proficiency? 
What are students’ in-
the-moment learning 
experiences during 
the problem-solving 
process? 
 
What are student 
teachers’ self-reported 
learning experiences as 
participants in the 
mathematics content 
course? 
 
Data 
collection 
instrument 
(a)  
Mathematical 
problem-solving 
belief survey 
(b)  
Student teachers’ 
solution strategies 
and video recorded 
whole class 
discussions 
(c)  
Flow state scale 
(d) 
Student teachers 
reflective journal 
responses 
 
Quantitative 
or qualitative 
data analysis 
Quantitative data 
analysis: 
 
Descriptive  
statistics 
 
Qualitative data 
analysis: 
 
Thematic 
 
Quantitative data 
analysis: 
 
Descriptive 
statistics 
Qualitative data 
analysis: 
 
Thematic 
 
Time line February 2016 
 
Feb – April 2016 May 2016 May 2016 
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In Table, 6 I have shown both the quantitative and qualitative data collection instruments and 
the construct they are aimed at answering. I used different data collection methods at different 
stages in the semester with the aim to improve the quality and authenticity of the study by 
looking for additional aspects of student teachers’ mathematical content knowledge 
development through problem-solving. Following is an elaboration on the summary of data 
collection methods shown in Table 6. For each data collection method both quantitative and 
qualitative, I explain the following: 
 The rationale for why the instrument was selected and how the instrument was 
administered. 
 How the instrument was developed or where it is sourced from. 
 
(a) Mathematical Problem-Solving Beliefs Survey 
As mentioned before, Schoenfeld (1985) refers to beliefs as a person’s worldview, which 
shapes the way, he approaches mathematics. Beliefs and other affective factors can either 
constrain or enhance student teachers’ mathematical problem-solving processes, because 
beliefs “establishes the context within which resources, heuristics and control operate’ 
(Schoenfeld, 1985, p. 45). For this reason, I found it necessary to find out what the student 
teachers’ beliefs are about mathematical problem-solving on entering the course. The belief 
survey of pre-service mathematics teachers on mathematical problem-solving (Kayan, 2007), 
was adapted and used to determine the beliefs held by student teachers, beliefs concerning the 
instruction of problem-solving, the nature of mathematical problem-solving and beliefs about 
themselves as problem-solvers. I used an adapted version of Kayan’s (2007), belief survey 
instrument because it consisted of items that were selected and adapted from existing 
instruments, which were developed by reputable scholars in the field of mathematical problem-
solving and were validated instruments. 
During the first lecture of the first semester, I explained to the student teachers that the 
mathematics content course serves as the empirical field for my doctoral study, and that I would 
be investigating the development of their mathematics content knowledge by participating in 
the mathematical problem-solving course. I then explained to them the purpose of the 
mathematical problem-solving survey that would be administered in the following week’s 
lecture. Students were informed that participating in the study was voluntary and it would not 
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result negatively if they did not want to contribute to the survey. In addition, it was explained 
to the students that all contributions would be kept completely confidential and would only be 
used for the purpose of the study. During the second lecture, the survey was administered and 
administration took approximately 35 minutes. 
Development of the instrument 
The mathematical problem-solving beliefs survey used in this study was a combined version 
of five existing mathematical problem-solving belief surveys. Thirty-nine (39) items were 
selected and adapted from these five instruments; (1) Schoenfeld’s (1989), Problem-solving 
Project, (2) Indiana Mathematics Beliefs Scales (IMBS) by Kloosterman and Stage (1996), (3) 
the Mathematics Belief Instrument (MBI), developed by Hart (2002), Emenaker’s (1996) 
problem-solving instrument and Kayan’s (2007), mathematical problem-solving belief survey. 
I give a brief discussion on the development process of the existing instruments used to develop 
the mathematical problem-solving survey in this study. 
1. Mathematical Problem-Solving Project (Schoenfeld, 1989) 
Schoenfeld’s (1989) Questionnaire for Problem-solving Project was the result of an 
investigation of grades 10, 11 and 12 mathematics students’ ideas about mathematics and how 
these relate to their mathematical performance. Specifically, there the students’ beliefs about 
mathematics, their views of mathematics as a discipline and their relationship to mathematics 
as a discipline, and their performance in mathematics. The students who participated in 
Schoenfeld’s (1989) study attended three highly regarded high schools, which followed the 
New York State Regents’ Geometry Curriculum. The participants were 230 students consisting 
of grade 10 students (n = 125); grade 11 students (n = 57) and grade 12 students (n= 48). The 
students attended various mathematics courses at their school ranging from geometry, algebra, 
trigonometry, pre-calculus, calculus or problem-solving. The questionnaire developed for the 
study consisted of 70 closed and 11 open-ended questions to provide more extended answers. 
The multiple-choice questions related to several mathematics aspects were sub-divided into the 
following categories, attributions of success or failure, students’ perceptions of mathematics 
and school practice, views of school Mathematics, English and Social Science, the nature of 
geometric proofs, reasoning, and construction, motivation, personal and scholastic 
performance (Schoenfeld, 1989, p. 342).  
2. Indiana Mathematical Beliefs Scales (Kloosterman and Stage, 1996) 
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The scales were developed to measure beliefs that are related to motivation and its relation to 
mathematical problem-solving achievement. Kloosterman and Stage (1996) described the 
beliefs, which were related to motivation and the reasons for expecting how each belief 
influenced motivation to solve mathematical problems in their study. The beliefs about 
mathematical problem-solving discussed in Kloosterman and Stage’s (1996) study were 
categorised as:  
 I can solve time-consuming mathematics problems  
 There are word-problems that cannot be solved with simple, step-by-step procedures 
 Understanding concepts are important in Mathematics 
 Word problems are important in mathematics 
 Effort can increase mathematical ability 
The purpose of Kloosterman and Stage’s (1996) study was to develop and validate the five 
categories of beliefs about mathematical problem-solving as a Likert-type scale instrument. 
This was because the most common methods previously used to measure student teachers’ 
mathematical problem-solving beliefs were through interviews and observations.  
 In the first phase of the development of the instruments 10 statements were written for four of 
the beliefs with no scales, the expectation was for students to respond to the statements by 
stating that they strongly agree, agree, uncertain, disagree, or strongly disagree. Some of the 
statements were written with positive wording and others with negative wording. After the 
statements were written, 10 items related to mathematical problem-solving were written, in 
total 40 items were randomly distributed. In the piloting phase of implementation, the 
instrument was administered to 61 college-level students (first-year) enrolled in a non-credit, 
remedial course. The data was analysed using reliability measure in SPSS. The belief scales 
were refined according to the internal consistency reliability (Cronbach alpha), means and 
standard deviations, items were omitted and new ones were included. After all these revisions 
a final version of the instrument was administered to a new cohort of 571, college -level 
students enrolled in a remedial mathematics course, while the others successfully two to three 
college mathematics modules.  The reliability scales of the categories of beliefs were quite 
consistent except for the ‘word problems are important in problem-solving ’, with a low 
Cronbach alpha score of (𝛼 = 0,54).  Kloosterman and Stage (1998), argued there could be 
various possible reasons for this low reliability score but singled out two possible reasons. One, 
being the students’ interpretation of the term ‘word problems’ and the other was how the term 
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‘word problems’ were used in relation to the term computational skills. The overall conclusion 
was that the instrument was reliable to be administered. 
3. Hart’s (2002), Mathematical Beliefs Instrument (MBI) 
Hart’s (2002), mathematical beliefs instrument was developed to assess student teachers’ 
mathematical beliefs and consistency between their beliefs and teaching practice. The 
mathematics course was an integrated course of both mathematics content and methodology 
and was designed to be consistent with the philosophy of the NCTM Standards. The MBI was 
administered in the beginning of the course and a second time after students had completed 
their teaching experience, 15 months after they have completed the survey the first time. During 
the course, student teachers were taught mathematics in a constructivist environment where 
constructivist teaching was modelled (Hart, 2002).  
The development of the MBI centered on principles of the NCTM Standards, which included 
items from Zollman and Mason’s (1992), Standards Belief Instrument (SBI), which 
“determines how consistent an individual’s beliefs are with the philosophy of the NCTM 
Curriculum and Evaluation Standards (1989)” (Hart, 2002, p. 7). The SBI consisted of 16, two-
point Likert scale items, eight that were consistent with the NCTM philosophy, and eight that 
were not consistent with the NCTM philosophy. The MBI also consisted of items adapted from 
Schoenfeld’s (1989), Problem-Solving Project. Twelve, four-point Likert-scale items were 
used to assess change in teachers’ beliefs about teaching and learning mathematics within and 
outside the school setting. Additional two, two-point Likert-scale items were added to assess 
student teachers’ beliefs about learning and teaching mathematics. Hart’s (2002), mathematical 
beliefs instrument thus, consisted of three sections, section A – 16 items form the SBI; Section 
B - 12 items form Schoenfeld’s problem-solving project and Section C – 2 items assessing self-
efficacy beliefs. 
4. Emenaker’s (1996), Problem-Solving Instrument 
Similarly, to Hart’s (2002) study, Emenaker’s survey was developed to determine the effects 
of a problem-solving based mathematics content course on the beliefs held by student teachers 
about mathematics and of them as doers of mathematics. The course was developed by the 
Indiana University’s Mathematics Education programme. The aim of the program was to assist 
the student teachers to gain a better understanding of the mathematics they will have to teach 
in elementary school. As it is expected of teachers to teach mathematics with a problem-solving 
focus. 
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The Likert-scale survey was developed and tested during the semester prior to when it was 
administered. The survey also consisted of items either, from Kloosterman & Stage’s (1992) 
instrument or Schoenfeld’s (1989) instrument and other items were specifically written for the 
survey (Emenaker, 1996). The instrument went through several iterations of modifications to 
improve reliability. After several modifications the reliabilities ranged with Cronbach alphas 
from 0, 71 to 0, 85. The final survey consisted of three negatively stated and three positively 
stated questions for each of the following five beliefs: 
 
1. If a maths problem takes more than 5 -10 minutes it is 
impossible to solve 
TIME 
2. Maths is mostly memorization MEMORIZATION 
3. All problems can be solved using a step-by-step algorithm 
or a single equation. 
STEP 
4. Only geniuses are capable of creating or understanding 
formulas and equations. 
UNDERSTAND 
5. There is only one correct way to solve any problem. SEVERAL 
 
The survey also included several open-ended questions related to the usefulness of 
mathematics, memorization and the reasonableness of expecting people to discover 
mathematics on their own (Emenaker, 1996). 
The instrument used in this study: The Mathematical Problem-solving Belief Survey (See 
Appendix C) 
The instrument used in this study is an adaption of Kayan’s (2007) mathematical problem-
solving belief survey. Kayan (2007), combined items from Schoenfeld’s, Emenaker, Hart, 
Kloosterman and Stage, mathematical problem-solving instruments. Kayan (2007) added items 
on the use of technology adapted, from the NCTM Principles and Standards for School 
Mathematics (2000). Kayan’s (2007), instrument was administered to elementary student 
teachers in Turkey to assess their mathematical problem-solving beliefs. The instrument’s 
overall reliability was measured with a reliability coefficient of 0, 87.  In this study 37, items 
were adapted from Kayan’s instrument with some word changes, sequencing of the items 
changed and 3 items were added from Schoenfeld’s (1986) instrument.  
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The instrument comprised two sections, section A, a demographic information sheet and 
section B, the mathematical belief survey. Section A, requested from student teachers to 
indicate their gender; the mathematics studied (e.g. mathematics or mathematical literacy) at 
high school (grades 10-12) and the reasons for why they selected mathematics as subject 
specialisation. Student teachers were given four options to select from to indicate a reason for 
why they selected mathematics as an elective specilaisation (e.g. interested in mathematics, 
love mathematics, good at mathematics, and other reason). The completion of the demographic 
information sheet was to find out more about the students mathematical background and not 
necessarily for the purpose of analysis. 
(b) Whole class discussion and ‘problems of the week’ scaffold mathematical problem- 
verbally solving proficiency 
Teaching through problem-solving creates a natural environment for student teachers to 
express their mathematical thinking orally and in writing (Cai & Lester, 2010) through different 
forms of strategies, representations and connections between concepts (Hiebert & Grouws, 
2007). Cai and Lester (2010) also pointed out that the concepts and procedures that are to be 
learned should be embedded in the mathematical problems. Three video-recorded lectures and 
student teachers’ solutions were selected to investigate how the mathematical problem-solving 
tasks and whole class discussions scaffold mathematical problem-solving proficiency. The 
study is not aimed at exploring how student teachers’ mathematical understanding developed 
of one specific mathematics topic but how their mathematical problem-solving proficiency in 
general developed. I thus focused on the heuristics used by the student teachers because 
heuristics are scaffolds as they significantly strengthen the possibility of finding a solution.   
Towards this focus, I selected specific data sets, the first, third and sixth: The first structured 
problem-solving lecture to introduce the student teachers to Polya’s four stages of problem-
solving. The third problem-solving lecture was selected because fraction, ratio, and speed, 
distance and time related concepts and procedures were embedded in the task. I selected this 
session because the student teachers had limited knowledge of fractions, ratio, and rate as 
indicated by formative assessment results and observation during the direct instruction lectures. 
The sixth session I selected was aimed at creating an opportunity for the student teachers to 
engage in strands of early algebra, such as generalising and modelling. 
In addition, two video-recorded lectures were also selected to explore how the sharing of views 
and solution strategies led to the co-construction of knowledge by the lecturer and student 
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teachers in the course of ongoing interaction (Cobb et al., 2001). The two video-recorded 
lectures are the lecture where the student teachers solved the speed, distance and time problem 
and the ‘crossing the river’ problem. 
The mathematical tasks  
All three mathematical tasks selected were non-routine word problems suitable for grade 6 – 8 
students and have been obtained from three different sources as shown in Table 7.  
Table 7:  
Mathematical problem-solving tasks as data collection instruments  
Mathematical problem-solving tasks Source 
Task 1 On a farm, there are some sheep and 
ducks. In all, there are 40 heads and 124 
legs. How many ducks are there? 
 
Association for Mathematics Education of 
South Africa (AMESA-2014), Mathematics 
Challenge question paper for grades 5 - 7 
learners. AMESA, is the professional 
association for Mathematics Education in South 
Africa. 
 
Task 2 Mike made a journey from city P to city 
Q. In the first half an hour, he covered 
1
7
 of it. In the second half an hour he 
covered 
1
3
 of the remaining journey. 
Finally, he took another half an hour to 
finish the journey at a speed of 72km/h. 
Find his average speed for the whole 
journey. 
 
The problem is sourced from the study 
conducted by Jiang & Chua’s (2010). 
 
 
 
Task 3 Eight adults and two children have to 
cross the river. Everyone can row their 
small boat but it can only carry one 
adult, one child, or two children. 
 
1. How many crossings to get 
everyone to the other side? 
2. What if there were different 
number of adults? How many 
trips will be required in the 
following situation? 
100 adults and two children? 
Retrieved from: 
www.mathematicscentre.com/taskcentre/173cross.htm 
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All three tasks shown in the table are popular problem-solving problems used in mathematics 
challenges such as the AMESA- mathematics challenge (task 1). Task 2 is one of six word 
problems written for popular problem-solving work books and tests in Singapore (Jiang & 
Chua, 2010). Task 3, also referred to as ‘crossing the river’ problem is also a popular 
mathematical thinking problem that comes in various versions. The problem was originally 
written by Alcuin of York, a poet, a scholar, teacher and mathematician, who lived from 730 – 
804 AD (Waring & O’ Meara, 2012, p. 89). 
 
(c) Level of engagement afforded by the ‘mathematical problems of the week’  
Flow State Scale 
The Flow State Scale, (see Appendix D) allows one to find out the feelings experienced by the 
student teachers during the completion of an activity, specifically whether they had an 
optimally learning experience or flow experience. The construct flow belongs to the affective 
domain but I have argued that the appropriateness of tasks should not only be viewed from a 
cognitive demanding view but also from the perspective of flow. Here I drew on Linnansari et 
al.,’s (2015), preconditions for flow, which includes skill, interest and challenge. Thus, the flow 
state scale allows for the investigation into the student teachers perceived level of engagement 
during the mathematical problem-solving process. The instrument also addresses the 
mathematical problem-solving proficiency strand on monitoring and controlling one’s own 
cognitive processes.  
People’s optimal learning experiences was first measured using the ‘experience sampling 
method’ (ESM) designed by Cszikzsentmihalyi and Larson (1987). Later students’ engagement 
in specific situations were also measured by EMS, using cell phones (Linnansari, et al., 2015). 
The experience sampling method allows for the measuring of engagement in the moment or in 
the situation while they are busy with an activity. For instance, in Linnansari et al.,’s (2015) 
study students received a smartphone with the Paco application and ESM questionnaire. 
While students’ engagement had been measured by ESM in the studies discussed, students’ 
engagement is usually measured by paper-and pencil questionnaires and observations (Fullan, 
2007). Linnansari et al (2015), explained that when student’s interest is measured by a survey 
the “outcomes more reflect personal than situational interest because after a certain situation, 
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it is challenging to recall one’s own feelings” (Linnansari, et al, 2015). In this sense, in this 
study the student teachers’ personal engagement was measured because their engagement was 
not measured during the process of problems solving but after they had solved the problems. 
In other words, a retrospective approach was taken to measure student teachers’ engagement 
levels. I felt that a retrospective approach would be more appropriate to get a sense of whether 
their awareness of their skill in relation to the challenge posed by the mathematical problems 
and their level of interest in solving mathematical problems. Furthermore, I am aware that flow 
cannot be fully captured by a score from a questionnaire, an interview or experience sampling 
methods (Csikszentmihalyi 1992). 
The flow state scale that was used in this study is an adapted version of Jackson and Marsh’s 
(1996), flow state scale. Jackson and Marsh’s (1996) flow state scale was developed to measure 
flow in sport and physical activity settings. In the initial stages of the development of the 
instrument, items were developed from the definitions of Csikszentmihalyi’s (1993, 2014) and 
dimensions of flow (Jackson & Marsh, 1996). Qualitative studies, self-reported responses on 
the flow state by elite athletes were also important in the developing the wording of the items, 
which resulted in an initial pool of 54 items, 6 items per scale (ibid). The instrument consisting 
of 54 items were piloted and thereafter a Confirmatory Factor Analysis (CFA) was performed, 
and nine scales of the instrument was supported by the CFA. From the 54 items 36, items were 
selected with a reliability of at least .8 scores. The internal consistency for the nine Flow State 
Scales were reasonable (alpha M = .83), (Jackson & Marsh, 1996). The final version of Jackson 
and Marsh (1996) Flow State Scale consists of 36 items, which describes nine scales that are 
measured using a 5-point Likert-scale. The nine scales, derived from Csikszentmihalyi’s (199) 
dimensions are: change-skill, action-awareness, clear goals, unambiguous feedback, 
concentration, sense of control, loss of self-consciousness, transformation of time, autotelic 
experience.  
The Flow State Scale used I this study consisted of 26 items, of which the wording of some 
items were adapted in order to suite the mathematical problem-solving focus. For example, ‘I 
loved the feeling of that performance and want to capture it again’ (original item); ‘I loved the 
feeling I felt while I was busy solving the tasks and would like to experience it again’ (adapted 
item). Student teachers were asked to complete the questionnaire at the end of the problem-
solving lectures, which took 15 – 20 minutes to complete. The questionnaire was then collected 
once students were done. 
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(d) Student teachers’ written journal reflections 
Learning is innate in any process of expression (Boud, 2001) for instance in this study learning 
is investigated by the way in, which student teachers’ express their mathematical thinking in 
terms of accuracy, heuristics and representations used when solving problems. Furthermore, 
learning is also investigated in terms of participation in whole classroom discussions, as well 
as written reflections. In whole classroom discussions, not all students are comfortable or able 
to participate and depending on the number of students, it is not possible for all to participate. 
However, journal writing provides an “alternative ‘voice’ to those not good at expressing 
themselves” (Moon, 1999a, p. 194). In this sense, journal writing allows for teachers/ teacher 
educators to hear the voices of student teachers by the opportunity provided to them to express 
their thoughts and transformations they experience as part of their learning (Dunlap, 2006).  
In addition to providing an alternative voice, personal journal writing may be “valuable to 
student teachers for developing metacognitive abilities and for promoting their self-orientation 
and responsibility for the process of their personal and collaborative learning” (Bashan & 
Holsblat, 2017). The role of journal writing in assisting the writer to learn is generally 
dependent on the reflection practices of the writer (Boud, 2001). There are various models of 
reflection such as Kolb’s (1984), process of learning through experience and Schӧn’s (1983, 
1987), and reflective practitioner. Schӧn (1983), argues that reflection is an ongoing practice 
and refers to three forms of reflection; reflection-for-action, reflection-in-action and reflection-
on-action. Boud (2001) refers to Schӧn’s forms of reflection in terms of learning by considering 
three occasions of reflection: in anticipation of events, during them and afterwards.  
The journal writing in this study required form student teachers to reflect after the event has 
happening, meaning after the lectures occurred. The reason for allowing student teachers to 
reflect at the end of the first semester was so that they can view the course in the wider context 
and not in an isolated manner, after each session. In addition, when reflection takes place after 
an event has happened the reflector is more at ease because the pressure of participating in real 
time has passed (Boud, 2001). According to Boud (2001), reflection after an event has 
happened, is just not a process of thinking but it includes three elements that he refers to as: 
return to experience, attending to feelings and re-evaluation of experience. Return to 
experience refers to mentally revisiting and giving a clear and rich account of what happened 
in writing. Attending to feelings is important because the level of reflection and learning can 
either be inhibited or enhanced, as negative feelings experienced may block further learning, 
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and positive feelings experience enhance further learning. The process of re-evaluation of 
experience includes relating new information to existing knowledge and making connections 
between new and old ideas (Boud, 2001). 
After every structured problem-solving lecture, student teachers were encouraged to reflect on 
what stood out for them of the lectures, focussing on what they have learnt from engaging in 
the mathematical problem-solving tasks. They were also informed that they will be required to 
submit their reflections in the form of an assignment the first week of the following semester. 
The reflective journal consisted of five prompting questions (see Appendix E) which served as 
a guide. For the purpose of this study, I used the responses to three of the questions for analysis. 
The three questions were: 
 What is the most significant change that happened to your mathematical understanding 
since taking this course? 
 How did working on the problems of the week help you to understand mathematics at 
a deeper level? 
 Do you think the whole class discussion is helpful in gaining a deeper understanding of 
mathematical concepts? 
These three questions were aimed at finding out student teachers’ perceptions pertaining the 
‘problems of the week’, whole-class discussions and their overall learning gains by 
participating in the mathematics content course.  
I explained to the student teachers that the written reflections had a dual purpose; one it would 
serve as feedback or an evaluation concerning what worked and what needs to be adapted to 
improve the course and would also serve as data for the study. Student teachers were therefore, 
requested to be honest in their responses to the questions. 
 
3.6 ANALYSIS OF DATA 
The analysis of data is one of the most important processes in a study (Leech & Onweugbuzie, 
2007) because it is a systemic sense-making process of the data sets. In qualitative data analysis 
the systemic sense making process includes “transforming raw data by searching, evaluating, 
recognising, coding, mapping, exploring and describing patterns, trends, themes and categories 
in the raw data, in order to interpret them and provide their underlying meaning” (Ngulube, 
2015). It is also a very complex process, as it requires “analytical craftsmanship and the ability 
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to capture understanding of the data in writing” (Henning et al., 2004). Before I can proceed 
with the actual sense making process, I describe the analytical mechanisms, adding to the ASA 
framework, which was set out in Chapter 1. 
3.6.1 Mechanisms for data analysis 
In figure 17, I show a summary of the data analysis approach for each data collection instrument 
and the type of data generated. For instance, for the mathematical problem-solving belief 
survey, descriptive statistics were conducted and patterns of mathematical problem-solving 
beliefs were elicited. 
  
Figure 17: Summary of data analysis approaches 
 
What does a 'sociocultural gaze' on the student teachers' learning reflect using a specific analytical 
tool, namely Activity System Analysis
Activity Sysytem Analysis
What features of the problem-solving lectures do student teachers' perceive as contributing to their 
understanding of mathematics?
Reflective journal responses Content analysis Themes
What are studnet teachers' in-the-moment learning experiences during the problem-solving process?
Flow state scale Descriptive statistics Dimensions of flow
How do whole class discussions and mathematical 'problems of the week' scaffold mathematical 
problem-solving proficiency?
Problems of the week and whole 
class discussions
Mathematical problems solution 
analysis and video analysis
Heuristics, whole class discussion: 
patterns of interaction
What are student teachers' mathematical problem-solving beliefs?
Mathematical problem solving 
belief survey
Descriptive statistics analysis
Categories of mathematical 
problem solving beliefs
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In the following section, I describe the analysis strategy used for each data collection 
instrument; the mechanism used, and how the data will be represented in Chapter 5. 
(a) Analysis of the Mathematical Problem-Solving Belief Survey 
For the analysis of the mathematics belief survey, I used SPSS (2016) to obtain descriptive 
statistical data. The responses to the 40 items in the questionnaire was assigned a value, ranging 
from 1, as strongly disagree to 5, as strongly agree. The negatively worded items were reversed, 
(see Appendix F, for reversed items). Meaning the scores were reversed (e.g. 1       5; 2        4, 
etc.).  
The frequency, percentages, means and standard deviation were computed for each item (See 
Appendix G). The questions were split into more concentrated themes an Exploratory Factor 
Analysis was used and seven patterns were elicited. The number of students (n =67) were quiet 
low to do a reliable factor analysis thus, the themes were partly empirical and conceptually 
generated.  
 Multiple solution methods are possible 
 Positive attitude to the role of technology 
 Understanding and reasoning is important (not just getting a solution) 
 Predetermined steps are needed to solve a problem 
 Memorisation is useful for problem-solving  
 Mathematical problem-solving is time consuming 
 Instruction of mathematical problem-solving  
These seven patterns are consistent to the patterns found in Kayan’s (2007), study and some of 
the patterns in Kloosterman and Stage’s (1996) and Emenaker (1996) studies. The patterns are 
presented in tables where I discuss the frequencies and percentages for each question. I also 
state the mean score and standard deviation for each pattern.  
(b) Analysis of ‘problems of the week’ and whole-class discussions  
In the study student teachers’ mathematical problem solution strategies and whole class 
discussions are mutually related, meaning one cannot view the one without the other. To 
explore the student teachers’ problem-solving processes I drew on Polya’s (1945) and 
Schoenfeld’s (1985, 1992) mathematical problem-solving frameworks. I focus on 
understanding the problem, devising a plan (heuristics), implementing the plan, look back and 
check, and resources used. Concerning resources, I pay attention to the student teachers’ ability 
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to connect existing mathematical ideas to new ideas and use known concepts and procedures 
to solve the problems. I used the following rubric to delve into the student teachers’ 
mathematical problem-solving processes, see Table 8. 
Table 8:  
Problems of the week heuristic rubric  
Level Descriptors Heuristics  
Guess-and-
check 
(n/%) 
Drawing/diagram 
(n/%) 
Algebraic 
method/equation 
(n/%) 
Frequency 
% 
No access  No indication of  
understanding the 
problem statement. 
Student did not 
draw on relevant 
concepts and 
procedures 
 
    
Peripheral 
access 
Mainly understands 
the problem 
statement. Slight 
signs of relevant 
concepts and 
procedures 
 
    
Partial access Proper 
understanding of 
the problem 
statement and 
partially used 
relevant concepts 
and procedures 
  
 
 
   
Full access Full understanding 
of problem 
statement and 
successfully used 
relevant concepts 
and resources 
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The different heuristics in the rubric are examples of possible heuristics student teachers may 
use. The student solutions were analysed according to the rubric by counting the number of 
student teachers who were classified as having full access, over the range up to the student 
teachers whom were classified as having no access as well as the different heuristics they used. 
After I have analysed the solution strategies against the rubric an assistant lecturer scrutinized 
my analysis of the student teachers’ solution strategies against the rubric to determine whether 
my analysis was done fairly. The frequencies were converted to percentages and examples of 
the different solution strategies are also inserted and discussed. Although mathematical 
problem-solving competence is dependent on all four components, resources, heuristics, 
metacognitive and control, and beliefs I mainly focused on the knowledge resources needed, 
and heuristics.   
Whole class discussion analysis 
The whole class discussions were analysed using video analysis. Videos uncover a wide range 
of interactional modalities people use talk, gesture, gaze, body position, facial expression, 
movement, and material objects to exchange ideas and information” (Ramey, et al., 2016). 
Deciding on and selecting which interaction modalities to foreground is a challenging task in 
video analysis. Nevertheless, Barron & Engle, 2007; Lemke, 2012), pointed out researchers’ 
approaches to video analysis depend on their theoretical perspectives and research questions. 
Derry et al. (2010) distinguished between two approaches to video analysis; an inductive and 
deductive approach. Inductive approaches entails the analysis of a small quantity of edited 
video material with broad questions in mind and no specific theoretical perspectives. While, 
with a deductive approach to video analysis the researcher has a ‘strong theory and clear 
research question” (Derry et al., 2010, p. 10). The approach I used to select the video segments 
I foregrounded in this study is the deductive approach because I have a strong theoretical base 
and clear research questions. The video segments foregrounded is based on the unit of analysis 
that is the whole-class discussion, more specifically the interaction between student teachers 
and lecturer during the sharing of mathematical problem solutions.  
In this study, I used a narrative approach to represent the video data (Derry et al., 2010), which 
includes narrative descriptions in the form of transcripts showing verbal speech and non-verbal 
interactions (e.g. gestures, drawing of diagrams, etc.). I furthermore, used Gresalfi, et al.’s 
(2008), systems of competence framework to analyse student teachers interaction in the whole-
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class discussions. Drawing on Engestrӧm, 1993; Greeno, 2006, Gresalfi, et al.’s (2008), 
systems of competence framework propose a conceptualisation of competence not just as 
simply an attribute of an individual but as an “attribute of participation in an activity system” 
(p. 50). From an activity system perspective, what counts as “competent” gets constructed in 
specific classrooms and “can therefore look very different from setting to setting” (Gresalfi, et 
al. 2008, p. 50). Viewing “competent” from an activity system perspective requires a shift in 
focus of analysis from the individual to participation in the classroom.  
Key to the systems of competence framework is the creation of how the system of competence 
is constructed by the participants and their practices, specifically practices of negotiation 
between the students and teacher. The participants, students and teacher negotiate; 
(1) the kind of mathematical agency that the task and the participation structure afford, 
(2) what the students are supposed to be accountable for doing, and 
(3) whom they need to be accountable to in order to participate successfully in the 
classroom activity system. (Gresalfi et al., 2008, p. 52) 
                                                                         
1. Mathematical agency 
Agency in the system of competence framework is concerned with the way a student acts or 
refrains from acting, and how this action contributes to the collective action of the group 
(Gresalfi, et al., 2008). Furthermore, agency is not constrained to one contexts only, because 
students can always exercise agency and how they exercise agency will differ from context to 
context (ibid). The concern thus, from the perspective of a teacher is not whether the students 
can “act” but how the opportunities for participation and distribution of this participation. 
Distribution of participation raises the question of whether students have opportunities to 
engage in one specific way or not to engage at all (Gresalfi, et al., 2008). As there are multiple 
ways in which students can engage in an activity of the classroom, borrowing from the work 
of Pickering (1995), Gresalfi et al. (2008) distinguished between two forms of agency, 
conceptual and disciplinary agency in a mathematics classroom. Students exercise disciplinary 
agency when they make use of predetermined or prescribed steps when solving a mathematical 
problem, meaning agency is turned over to the discipline. However, conceptual agency is doing 
the work of mathematicians, mathematicians exercise conceptual agency when they strategize 
and “choose methods and consider and develop meanings and relations of concepts and 
principles” (Gresalfi et al. 2008, p. 53). 
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2. Student accountability   
Accountability here refers to both what the students are supposed to be accountable for and 
whom students are accountable to. The notion of ‘accountable for’ refers to the mathematics 
content students are expected to engage in and ‘accountable to’, refers to who students are 
expected to convince (Gresalfi et al., 2008). As further pointed out by Gresalfi et al. (2008), in 
the context of the system of competence framework the ‘accountable to’ is key in the 
construction of competence in a classroom. When students only have to convince one person, 
like the teacher they are limited in demonstrating their understanding of mathematics. 
However, when they have to convince more than just the teacher, when they have to convince 
and demonstrate their mathematical understanding to classmates they have many more 
opportunities to expand their sense making of mathematics (ibid). In this sense, aspects of what 
counts as mathematical competence gets negotiated as the whole class works together to 
“establish and maintain the participation framework” (Gresalfi et al., 2008, p. 54). When the 
students and teacher continuously negotiate who is expected to critique mathematical ideas, 
such as solutions to mathematical problems they are simultaneously renegotiating to whom 
students are accountable for making sense of their mathematical thinking. The participation 
framework, for instance, could include negotiating what the norms for argumentation would 
be and establishing what would be considered as sense-making concerning the mathematics 
tasks that they work on. Through these forms of classroom practice negotiations, agency and 
accountability are established (ibid). Important point to note here is that the type of agency and 
the opportunities provided to exercise this agency is dependent on the openness of the 
mathematical task (Gresalfi et al., 2008).  
Gresalfi et al.’s, (2008), competence framework is a suitable analytical tool to analyse how 
student teachers’ mathematical competence was established in this study. The competence 
framework was used to analyse how the mathematical tasks selected afforded opportunities for 
the student teachers to exercise agency, especially conceptual agency, as the tasks were non-
routine tasks. In addition, I analysed how accountability ‘for’ and ‘to who’ were negotiated 
during the whole-class discussions in order to make sense of the mathematics at hand. 
(c) Analysis of the Flow State Scale 
The responses to each of the 26 items were assigned a value, ranging from 1, as strongly 
disagree and 5, as strongly agree. Frequency, percentages, means and standard deviation were 
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calculated in Excel. The items were split into Jackson and Marsh (1996), Csikzentmihalyi 
(1992, 2014) state of flow themes (dimensions) as: 
 Challenge – Skill balance  
 Action – awareness 
 Clear goals 
 Unambiguous feedback 
 Concentration 
 Sense of control 
 Loss of self-consciousness 
 Transformation of time 
 Autotelic experience 
The Flow State Scale data is presented in tables, where the frequencies and means for each 
item is displayed and explained. 
(d)  Analysis of reflective journal responses 
First round of analysis 
The responses of each student (n = 62), to the three prompting questions in their reflective 
journal were captured in separate documents in a table format. After I had captured all the 
responses, I read through the responses again to get an overarching view as I had already read 
through them before and during the capturing process. I then coded the data using Saldana’s 
process (2009) of in-vivo coding, in which I selected phrases used by the student teachers to 
“prioritize and honour the participant’s voice” (p. 74). I extracted key concepts by highlighting 
the exact words of the student teachers. After I realised that different participants repeat the 
same phrases, I counted the frequencies of a phrase in each data set to identify the repeated 
ideas. Counting the frequencies of a phrase “gives an idea of the prevalence of thematic 
responses across responses” (Namey, et al., 2007, p. 141). Here I counted the number of people 
who uttered the same phrases and not how many times the phrase appeared. An example of the 
student teachers responses to the question, “What is the most significant change in your 
mathematical understanding since taking the course?”, and how the coding was done and their 
frequency is shown in Table 9. 
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Table 9:  
Examples of coding and frequency count  
Responses Code Sub-theme Frequency 
When doing mathematics 
everything is related with 
one another. To work out a 
current problem you will 
need to use your prior 
knowledge on concepts 
that you have learnt and 
how to use them in the 
present concept. Your 
prior knowledge and 
knowing how to link 
concepts will advantage 
you when dealing with 
unknown work. Now I 
understand that all topics 
and content in 
mathematics have 
relationship, nothing is 
taught or done in isolation. 
Everything is related 
Need prior knowledge 
learned to solve current 
problem 
Knowing how to link prior 
knowledge and concepts 
will advantage you. 
All topics and content 
have relationships-nothing 
taught done in isolation 
Interconnectedness 
of mathematics 
concepts and topics 
n = 2 
The most significant 
change that has happened 
to my mathematical 
understanding is that now I 
can link various 
mathematical concepts and 
do not see them in 
isolation; for example 
(when working with ratios, 
I need sound 
understanding and use of 
certain operations such as 
divisions and 
multiplication). I now can 
try to connect a number of 
concepts under one 
mathematical problem.  
Link various mathematical 
concepts and do not see 
them in isolation 
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In the example in Table 9, I show that two student teachers responded that they understand 
mathematics as consisting of a network of concepts and topics. The process was repeated for 
the responses of the other two prompting questions. I then realised that there were overlapping 
responses between the two questions as a result of the change in student teachers’ mathematical 
understanding because of solving problems and attending the course.  
Second round of analysis 
After I had completed all the In-vivo coding of the responses for the three prompting questions 
I traced sub-themes across the two questions and then the overarching themes by clustering the 
sub-themes, as shown in Table 10. 
  
Table 10:  
Themes and sub-themes for data on whole class  
What is the most significant change in your 
mathematical understanding since taking this 
course? 
 
How did working on the problems of the week 
help you understand mathematics at a deeper 
level? 
Theme and sub-themes 
 
Frequency 
% 
Theme and sub-theme Frequency 
% 
Theme 1: There are many 
strategies/methods to use but one 
needs to first understand the 
problem and then prove the answer 
is correct through reasoning   
 
 Theme 1: There are many 
strategies/methods to use but one 
needs to first understand the problem 
and then prove the answer is correct 
through reasoning   
 
 
Learned to use different methods n =21 
 
(31, 3%) 
Learned to use different methods n =24 
 
(35, 5%) 
One needs to understand what the 
question entails 
 
n = 15 
 
(22, 3%) 
 
One needs to understand what the 
question entails 
 
n = 16 
 
(23, 8%) 
I have leant there is always a way 
of solving a problem but without 
reasoning I cannot prove my 
answer is correct 
n = 14 
 
(20, 8%) 
 
I have leant there is always a way of 
solving a problem but without 
reasoning I cannot prove my answer 
is correct 
n = 7 
 
(10, 4%) 
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In Table 10, I show how many student teachers responded that they have learned the processes 
of mathematical problem-solving. Across the two questions, an average of 22, 5% student 
teachers responded they learned to use different strategies when solving problems. I categorised 
these sub-themes into one overarching theme on the nature of mathematical problem-solving 
as: There are many strategies/methods to use but one needs to first understand the problem 
and then prove the answer is correct through reasoning. The theoretical frameworks on 
problem-solving and mathematical proficiency informed the categorization of the themes. To 
capture the student teachers’ voices I categorized the less prominent codes into sub-themes and 
then into an overarching theme. By less prominent codes, I refer to codes with low frequencies.  
Two additional themes were traced on the student responses on the first two prompting 
questions. Furthermore, two overarching themes were traced from the student teachers’ 
responses on the role played by the whole class discussions on the student teachers’ 
mathematical understanding. The overarching themes, sub-themes and frequencies are shown 
in Table 11. 
 
Table 11: 
 Continuation of themes and sub-themes  
Theme 2: Mathematical problem-
solving is a complex process, it 
requires critical thinking and prior 
mathematical knowledge  
 
 Perceived learning gains: 
Mathematical problem- 
solving is a complex 
process, it challenged 
thinking as it requires 
critical thinking and prior 
mathematical knowledge  
 
 
Mathematical problem-solving 
challenging and complex 
 
n = 6 
(8, 9%) 
Mathematical problem- 
solving challenging and 
complex 
 
n = 8 
(11, 9%) 
Needs critically thinking 
 
n = 6 
(8, 9%) 
 
Needs critically thinking 
 
n = 8 
(11, 9%) 
Need prior concepts/knowledge to 
solve problems 
 
n = 13 
(20, 9%) 
Need prior 
concepts/knowledge to 
solve problems 
n = 6 
(8, 9%) 
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Theme 3: Increase in level of 
mathematical proficiency, 
specifically understanding 
interconnectedness of concepts/ 
topics and procedural fluency and  
 
 Theme 3: Increase in level 
of mathematical 
proficiency, specifically 
understanding 
interconnectedness of 
concepts/ topics and 
procedural fluency and   
 
 
Interconnectedness and relations 
between concepts/topics 
 
 
n = 20 
(32, 3%) 
Interconnectedness and 
relations between 
concepts/topics 
n = 15 
(22, 3%) 
Mathematical proficiency 
 
n = 9 
(13, 4%) 
 
Mathematical proficiency 
 
n = 3 
(4, 47%) 
Understanding of concepts and 
mathematical language 
n = 23 
(34, 3%) 
 
Understanding of concepts n = 26 
(38, 8%) 
    
Do you think the whole class discussion is helpful in gaining a deeper understanding of mathematical 
concepts? 
 
Theme Sub –theme Frequency (n) 
% 
Theme 1: Whole class discussions 
create a good learning environment 
where people learn alternative/ 
other problem-solving 
methods/strategies by listening to 
others’ thinking, views and 
approaches 
 
Hear how other people 
think and listen to other 
people’s ideas, views, 
approaches 
n = 36 
(53, 7%) 
 
 Learn alternative 
mathematical problem- 
solving strategies 
n = 27 
(40, 2%) 
   
Through whole class discussions, 
errors and misconceptions are 
addressed and one remembers 
Errors and 
misconceptions addressed 
n = 25 
(37%) 
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better concepts and methods 
discussed 
 
 
 Remembering better 
concepts and methods 
n =10 
(16, 1%) 
 
 
Table 11 is a continuation of Table 10, showing how the overarching themes were traced from 
code counting to sub-themes and then overarching themes. For the question on whole class 
discussions two themes were traced form the sub-themes as shown in Table 11. Based on the 
student teachers’ responses the overarching themes were informed by the theoretical 
underpinnings of the mathematics content course, namely, mathematical proficiency and 
mathematical problem-solving competence and stages of problem-solving. The overarching 
themes are summarized in Figure 18. 
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Figure 18: Summary of themes traced from reflective journal responses 
Reflective journal 
responses
What is the most significant 
change in your mathematical 
understanding since taking this 
course?
How did working on the 
problems of the week help you 
understand mathematics at a 
deeper level?
There are many solution 
strategies/methods to use but one needs 
to first understand the problem and then 
prove the answer is correct through 
reasoning 
Mathematical problem-solving is a complex 
process, it requires critical thinking and 
prior mathematical knowledge
Developed mathematical proficiency, 
specifically understanding the 
interconnectedness of concepts/topics, 
procedural fluency and productive disposition 
Do you think the whole class 
discussion is helpful in gaining 
a deeper understanding of 
mathematical concepts?
Whole class discussions create a good 
learning environment where people learn 
alternative/ other problem solving 
methods/strategies by listening to others’ 
thinking, views and approaches
Through whole class discussions errors and 
misconceptions are adressed and one 
remembers concepts and methods better
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3.7 AUTHENTICITY OF THE RESEARCH 
Traditionally the authenticity or credibility of a study has been judged in terms of validity, 
reliability, generalizability and objectivity (Denscombe, 2010). In agreement with 
Onweugbuzie and Leech (2006) and Denscombe (2010) it is not feasible to judge the credibility 
of this study according to a traditional framework. It is “virtually impossible to replicate a 
social setting” (Denscombe, 2010, p. 298). The social setting in this study is the mathematics 
content lectures, which are not possible to replicate. Furthermore, the teaching methods cannot 
be exactly replicated in other settings because many ‘classroom’ conditions including the 
students’ demographics and competencies influence the way in which teaching methods are 
implemented (Hiebert and Grouws, 2007). Lastly, in this study the practitioner is the researcher 
and is therefore, “intimately involved in the collection and analysis” of the data collected in 
this study (Denscombe, 2010, p. 298). Thus, the chances of another researcher producing the 
same data and come to the same conclusions is almost nil (ibid).  
This positioning of my study also explains why I deemed it feasible to interpret the findings 
through the ‘gaze’ of a single activity system, using ASA. 
Further to that, drawing from the work of Lincoln and Guba (1985), Moschkovich and Brenner 
(2000), preferred “naturalistic terms” are appealing. Terms such as credibility, transferability, 
dependability and confirmability are “preferred terms to the traditional framework terms as 
standards to verify naturalistic paradigm studies (p. 479).  To Moschkovich and Brenner 
(2000), a naturalistic paradigm refers to research studies conducted in a natural setting and that 
are derived from specific “disciplinary traditions”, such as using ethnographic methods to 
collect data. Because this study is conducted in the natural, everyday social setting of 
mathematics content course, I too adopt the naturalistic terms to judge the credibility of this 
study. 
Credibility refers to the truth value of the findings (Moschkovich & Brenner, 2000), meaning 
how believable the findings are. The use of multiple sources of data also known as triangulation 
is one of the best popular practices to establish credibility (Moschkovich & Brenner, 2000). To 
add to the credibility in this study I have used multiple data sources both quantitative and 
qualitative including student teachers’ perceptions of their learning gains. Student teachers’ 
perceptions were used to either confirm or refute findings form other data sources.  Another 
practice to ensure credibility of the findings is member checking. With respect to the student 
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teachers’ perceptions, I clarified the honesty of their responses and whether I had captured their 
perceptions accurately.  
Dependability in a research study is demonstrated through an “audit trail” (Ongweugbuzi & 
Leech, 2006), in which the researcher explicitly details the methodological procedures 
undertaken in collecting the data. The audit trail in this study includes and a sound explanation 
of the development and source of the data instruments in the study. For instance, I have 
explained the development of the two surveys; I have also explained and attached the 
assessment frameworks for the two tests and transcripts of the lesson observations excerpts. I 
also include personal reflections of my teaching practice and field notes. The methodological 
procedures in this study is also guided by the debriefing sessions and consultation with both 
the supervisors of the study. 
Earlier I have touched on the issue of transferability in this study as transferability refers to 
whether findings of one study can be generalized to other studies with different participants 
and settings. The issue of generalizability of the findings to other settings is a complex and 
challenging issue when it comes to social and natural settings such as classrooms or university 
lecture sessions, because the findings of this study should be viewed in terms of the collective 
system, e.g. rules, community, division of labour, object, tools and most importantly the 
subjects. 
Confirmability addresses the “neutrality of the research, namely, how the biases of the 
researcher are dealt with throughout the research process’ (Moschkovich & Brenner, 2000, p. 
485). As the design of the study is a practitioner genre is it impossible to eliminate the 
subjectivity of the researcher, and I therefore, gave a reflective account of myself and how it 
influences the study (Denscombe, 2010). 
 
3.8 SUMMARY OF CHAPTER     
 In Chapter 3, I have given a ‘preview’ into the design of the study and of the mathematics 
content course that served as the empirical field or setting in this study and a brief profile of 
the participants. I have given a short explanation on the knowledge claims made by this study 
and the conceptual framework that guided the design of the mathematics content course. I have 
also highlighted my role as a practitioner-researcher in the study and argued for a different 
approach to ethics when it comes to practitioner inquiries. 
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The various data collection instruments, the development and rationale for selecting them have 
been discussed, coupled with the analytical mechanisms. And lastly, the authenticity of the 
study was also discussed in this chapter. 
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CHAPTER 4 
THE DATA OF THE STUDY 
4.1 INTRODUCTION 
The methods of data collection and analysis that were discussed in the previous chapter are 
further explicated in Chapter 4. The study did not aim to establish any causality claims, but to 
gain an in-depth understanding of what happens in my practice as teacher educator, who also 
acted as practitioner researcher. Because of the positioning of the study as an inquiry into  
human activity in a specific system, the data analysis was specifically aimed at a deeper 
understanding and a way to influence the course design of mathematics content in pre-service 
teacher education., specifically the development or evolving of mathematical problem-solving 
proficiency and how it aligns within an activity system, of a course module, invoking elements 
of the context in the interpretation of the whole activity system (Chapter 5).  
In this chapter, the outcome of the analysis is presented per data source/tool. The presentation 
begins with the mathematical belief survey. The data is presented in stacked bar charts and is 
described in terms of frequencies. This data provides a summary of the student teachers’ 
mathematical problem-solving beliefs. 
In the next section the outcome of the investigation of student teachers’ solution strategies for 
selected three ‘problems of the week is presented, for which I used a rubric as an analytical 
tool. I also present the results and findings of how mathematical knowledge was co-constructed 
and mathematical classroom practices negotiated were negotiated. 
After that, the results of the Flow State Scale are set out; this data presents a summary of the 
student teachers’ awareness of in-the-moment engagement during the problem-solving process. 
In the last section, I present the findings on the student teachers’ perceived learning by 
participating in the mathematics content course as reported in their reflective journals.  
 
4.2 THE MATHEMATICAL BELIEF SURVEY 
Beliefs or belief systems are one of the interwoven components in Chapman’s (2015), 
mathematical problem- solving proficiency and other frameworks such as Schoenfeld’s (1985), 
and Mayer and Wittrock’s (2007) mathematical problem-solving frameworks. As explained in 
138 
 
Chapter 3, seven belief categories were elicited from the analysis process, which I discuss in 
this section. Furthermore, the negatively worded items were reversed scored, therefore in 
analyzing the mathematical problem-solving beliefs responses a higher mean indicates the 
student teachers disagree with the negatively worded statements. A lower mean indicates the 
student teachers agree with the negatively statement. In positively stated items a higher mean 
indicates the student teachers agree with the statement, while a lower mean indicates 
disagreement with the statement. 
Beliefs that multiple solution methods are possible 
The mathematical problem-solving belief survey required from student teachers to respond to 
items aimed at investigating their beliefs related to the multiple solution strategy, nature of 
mathematics problems. Student teachers had to indicate whether they agree or disagree that 
there are multiple ways of finding a solution to a problem. Three items were negatively worded 
(items, 8, 21, 35), and four items positively worded (items, 4, 14, 26, 31). The mean score for 
the pattern on multiple solutions is 4,09.  Table, 12 shows the frequencies and mean scores of 
student teachers’ responses to the items. 
Table 12:  
Student teachers' responses to pattern on multiple solution methods are possible  
Statement 
 
 Scale 
  SA A N D SD 
4. It is possible to get the correct 
answer to a mathematics problem 
using methods other than the one 
the teacher or the textbook uses. 
 
Mean 
4,36 
39  
58,2% 
19 
28,4% 
4 
6,0% 
4 
6,0% 
1 
1,5% 
STDEV 
0,949 
8. There is only one correct way 
to solve a mathematics problem. 
 
Mean 
4,03 
 
14 
21,2% 
48 
72,7%% 
3 
4,5% 
1 
1,5% 
1 
1,5% 
STDEV 
0,760 
14. If a learner/student forgets 
how to solve a mathematics 
problem the way the teacher did, 
it is possible to develop different 
methods that will give the correct 
answer 
 
Mean  
4,22 
32 
47,8% 
27 
40,3% 
2 
3,0% 
3 
4,5% 
3 
4,5% 
STDEV 
1,027 
21. If a number of 
mathematicians were given a 
mathematical problem, they 
would all solve it in the same 
way. 
 
Mean 
4,07 
16 
23,9% 
44 
65,7% 
3 
4,5% 
3 
4,5% 
1 
1,5% 
STDEV 
0,703 
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26. If a learner is unable to solve 
a problem one way, there are 
usually other ways to get the 
correct answer. 
 
 
Mean 
4,70 
47 
70,1% 
20 
29,9% 
   
STDEV 
0,461 
31. Good mathematics teachers 
show learners the exact way to 
answer the math question they 
will be tested on. 
 
Mean 
3,18 
15 
22,4% 
20 
29,9% 
8 
11,9% 
10 
14,9% 
14 
20,9% 
STDEV 
1,476 
35. Good mathematics teachers 
show learners lots of ways to look 
 at the same question. 
 
Mean 
1,28 
0% 0% 2 
2,99% 
14 
20,9% 
51 
76,1% 
STDEV 
0,623 
Key: SA= Strongly Agree; A= Agree; N= Neutral; D = Disagree; SD = Strongly Disagree; STDEV = 
Standard Deviation 
 
Table, 12 shows the student teachers responses about beliefs that multiple solution methods are 
possible in solving a given mathematics problems. Their responses indicate they agree that 
students can develop their own solution methods and not just use methods shown by the teacher 
and textbooks. In the same vein their responses also show that they believe that there is more 
than one correct way to solve a given mathematics problems. For instance, just over 80% of 
student teachers (with a mean of 4,36), agreed, that it is possible to get the correct answer to a 
mathematics problem using methods other than the one the teacher or the textbook uses (Item 
4). Furthermore, more than 87% of the student teachers agreed that it is possible for a learner 
to develop his or her own solution method if they forgot the method shown by the teacher (mean 
score 4,22). All the student teachers agree (with a mean score 4,70) that, if a learner is unable 
to solve a problem one way, there are usually other ways to get the correct answer (item 26). 
The responses also indicate that the student teachers believe there is more than one correct way 
to solve a mathematics problem. 93% of the student teachers disagreed with the statement that 
there is only one correct way to solve a mathematics problems. They also disagree (mean score 
of 4,07) with the statement, a number of mathematicians will all solve a given mathematics 
problem in the same way (mean score 4,07). Concerning teachers showing their students many 
ways to look at the same problem. The student teachers agree (with more than 97%) agreeing 
that good mathematics teachers show learners lots of ways to look at the same question.    
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Beliefs about the importance of understanding and reasoning 
Student teachers had to respond to several questions investigating their beliefs about the 
importance of understanding and reasoning in mathematical problem-solving. Five items were 
positively worded (items, 6, 17, 22, 24, 29) and two negatively worded items (items, 1 & 11) 
 
Table 13: 
 Student teachers' responses to pattern: beliefs about the importance of understanding and reasoning  
Statement 
 
 Scale 
  SA A N D SD 
1. It is not important to 
understand why a 
mathematical procedure works 
as long as it gives a correct 
answer. 
 
Mean 
3,67 
35  
52,2% 
13 
19,4% 
10 
14,9% 
4 
6,0% 
5 
7,5% 
STDEV 
1,093 
6. A person who does not 
understand why an answer to a 
mathematics problem is 
correct has not really solved 
the problem. 
 
Mean 
3,52 
 
21 
31,3% 
22 
32,8% 
5 
7,5% 
13 
19,4% 
6 
9,0% 
STDEV 
1,350 
11. It does not really matter if 
you understand a mathematics 
problem if you can get the 
right answer. 
 
Mean  
4,21 
28 
41,8% 
29 
43,3% 
4 
6,0% 
5 
7,5% 
1 
1,5% 
STDEV 
0,826 
17. Time used to investigate 
why a solution to a 
mathematics problem works is 
time well spent. 
 
Mean 
4,09 
28 
41,8% 
25 
37,3% 
8 
11,9% 
4 
6,0% 
2 
3,0% 
STDEV 
1,026 
22. Learners/ students should 
share their problem solving 
thinking and approaches with 
other learners. 
 
Mean 
4,73 
53 
79,1% 
12 
19,9% 
1 
1,5% 
0% 1 
1,5% 
STDEV 
0,642 
24. A demonstration of good 
reasoning should be regarded 
as even more than learners’ 
ability to find correct answers. 
 
Mean 
4,01 
19 
28,4% 
37 
55,2% 
5 
7,5% 
5 
7,5% 
1 
1,5% 
STDEV 
0,896 
29. In addition, to getting a 
right answer in mathematics, it 
is important to understand 
why the answer is correct. 
 
Mean 
4,42 
39 
58,2% 
21 
31,3% 
4 
6,0% 
2 
3,0% 
1 
1,5% 
STDEV 
0,855 
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Table, 13 shows student teachers’ responses to beliefs about the importance of understanding 
why a procedure works; importance of understanding a mathematics problem; and why the 
answer is correct in solving mathematics problems. Student teachers’ more than 71% (mean 
score of 3,67), of the responses indicated they disagree with the statement, it is not important 
to understand why a mathematical procedure works as long as it gives a correct answer. The 
importance of understanding a mathematics problem is further shown in the responses to item 
11, where approximately 85% (mean score of 4,21), of the student teachers indicated they 
disagree with the statement, it does not really matter if you understand a mathematics problem 
if you can get the correct answer. Student teachers’ responses further, indicate they believe that 
it is equally important to understand why an answer is correct, as it is to find a correct answer. 
As, close to 84% of the student teachers agreed with item 29, with mean score of 4,42. 
Concerning the importance of demonstrating good reasoning during the problem solving 
process and students sharing their problem solving thinking, the student teachers indicated 
positive beliefs. Close to 95% of the student teachers indicated it is important for student 
teachers to share their problem solving thinking with others and approximately 84% indicated 
that a demonstration of good reasoning is more important than getting the answer correct. 
  
Beliefs that predetermined steps are needed to solve a problem  
The student teachers had to respond to items probing into their beliefs on whether a 
predetermined sequence of step are needed when solving mathematical problems. Out of the 
four items, one item, item 37 was negatively worded and the rest of the items were positively 
worded (items, 2, 25, 34). 
 
Table 14:  
Student teachers responses: pattern on predetermined steps are needed to solve a problem 
Statement 
 
 Scale 
  SA A N D SD 
2. Any problem can be solved 
if you know the right steps to 
follow. 
 
Mean 
4,42 
38  
56,7% 
24 
35,8% 
1 
1,5% 
3 
4,5% 
1 
1,5% 
STDEV 
0,855 
Mean 
3,76 
19 
28,4% 
30 
44,8% 
5 
7,5% 
9 
13,4% 
4 
6,0% 
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25. To solve mathematics 
problems you have to be 
taught the right procedure, or 
you can’t do anything. 
 
 
STDEV 
1,182 
34. Without a step-by-step 
procedure, there is no way to 
solve a mathematics problem 
Mean  
3,55 
13 
19,4% 
32 
47,8% 
5 
7,5% 
13 
19,4% 
4 
6,0% 
STDEV 
1,184 
37. There are problems that 
just cannot be solved by 
following a predetermined  
sequence of steps 
Mean 
2,09 
8 
11,9% 
25 
37,3% 
13 
19,4% 
14 
20,9% 
7 
10,4% 
STDEV 
1,327 
 
The student teachers’ responses indicated that they agree with the statement, any problem can 
be solved if you know the right steps, approximately 92% (mean score of 4,42) agreed with this 
statement. While, approximately 74% and 67% respective agreed with the statements that one 
needs to be taught the right procedures and without a step-by-step procedure you can’t solve 
mathematics problems. The mean score for item 37, of 2,09 indicates the student teachers agree 
with the statement, there are problems that just cannot be solved by following a predetermined 
sequence of steps. 
    
Beliefs about the importance of memorization 
There are items that overlap between categories such as the items on memorization clustered 
together here; could also be explained in terms of predetermined steps needed for problem-
solving. Although, this category only consists of three items (items, 12, 18, 30), this category 
presents student teachers’ beliefs about the importance of memorization in mathematical 
problem-solving. One item, item 30 were negatively worded and items 12 and 18 were 
positively worded.  
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Table 15:  
Student teachers' responses t pattern: beliefs about the importance of memorization  
Statement 
 
 Scale 
  SA A N D SD 
12. Learning to do problems is 
mostly a matter of memorizing 
 the right steps to follow. 
 
Mean 
2,89 
7 
10,6% 
20 
30,3% 
7 
10,6% 
23 
34,8% 
9 
13,6% 
STDEV 
1,279 
18. Problems can be solved 
without remembering 
formulas. 
 
Mean 
2,54 
 
1 
1,5% 
13 
19,4% 
13 
19,4% 
23 
34,3% 
17 
25,4% 
STDEV 
1,112 
30. Memorizing steps is not 
that useful for learning to 
solve problems. 
Mean  
2,77 
9 
13,4% 
16 
23,9% 
9 
13,4% 
 
 
17 
25,4% 
16 
23,9% 
STDEV 
1,402 
 
 Table, 15 shows the range of the student teachers beliefs about the importance of memorizing 
steps in mathematical problem-solving. On all three items on the importance of memorization 
in problem-solving, the student teachers indicated a range of beliefs. For instance, 23, 9% (n 
=16) and 25, 4% (n = 17) of the student teachers strongly agreed and disagreed (respectively), 
that memorizing steps is not that useful for learning to solve problems (item, 30). While, 20, 9 
(n =14) and 14, 9% (10), strongly disagreed and disagreed with the belief. Similarly, with item 
12, stating that learning to do problems is mainly a matter of memorizing the right steps. Close 
to halve of the students agreed, while the others disagreed, as 10, 6% (7) strongly agreed, 30, 
3% (n = 20) agreed; and 13, 9% (n = 9) strongly disagreed and 34, 8% (n = 23) disagreed. 
However, close to 70% of the student teachers disagreed that problems can be solved without 
remembering formulas. 34, 4% (n = 23) disagreed and 25, 4% (n = 17) strongly disagreed, 
while 19, 4% (n = 13) agreed and 1, 5% (1), strongly agreed.    
 
Beliefs about the instruction of mathematical problem-solving 
The belief survey items were also aimed at investigating student teachers’ beliefs about how 
mathematical problem-solving should be taught. All three items were positively stated (items, 
15, 27, 32). Table, shows the percentages, mean scores and standard deviation of the student 
teachers’ responses to each item.  
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Table 16:  
Student teachers' responses to pattern: beliefs about the instruction of mathematical problem-solving  
Statement 
 
 Scale 
  SA A N D SD 
15. Problem solving is 
primarily the application of 
computational skills in 
mathematics. 
 
Mean 
3,45 
9 
13,4% 
27 
40,3% 
17 
25,4% 
13 
19,4% 
1 
1,5% 
STDEV 
1,004 
27 .It is better to tell or show 
learners how to solve 
problems than to let them 
discover how on their own. 
 
Mean 
2,95 
11 
16,9% 
15 
23,1% 
8 
12,3% 
22 
33,8% 
9 
13,8% 
STDEV 
1,351 
32. Teachers should encourage 
learners to write their own 
mathematical problems. 
 
Mean  
3,99 
24 
35,8% 
28 
41,8% 
7 
10,4% 
6 
9,0% 
2 
3,0% 
STDEV 
1,052 
 
Close to 80% of the student teachers believes that teachers should encourage their students to 
write their own mathematical problems (item 32); 35, 8 (n = 24) strongly agreed and 41, 8% 
(n = 28) agreed. The student teachers had no strong beliefs on whether it is better for teachers 
to show students how to solve a problem, instead of discovering (item 27). Approximately 40% 
of the student teachers agreed, with 16, 9% (n = 11) strongly agree and 23, 1% (n = 15) 
agreeing, while 33, 8% (n = 22) student teachers disagreed and 13, 8% (n = 9) strongly 
disagreed. 57% of the student teachers agreed that problem-solving is mainly the application 
of computational skills (item 15), while 19, 4% disagreed and 25, 4% took a neutral position. 
 
Beliefs about technology and mathematical problem-solving 
In addition, to questions on the instruction of mathematical problem-solving the survey were 
also aimed at finding out what student teachers’ beliefs are on the use and benefits of 
technology in mathematical problem-solving. This pattern consisted of five items of which 
item 28 was negatively worded and the rest positively worded.  
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Table 17:  
Student teachers' responses to pattern: beliefs about the use of technology in mathematical problem-solving  
Statement 
 
 Scale 
  SA A N D SD 
10. Using technological 
equipment in problem solving 
is cheating. 
 
 
Mean 
3,46 
11 
16,4% 
27 
40,3% 
16 
23,9% 
10 
14,9% 
3 
4,5% 
STDEV 
1,076 
16. Technological equipment 
is useful in solving problems. 
 
Mean 
3,85 
14 
21,2% 
36 
54,5% 
10 
15,2% 
4 
6,1% 
2 
3,0% 
STDEV 
0,932 
23. Teachers create new 
learning environments for 
their learners with the use of 
technology. 
 
Mean  
4,22 
26 
38,8% 
35 
52,2% 
2 
3,0% 
3 
4,5% 
1 
1,5% 
STDEV 
0,832 
28. Using technology is a 
waste of time while solving 
problems. 
 
Mean 
3,88 
4 
6,0% 
7 
10,4% 
10 
14,9% 
27 
40,3% 
19 
28,4% 
STDEV 
1,523 
33.Using technology in 
solving problems can give 
learners greater choice in their 
tasks. 
 
 
 
Mean 
3,41 
10 
15,2% 
25 
37,9% 
15 
22,7% 
14 
21,2% 
2 
3,0% 
STDEV 
1,081 
 
Just over, 80% of the student teachers agreed that teachers can create a new learning 
environment for their learners with technology; 52, 2% (n =35) agreed and 38, 8% (n = 26) 
strongly agreed, because technological equipment is useful in solving problems (item, 16). 
Approximately 73% of the student teachers agreed that technological equipment is useful with 
54, 5% (n = 34) agreeing and 21, 2% (n = 14) strongly agreeing. Close to 60% of the student 
teachers disagreed with the statement, using technological equipment in problem-solving is 
cheating; 40, 3% (n = 27) agreed and 16, 4% (n =11), strongly disagreed and 23, 9% (n = 16) 
took a neutral position. The student teachers also indicated that technology is useful in solving 
mathematical problems as close to, 70% disagreed with the statement; using technology is a 
waste of time while solving problems. 
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Beliefs about mathematical problem-solving as time consuming 
As mathematical problem-solving can be time consuming and perseverance is required, student 
teachers were questioned about their beliefs regarding the time needed to solve a mathematical 
problems. The responses of the student teachers did not show any strong beliefs on whether 
problem-solving is time consuming, they however, agreed that if one perseveres than any 
problem can be solved. One of the items (item 7) were negatively stated and three positively 
stated (items, 3, 13, and 19). 
 
Table 18:  
Student teachers' responses to pattern: beliefs about mathematical problem-solving as time consuming  
Statement 
 
 Scale 
  SA A N D SD 
3. Mathematics problems that 
take a long time to solve are 
not bothering me. 
 
Mean 
2,45 
4 
6,0% 
11 
16,4% 
15 
22,4% 
18 
26,9% 
19 
28,4% 
STDEV 
1,234 
7. Mathematics problems that 
take a long time to complete 
cannot be solved. 
 
Mean 
3,93 
32 
47,8% 
21 
31,3% 
7 
7,5% 
3 
4,5% 
4 
6,0% 
STDEV 
1,105 
13. Difficult mathematics 
problems can be done if one 
just hang in there. 
 
Mean  
3,86 
20 
30,3% 
32 
48,5% 
5 
7,6% 
3 
4,5% 
6 
9,1% 
STDEV 
1,175 
19. To be good in math, one 
must be able to solve problems 
quickly. 
 
Mean 
2,54 
3 
4,5% 
17 
25,4% 
4 
6,0% 
32 
47,8% 
11 
16,4% 
STDEV 
1,172 
 
Student teachers’ responses indicated they belief that all mathematical problems can be solved 
irrespective of how long it takes, as close to 79% (mean score of 3,93) indicated they disagree 
with the statement; mathematics problems that take a long time to complete cannot be solved. 
Similarly, close to 79% (mean score of 3,86), indicated they agree that difficult problems can 
be done with perseverance. Student teachers did not indicate any strong beliefs on the 
statement, mathematics problems that take a long time to solve are not bothering me (item 3). 
Beliefs ranged from strongly agree to strongly disagree and 22, 4% (n =15), who took a neutral 
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position. 28, 4% (n =19) strongly disagreed and 26, 9% (n = 18) disagreed, while 16, 4% (n = 
11) agreed and 6% (n = 4) strongly disagreed. Item 7 is a negatively stated item with a low 
mean of (1, 90), meaning the student teachers agreed with the statement, mathematics problems 
that take a long time to complete cannot be solved. The student teachers disagreed with the 
statement to be good in math one needs to be able to solve problems quickly (item, 19). 
Approximately 65% disagreed, with 16, 4% (n = 11) strongly disagreeing and 47, 8 % (n = 32) 
disagreeing. Because they agreed that difficult math problems can be solve with some 
perseverance (item 13), with 30, 3% (n =20) strongly agreeing and 48, 5% (n = 32) agreeing. 
 
4.3 THE ‘PROBLEMS OF THE WEEK’ AND WHOLE-CLASS DISCUSSIONS 
Pape and Wang (2003) noted the use of heuristics are central to the processes of mathematical 
problem-solving. Furthermore, students select heuristics because they are efficient and easy to 
use or understand (Ishida, 2002). The student teachers used the following heuristics in solving 
the three mathematical problem-solving tasks: guess-and-check heuristic, table strategy, 
algebraic/equation strategy, diagram strategy, arithmetic strategy and act it out strategy.  
The guess-and-check heuristic includes three phases, (1) first making a guess, (2) followed by 
a checking and verifying process and then followed by (3) making a next guess. Several 
iterations of phases 2 and 3 are possible until a solution is found (Tiong et al., 2005). The 
‘diagram strategy’ allows the solver to transform the mathematical problem into visual 
representations (Tiong et al., 2005). Diagrams are also referred to as a powerful tool for 
mathematical problem-solving because they are used to simplify complex situations (Pantziara, 
Gagatsis & Pitta-Pantazi, 2004). By using an ‘algebraic /equation strategy’, the solver is 
symbolically representing the problem and relations between the symbols used. The algebraic 
strategy requires two skills setting up the equation and solving the equation (Tiong et al., 2005). 
When a solver uses an ‘arithmetic strategy’, he or she writes a mathematical statement or 
number sentence using one or more operations and the numbers given in the problem. By using 
the ‘act it out strategy’ the solver represent the problem by either using concrete objects, 
manipulatives or bodily gestures. 
Through the solving of the problems of the week a collective community of problem-solving 
practice emerged which, consisted of smaller communities of practices (groups of student 
teachers). The teacher educator did not assign groups; the student teachers chose their own 
seating in a group. Neither did the teacher educator orchestrate the work of the groups nor how 
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they should work, instead the participants worked together and the leadership needed emerged 
from the group. The selection of heuristics was decided by the group but mainly under the 
leadership of one or more student teachers. The results on the performance per heuristic I 
present are that of a group and not individual student teachers.  
I present the findings per mathematical problem by first giving the overall performance using 
the rubric I compiled as discussed in Chapter 3. I then present a sample of each of the heuristics 
used by the student teachers to solve the problem. 
 
4.3.1 Performance per heuristic used by student teachers in ‘the sheep and ducks 
problem’ 
Table 19: 
 Performance per heuristic for problem 1  
Level Number of student teachers responses and heuristics used 
 
Problem one (n = 62) 
 Arithmetic Trial-and-error 
(Guess and 
check) 
 
Algebraic 
strategy 
Table method Diagram/drawing Total 
% 
Full access n = 0 n = 19 
30, 6% 
n = 5 
8, 1% 
 
n = 3 
4,8% 
n = 6 
9,7% 
n = 33 
53, 2% 
 
Partial access n =0 n = 10 
16, 1% 
n = 0 n = 2 
3, 2% 
n = 0 n = 12 
19, 4% 
 
Peripheral 
access 
n = 0 n = 0 n = 0 n = 0 n = 0 n = 0 
No access n = 17 
27, 4% 
n = 0 n = 0 n = 0 n = 0 n = 17 
27, 4% 
 
Level descriptors: 
  
No access: No indication of an understanding the problem statement. Did not draw on relevant concepts and procedures 
 
Peripheral access: Mainly understands the problem statement. Slight signs of relevant concepts and procedures 
 
Partial access: Proper understanding of the problem statement and partially used relevant concepts and procedures 
 
Full access: Full understanding of problem statement and successfully used relevant concepts and resources 
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Table 19 shows 53, 2% of the student teachers understood the problem statement and could 
therefore make use of appropriate heuristics and draw on the relevant prior concepts and 
procedures. The table also shows 19,4% of the student teachers understood the problem 
statement they therefore, could make use of the guess-and-check heuristic and the table method. 
They, however only partially used relevant concepts and procedures. While, 27,4 % solution 
strategies show no indication of understanding the problem statement, coupled with a lack in 
the relevant knowledge they could not use an appropriate heuristic to assist in finding a solution 
for the problem.  
Examples of full access heuristics 
 Guess-and-check/trial-and-error strategy 
30, 6% of the student teachers used the guess and check method, a sample of the guess and 
check method is shown in Figure 19. 
 
Figure 19: Guess-and-check method: problem 1 full access 
In the sample of the guess-and-check, method the solver’s first attempt was an incorrect 
algorithmic method in which the student teacher used the division operation. It seems as though 
the solver realized that the approach is incorrect. With the assistance from the other group 
members the solver then trialed different numbers by multiplying 20 by 4 and then 22 by 4, to 
determine the total number of sheep legs. Similarly, different numbers were trialed to find the 
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total number of duck legs. The solver then added 80 and 40, which equated to 120; and then 
added 88 and 36, which gave the correct answer of 124 legs.  
 
Algebraic strategy  
 8, 1% of the student teachers solved the mathematical problem using an algebraic strategy, as 
shown in Figure 20. An algebraic strategy is used when the solver uses one or two unknowns 
as variables. The student teachers using the algebraic strategy used two unknowns as variables 
in the form of (s), for sheep and (d), for ducks, in the first equation and the second equation in 
terms of the number of legs, e.g. 4s + 2d = 124 legs.   
 
Figure 20: Algebraic/equation heuristic: problem 1 full access  
 
Diagram/drawing strategy 
8% of the student teachers used the drawing method to solve the ‘sheep and ducks’ problem, 
as illustrated in Figure 21. The sample of the drawing method shows the solver first drew the 
circles depicting the 40 heads.  
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Figure 21: Drawing heuristic: problem 1 full access 
 
The student then drew two legs onto each head and then added two more legs so that 40 heads 
could have four legs each and the remaining heads with two legs depicted the ducks. The 
student then counted the number of heads with four legs and the number of head with two legs. 
 
Table method  
Figure 22, shows a sample of the table method used by 4, 8% of the student teachers. 
 
Figure 22: Table method: problem 1 full access  
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In the sample of the table-method, the solver too used the guess-and-check method but made 
use of a different representation, a table. As Figure 22, shows the solver first counted all the 
legs up until 20 heads each for the sheep and duck; then added 80 to 40, which equate to 120. 
The solver then added another two heads, meaning there were 88 sheep legs added to the 40 
duck legs equaled to 128 legs altogether. 
Examples of partial access heuristics 
19, 4% of the student teachers had a partially correct solution, of the 19, 4% student teachers, 
16, 1% used the guess-and-check method but did not attempt further trials, as shown in Figure 
30. 
 
Guess-and-check strategy 
 
Figure 23: Guess-and-check heuristic partial access 
 
In this, sample the solver had two trails; the solver first divided the 40 heads by two to give 20 
ducks and 20 sheep and then multiplied by the number of legs. The solver then trialed using 
another combination of 19 ducks and 21 sheep. The solver realized the answer is not 124, and 
then either ran out of time to pursue other trials or lacked perseverance in trialing more numbers 
to get to 124 legs. 
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Table method 
3, 2% of the student teachers used the table-method as an appropriate solution strategy but did 
not see the problem-solving process through, as shown in the sample solution in Figure 24. The 
solver started out with the table-method as I mentioned before is similar to the guess-and-check 
method but structured in table format. The sample shows the solver abandoned the table format 
and trialed various combination of numbers.  
 
Figure 24: Table method partial access 
 
Examples of no access heuristics 
Of the 27, 4% student teachers who were classified as having no access to problem- solving, 
8, 1% just gave an answer without any evidence of solution strategies used, as shown in Figure, 
25.  
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Figure 25: Answer only no heuristic 
The rest of the 19, 3%, used an arithmetic strategy. An arithmetic strategy is when the solver 
writes a mathematical sentence consisting of one or more operations. 
 
Figure 26: Arithmetic heuristic no access 
The example shows the solver did not understand the problem statement or what was required 
form the problem, thus the student used two different operations, division and subtraction. In 
addition, the solver did not look back and check whether the solution made sense. 
 
 
155 
 
4.3.2 Performance per heuristic used by student teachers in the ‘speed, distance and time’ 
problem 
The speed, distance and time problem describes one object’s movement in this case Mike’s 
journey that can be divided into three parts. Thus, the task required form solvers to be able to 
multiply two fractions to find the fraction of the distance of the second part of the journey. The 
problem also required form solvers to be able to “generalize the concept of average speed from 
two motions to three motions” (Jiang & Chua, 2010). The overall performance and strategies 
used by the student teachers in the speed, distance and time problem is shown in Table 20. 
 
Table 20:  
Performance per heuristic for problem 2  
Level Number of student teachers responses and heuristics used 
 
Problem Two (n = 62) 
 Arithmetic 
 
Algebraic method Model-method Total 
% 
Full access n = 12 
22, 6% 
n = 5 
8,1 % 
 
n = 10 
16,1% 
n = 29 
46, 8% 
Partial access n = 0 n = 5 
8,1% 
n = 0 n = 5 
8, 1% 
 
Peripheral access n = 7 
8,1% 
n = 0 n = 0 n = 7 
8, 1% 
 
No access n = 23 
37, 1% 
 
n = 0 
 
n = 0 n =23 
37, 1% 
Level descriptors: 
  
No access: No indication of an understanding the problem statement. Did not draw on relevant concepts and procedures 
 
Peripheral access: Mainly understands the problem statement. Slight signs of relevant concepts and procedures 
 
Partial access: Proper understanding of the problem statement and partially used relevant concepts and procedures 
 
Full access: Full understanding of problem statement and successfully used relevant concepts and resources 
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The table shows, 46, 8% of the student teachers had full access to problem-solving processes, 
meaning they understood the problem statement and could choose appropriate heuristics and 
draw on relevant concepts and procedures to solve the problem. 8,1% of the student teachers 
had partial and peripheral access respectively, while 37, 1% had no access to problem-solving 
processes.  
In solving the speed, distance and time problem, the student teachers made use of three 
strategies or heuristics, algorithm method, algebraic method and the model – method.  
Examples of full access heuristics 
Diagram: strategy: Model-method 
16, 1% student teachers used the model-method or bar-model, as shown in the sample.  
 
Figure 27: Model method full access 
 
As shown in the diagram, the bar-model was divided into seven parts. The bar-model assisted 
the student teachers to see that the total speed of the journey was divided into three parts and 
that the speed of the last part of the journey was double that of the second part of the journey. 
Similarly, the speed of the second part of the journey was double the speed of the first part of 
the journey. 
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Arithmetic strategy 
22, 6% of the student teachers used an arithmetic method, where they worked out the speed for 
every part of the journey, as shown in the sample. 
 
Figure 28:Trial-and-error method full access  
 
This group of student teachers approach is similar to the student teachers who used the bar 
model but they also calculated the different speeds for the three parts of the journey. They saw 
the speed of one part of the journey equals to 18km/h and the added 18 every time to get to the 
whole journey’s speed of 126km/h.  
Algebraic strategy 
There were 8, 1 % of the student teachers who used the algebraic method to solve the problem, 
a sample of the algebraic method is shown in the Figure 29 below.  
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Figure 29: Algebraic heuristic full access 
 
The student teachers who used the algebraic method first calculated the distance covered in 
terms of 𝑥. They then calculated the speed of the last 30minutes and then the average speed. 
Example of partial access heuristic 
Algebraic strategy 
The table shows, 8, 1% of the student teachers got a partially correct solution, they used an 
appropriate algebraic strategy but made some errors, as shown in the sample. 
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Figure 30: Algebraic heuristic partial access 
 
In this sample, the student teacher used an appropriate strategy working with linear equations 
but made a calculation error when multiplying two negative integers; as a result, the solution 
was incorrect. 
Example of partial access heuristic 
Arithmetic strategy 
As shown in Table 13; 11,3% of the student teachers used an appropriate arithmetic method 
but it seems as though they did not fully understood the question or read it properly. The 
following sample solution shows the solution strategy used and the error made. 
 
Figure 31: Arithmetic heuristic partial access 
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In the sample solution, the student teacher did not calculate one- third of the remaining distance 
of 
6
7
, instead just subtracted one – third and one-seventh form the whole distance. The student 
teachers attempted to use the arithmetic strategy but because the student teacher did not fully 
understand the problem, they could not solve the problem successfully. 
Example of no access heuristic 
Arithmetic heuristic 
 
Figure 32: Arithmetic heuristic no access 
 
4.3.3 Performance per heuristic used by student teachers in the ‘crossing the river’ 
problem 
This problem could also be classified as an algorithmic puzzle or an investigation does not 
require mathematics content knowledge in the beginning of solving the problem but logical 
thinking. The problem forces students to investigate and work through the problem without 
grabbing on to formulating algebraic equations. Only when the problem is extended then 
mathematics content is introduced. Mathematics content is introduced after the number of 
single trips have been established and questions that would be asked by mathematicians are 
asked such as: 
 What happens if we change the number of adults? 
 What happens if we change the number of children? 
 What happens if we change both numbers? 
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 If I tell you any number of adults and children can you, tell me the number of trips? 
This type of questions lead to working with algebraic patterns and generalisations. The nature 
of the problem also lends itself to the use of different heuristics to solve it. 
On the day, the student teachers engaged with ‘crossing the river’ problem there were five 
student teachers absent thus, the table show the percentage of heuristics used by 57 student 
teachers. 
Table 21: 
 Performance heuristic for problem 3  
Correctness of solution Number of student teachers responses and heuristics used 
 
Problem Three (n = 57) 
 Acting it out 
 
Guess-and-check Diagram Total 
% 
Full access n = 12 
21, % 
n = 0 
 
n = 20 
35, 1% 
n = 32 
56, 1% 
 
Partial access n = 0 n = 0 n = 0 n = 0 
 
Peripheral access 
 
n = 0 n = 0 n = 11 
19, 3% 
 
n = 11 
19, 3% 
No access n = 0 n = 14 
24, 6%% 
n = 0 
 
n = 14 
24, 6% 
 
Level descriptors: 
  
No access: No indication of understanding the problem statement. Did not draw on relevant concepts and procedures 
 
Peripheral access: Mainly understand the problem statement. Slight signs of relevant concepts and procedures 
 
Partial access: Properly understanding the problem statement and partially used relevant concepts and procedures 
 
Full access: Full understanding of problem statement and successfully used relevant concepts and resources 
 
 
Table 21 shows, 56, 1% student teachers understood the problem statement and used the ‘act 
it out’ heuristic and diagram heuristic. The rest of the student teachers 43, 9% struggled to 
understand the problem statement and to find an appropriate solution strategy. 19, 3% of the 
43, 9% had peripheral access to finding a solution strategy and 24, 6% had no access.  In 
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attempting to solve the problem the student teachers made use of three heuristics, acting it out, 
guess-and-check and diagram heuristics. 
 
Examples of full access heuristics 
Acting it out 
After struggling for a while with understanding the problem statement a group of 12 students 
decided to act out the problem as shown in the Figure 33 below. Ten student teachers 
participated, of which acted as the adults and two as the children, while the remaining two 
recorded the back and forward movement. The picture below shows the student teachers acting 
as the eight adults. 
 
Figure 33: Acting it out heuristic full access 
 
Two student teachers acted as two children crossing the river in the boat, once they got to the 
other side one of the children came back with the boat. Another student teacher acting as an 
adult crossed over and then the other child came back. The student teachers repeated the 
sequence of sending two children, one coming back, followed by an adult. The student teachers 
repeated this sequence until all eight adults “crossed the river” (hypothetical), after recording 
the sequence of events the student teachers counted how many trips it takes to move one adult 
over.   
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Figure 34: Diagram heuristic full access 
After the student teachers counted the number of trips recorded they concluded that it takes 
four trips to move one adult over and could therefore, generalize the rule as: 4 trips times the 
number of adults plus one child.  
Diagram heuristic 
The drawing method refers to drawing the trips with arrows as illustrated in the diagram, 35. 
3% student teachers solved the problem correctly by using the drawing method without acting 
the problem out. The group of student teachers who used the drawing method also took some 
time to fully understand the problem statement. A sample of the drawing method is illustrated 
in figure 35. 
 
Figure 35: Drawing method full access 
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The sample, drawing method shows the student teachers drawing arrows indicating a trip across 
the river and then another arrow indicating a trip back. The drawing also shows the passengers 
in the boat, whether it is an adult or two children crossing the river.  
Example of peripheral access heuristic 
Diagram heuristic 
11, 2% of the student teachers used an appropriate heuristic, the drawing method but did not 
continue the sequence to count the correct amount of trips to cross the river, as shown in figure 
36. 
 
 
Figure 36: Diagram heuristic peripheral access 
 
The sample shows the student teachers had two attempts at finding an appropriate solution 
heuristic and correct answer. In the first attempt, they multiplied the number of adults by 2 and 
added one. In the second attempt, they used a drawing method but did not continue or complete 
the process to find a solution. 
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Example of no access heuristic 
Guess-and-check method 
 
Figure 37: Guess-and-check heuristic no access 
 
The ‘crossing the river’ problem required visual representation to make sense of the problem. 
The heuristic used seems to indicate the student teachers did not understand what the problem 
required; they did not understand that they had to work out a sequence to work out the total 
number of trips it would take for all the people to cross the river with the one boat. 
4.3.4 Whole-class discussion: construction of system of competence 
In this section I, present two episodes form two separate whole-class discussions that took place 
after the ‘speed, distance and time’ problem (task 1) and ‘crossing the river’ (task 2) problem 
were solved. Drawing on Gresalfi, et al.,’s (2009), framework of construction of competence I 
first present how the participation structures were negotiated and how the tasks were realized 
for the two respective episodes. I then present how the student teachers were positioned in 
terms of agency and accountability in the construction of a system of competence during the 
problem- solving process. 
Episode 1: Construction of a system of competence 
The speed, distance and time mathematical problem was a non-routine task referred to as ‘doing 
mathematics’ task (Stein et al., 2001). The task allowed for various solution strategies and the 
requirements for successful completion was for student teachers to be able to understand the 
solution strategies. The negotiation of participation structure included student teachers 
presenting their solution strategies to the rest of the class, while it is the responsibility of the 
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rest of the student teachers to author and critique each other’s mathematical ideas. Norms of 
argumentation included the convincing that a solution was correct and the strategy appropriate, 
as shown in the following transcript extraction and picture.  
The episode starts where the lecturer checked on the student teachers’ progress in finding an 
appropriate solution strategy. The next excerpt is an interaction between the lecturer and one 
of the student teachers, Rob. 
Line number Participant Mode of interaction What is said and what is 
done 
Line 1 Lecturer Speaking and pointing at 
Rob’s solution. 
Let me have a look at your 
solution strategy. Please 
explain. 
Line 2 Rob Speaking and pointing to his 
worksheet 
I worked out in the first 
30minutes he covered one-
seventh and in the next 
30minutes he covered a third 
of the remaining distance. 
Now a third of the remaining 
distance, six-sevenths is two-
sevenths. Now I know that 
the remainder is four-
sevenths but I got stuck to 
carry on with working out the 
average speed. Kupano then 
explained and showed me his 
way, using the diagram. Then 
it made sense that this is 
double that and four is double 
that. 
Line 3 Lecturer Speaking So the Model-method helped 
you to get a better 
understanding. 
Line 4 Rob Speaking Yes, we combined our 
methods. It helps to work 
with someone to see what 
they are doing in that way all 
of us could listen to each 
other’s ideas, which pushed 
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us further to find a solution 
strategy.  
 
The above extract shows the student teachers collaboratively solved the problems by 
combining heuristics such as the arithmetic and diagram heuristic. The extract also shows that 
by visually representing the problem the student teachers gained a better understanding of the 
problem. In the next extract Rob, shares his groups solution strategies with the rest of the class. 
 
Figure 38: Example of student teacher sharing solution strategy 
 
The picture shows Rob, drawing a diagram that is part of the explanation of his group’s solution 
strategy. An extract of the transcript of Rob’s solution strategy is presented in which he starts 
explaining the solution strategy by writing on the board. 
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Line no Participant Mode of interaction What is said and what is done 
Line 1 Rob Speaking  Okay now in 30 minutes from the 
information given the driver covers one 
seventh kilometre of the total distance. That 
would mean that the total distance is seven-
sevenths right? 
 
Writes on the board Now in 30 min 
30 minutes = 
1
7
   total distance 
7
7
    
 
Line 2 Whole class Speaking Yes 
 
Line 3 Rob Speaking Then in the next 30 minutes we are told that 
he covers a third of the remainder which is 
six-sevenths, obviously a third of six-
sevenths will be six over twenty-one, which 
is two-sevenths 
Writes on board Next 30 min 
1
3
  of remainder 
 
1
3
 ×
6
7
=
6
21
=  
2
7
   
  
Line 4  Speaking Then the last 30 minutes is our remaining 
distance of four-sevenths. Agreed? 
 
Line 5 Whole class Speaking Yes 
 
Line 6 Rob Speaking  Now I know that he covered four-sevenths 
of the total distance in 72km/h. This would 
be 72km/h. 
 
Writes on board 30 min = 
4
7
  = 72km/h 
 
Line 7  Speaking Now I took 72 seeing that this is the second 
part of the distance and this is half, I mean 
double the first part of the distance. So I 
took that divide it by four to get that and 
divided it by 2 get that. And then 72 + 18 + 
36, Which is 126 divide by 3 is 42 km 
average distance. 
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Line 8 Whole class Rest of the student 
teachers speak with each 
other [student teachers do 
not understand]] 
 
 
 
The system of competence constructed in this episode is quite open as accountability was 
explicitly negotiated. Accountability was negotiated through the interaction between the 
student teachers and the lecturer. The extract shows Rob acted accountable for using 
appropriate symbols that are easily understandable by the rest of the group. He also 
demonstrated accountability towards his peers, as found in line 4, where he confirms with the 
rest of the student teachers if they agree with his mathematical thinking and whether they 
understand what he is explaining. However, after Rob explained his solution to the rest of the 
student teachers they struggled to understand his mathematical thinking, as indicated in line 8. 
The student teachers positioned themselves as people who want to make sense of Rob’s 
explanation and not just evaluating whether his thinking is correct.  
Regarding agency, the student teachers positioned Rob and themselves with conceptual agency. 
Rob used the mathematical symbols correctly but had to rethink the mathematical 
representations used because the rest of the student teachers did not understand the solution 
strategy. One of the other student teachers, Kopano further vested conceptual agency by telling 
Rob to use a different but complementary representation as an aid to explain his mathematical 
thinking. Rob and Kopano with the rest of their group members collaboratively solved the 
speed, distance and time problem. The next extract begins where Kopano tells and gestures 
with his hands for Rob to use the bar-model to explain his thinking. 
In the extract in line 8, the student teachers exercise competence by expressing that they do not 
understand Rob’s mathematical thinking, which directs him to explain his solution strategy 
using a different representation in order for the rest of the student teachers to make sense of his 
mathematical thinking. Rob did not work on his own in finding a solution strategy for the speed, 
distance and time problem; he collaborated with Kopano.  Thus, when the rest of the student 
teachers could not understand the thinking behind his solution strategy, Kopano instructed him 
to use the bar-model as shown in the following extract. In this sense, Kopano too is exercising 
conceptual agency and competence as both he and Rob made sense of the problem and found 
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a solution by combining the two strategies; Rob’s arithmetic strategy and Kopano’s bar-model 
strategy. 
Line 9 
 
Kupano Speaking Use the bar-model 
 
Gestures with hand The bar-model 
 
 Rob Draws bar-model on board 
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
 
 
 
Line 10 Rob Speaking All right, according to the question he first 
covered that distance. 
 
  Writes on board Underlines 
1
7
 on the bar-model drawing with 
chalk and writes 30 min underneath 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
30min 
 
 
Line 11  Speaking 
 
Can we all see that colour, he covered this 
distance in 30 minutes 
  Writes on board Underlines  again on bar-model 
 
Line 12  Speaking And then he covered a third of everything 
else in another 30 minutes. Does that make 
sense? 
 
Line 13 Whole class Speaking Yes. 
 
Line 14 Rob Speaking A third of that would be; 1, 2, 3, 4, 5, 6. Six 
divided by three gives us two, so we take 
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away two portions of the total distance, 
which should also be in 30 minutes. 
 
Writes on board Underlines two portions on bar-model 
 
 
           30min 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
30min 
 
And writes 30 minutes above the underlined 
portions 
 
Line 15  Speaking 
 
 
 
 
Can you see a bit more clearly now? And 
then this distance was covered in 72km/h. 
 
 
  Writes on board  
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
1
7
 
 
                                    72km/h 
 
 
Line 16  Speaking Now if he traveled that distance in 72km/h 
and we divide that distance  by 4 to get that 
 
 
 
 Gestures with hand Points to 
1
7
 on the bar-model on board. 
 
Line 17  Speaking Why cannot we, shouldn’t we divide the 
speed by 4 or that by 2 if we going to divide 
that by 2. Does that make sense? 
 
 Whole class No response Silence 
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Line 18 Rob Speaking Is 1, 2, 3, 4, understand, in 72km/h but here 
it is 2 hours, x- hours. 
 
  Gestures with hand Point at bar-model on board 
 
Line 19  Speaking  So why don’t we divide 4 by 2? 
 
Line 20 Lecturer Speaking What he means is working out the speed for 
the one-third of the remaining journey that 
was covered. 
 
Line 21 Rob Speaking So this will be 36km/h, we have to divide 
this 72 by four to get this one portion which 
would be 18. Does it make sense? 
 
Writes on board 18km/h 
 
Line 22  Speaking Right this also makes sense when I look at 
it. If he was travelling 18km/h he would 
obviously cover a shorter distance in a 
greater amount of time. Whereas here it is 
30 minutes but a larger distance was 
covered. 
 
Line 23 Sam Speaking Just help me if I am wrong here. So you 
divided; 1, 2, 3, 4, 5, 6, 7. 
 
  Gestures with hand Shows dividing with hand 
 
Line 24 Rob Speaking Yes 
7
7
 
 
Line 25 Sam Speaking And they tell us that for the last 30 minutes 
was in 72km. 
  
Line 26 Rob Speaking Per hour, yes. 
 
Line 27 Sam Speaking [while sitting at 
his desk] 
So basically what you did was 72 divided 
by 4, 18. So if you know like each portion. 
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  Gestures with hand Show each portion with hand 
 
Line 28  Speaking Then it is easy to calculate for the rest. So 
let’s go to the next portion we have two-
sevenths; 18 plus 18. When we go to three-
sevenths; 18 plus 18 plus 18. [Smiles] 
Which makes sense. 
  
 Whole class Short discussion Student teachers discuss in their groups 
Sam’s explanation 
 
Line 29 Rob Speaking 
 
Okay, so I have here 
  Writes on board 18 
36 
74 
 
Line 30  Speaking I added, 18, 36, 74, so I have 126 km/h that 
is our total speed for the whole 7 parts. 
Okay now we want to know the average 
speed for the 3 sections. Meaning we will 
take the total distance divide by 3 to give us 
42km/h. 
 
 
In line 11 to line 19, Rob used a different representation, the bar-model so that the rest of the 
student teachers could make sense of his mathematical thinking. Rob therefore is not only 
accountable for making sure the representation he use is understandable but also that he is 
accountable to his fellow peers. Line 17 to line 26 shows Rob is not only presenting his solution 
strategy but also shows his accountability towards the sense making of his fellow peers. In line 
18, he asks the rest of the student teachers whether his thinking makes sense and then in line 
22, explains why his thinking make sense.  
Rob, representing the group he collaborated with in solving the mathematical problem were 
further positioned with conceptual agency, as he could not only solve the mathematical 
problem using fraction symbols but also the bar-model. Rob exercised conceptual agency 
similar to mathematicians. Mathematicians exercise conceptual agency when they “choose 
methods and consider and develop meanings and relations of concepts and principles” (Gresalfi 
174 
 
et al., 2009). Also shown by the extract is that in this system, the lecturer and student teachers 
affirmed competence. The lecturer confirmed Rob’s competence in line 20, by explaining to 
the rest of the student what Rob means. One of his fellow peers as shown in lines 27 - 28 also 
affirms his competence and conceptual agency. In lines 27 - 28, one of the student teachers, 
Sam expresses understanding the solution; by explaining how he makes sense of Rob’s solution 
strategy and concludes that the Rob’s thinking behind the solution strategy makes sense to him. 
Episode 2: Construction of a system of competence 
The ‘crossing the river’ problem was also a non-routine task referred to as ‘doing mathematics’ 
(Stein et al., 2001). The task allowed for various solution strategies and the requirements for 
successful completion was for student teachers to be able to understand the solution strategies. 
The negotiation of participation structure included various student teachers presenting their 
solution strategies to the rest of the class, while it is the responsibility of the rest of the student 
teachers to author and critique each other’s mathematical ideas. Norms of argumentation 
included the convincing that a solution was correct and the strategy appropriate, as shown in 
the following transcript extraction and picture. When the mathematical task was allocated to 
student teachers to solve they took a while to understand the problem. One group decided to 
act out the problem to make sense of the problem and to find a solution, as shown in the picture. 
 
Figure 39: Student teachers' discussing acting out method 
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Figure 39, shows how the group of student teachers work out the sequence of people crossing 
the river. The group of student teachers’ thinking behind their solution strategy is explained in 
the extract below. The extract begins with Sarah explaining their solution strategy; Sarah 
recorded the trips and the ‘people who crossed the river’.  
 
Line no Participant Mode of interaction What is said and what is done 
Line 1 Sarah Speaking  Before we show you how we found a 
solution, I need to mention that we first 
tried sending one adult and one child 
‘across the river’. Then the child came back 
to fetch the other child. Then we realized 
we did not read the problem correctly and 
we had to start over. 
 
Illustrating   With two student teachers who represent 
the adult and child, sending them to cross 
the river and the one child coming back. 
 
Line 2 Sarah Speaking and illustrating 
with the rest of the group 
members. Sending the 
group members who 
represents an adult and the 
children across the ‘river’ 
Now the second time around, we started by 
sending two children across the river. 
Because the problem stated that, the boat 
could either carry one adult, one child or 
two children and not an adult and child. 
Then the one child came back and one adult 
went over. And the one child brought the 
boat back, and then two children went over 
again. One child came back with the boat 
and a second adult went over. The one child 
then came back with the boat. I then 
realized that it is a pattern, it takes four trips 
to carry one adult across the river. So two 
adults take eight trips.  
 
  Writing on board 4 trips = 1 adult 
8 trips = 2 adults 
 
Line 3 Sarah Speaking So how many trips will it take for all eight 
adults to cross the river. 
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Line 4 Tom Speaking Thirty-two, isn’t it because 4 trips times 
eight adults. 
 
Line 5 Sarah Speaking  Yes, but there is still one child left that 
needs to also cross the river. So how many 
trips in total? 
 
Line 6 Jane Raising her hand to draw 
Sarah’s attention and 
speaking 
Sarah can you please continue with sending 
the people across the river because I am 
confused. 
 
Line 7 Whole class (rest of 
the student 
teachers) 
Chorusing (everybody 
talking together) 
 
Yes please. 
 
Line 8 Sarah 
 
Speaking 
 
 
 
 
Sending the group 
members ‘across the river’ 
until all eight adults were 
across 
Okay. I will continue sending the people 
across and you count the number of trips. 
Where were we, so we had eight trips 
already? 
 
[After all eight adults crossed] 
 
So how many trips were there in total for all 
eight adults to cross? How many trips did 
you count?  
 
[Asking the rest of the student teachers]  
 
Line 9 Whole class Speaking Thirty-two. 
 
Line 10 Sarah Speaking Yes, remember the one child also needs to 
cross the river, so that will be thirty-three 
trips. So how would we write that as a rule? 
  Writes on board 8 adults x 4 trips + 1 child = 33 
 
  Speaking So, we can write a general rule or generalize 
the rule by writing. 
 
  Writes on board 𝑇𝑛 = 4𝑥 + 1 
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  Speaking The ′𝑥′ means the number of adults, now we 
can find how many trips it will take to carry 
100 adults. 
 
The extract shows the group under the leadership of Leilah, who suggested ‘to act out’ the 
problem and with the input of the rest of the group exercised conceptual agency. The group 
exercised conceptual agency because they used an appropriate solution strategy. Although, they 
initially struggled they managed to identify the pattern and generalized the rule. The group was 
also accountable for using the correct and appropriate solution strategy so that the rest of the 
student teachers could make sense of the solution. They also made use of appropriate 
mathematical symbols for the rest to make sense of their mathematical thinking, as shown in 
line 3 - 4. The group of student teachers also showed accountability towards their peers when 
Jane (line 6), requested they continue with the illustration because she did not understand the 
symbolic notation and explanation given by Sarah in line 2.  
The group’s competence was also confirmed when Jane and the rest of the student teachers 
requested they continue with the illustration so that they can make sense of the solution strategy 
and their thinking behind the strategy. The rest of the student teachers confirmed the group’s 
competence. 
 
4.4 FLOW STATE SCALE  
The aim of administering the Flow State Scale was to find out from student teachers their 
experiences regarding mathematical problem-solving, specifically how engaged they were in 
the process of solving the mathematical problems. Furthermore, to determine whether the 
challenge posed by the mathematical problem-solving tasks were appropriate for the abilities 
of the student teachers based according to how they felt.  Their responses are clustered into the 
nine dimensions of flow as categorized by Csikszentmihalyi (1992, 2014) 
 Challenge – Skill Balance 
The student teachers were asked to respond to questions on whether they had the necessary 
competence to meet the challenge posed by the mathematics problems. The frequencies and 
percentages of the student teachers’ responses are represented in the Table 22. 
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Table 22:  
Percentage responses to challenge-skill-balance  
Statement Scale 
SA A N D SD 
I was challenged but I believed my skills would 
meet the challenge 
 
7  
(11, 5%) 
36 
(59%) 
8 
(13, 1%) 
8 
(13, 1%) 
2 
(3, 3%) 
My abilities matched the challenge of the 
mathematical problem-solving tasks. 
 
3 
(4, 9%) 
 
19 
(31, 1%) 
13 
(21, 3%) 
15 
(24, 6%) 
11 
(18%) 
I felt I was competent enough to meet the high 
challenges of the mathematical problem-solving 
tasks. 
 
0 18 
(29, 5%) 
11 
(18%) 
21 
(34, 4%) 
8 
(13, 1%) 
The challenge of the mathematical problem-
solving tasks and my skills were at an equally 
high level 
3 
(4, 9%) 
16 
(26, 2%) 
7 
(11, 5%) 
17 
(27, 9%) 
16 
(26, 2%) 
 
  
The table shows, approximately, 70% of the student teachers agreed they were challenged by 
the mathematical problems but they believed their skills would meet the challenge, with 11, 
5% (n = 7) who strongly agreed and 59% (n = 36) agreed. There were varied responses on the 
statements regarding student teachers’ abilities and competence to meet the high challenges of 
the mathematical problems. For instance, 36% (n = 22) agreed their abilities matched the 
mathematical problems, (42, 6%) disagreed that their abilities will meet the challenge of the 
mathematical problems. 21, 3% (n = 13) student teachers took a neutral position. Similarly, 
approximately 47, 5% (n = 29) disagreed with the statement that they felt competent enough to 
meet the high challenges posed by the mathematical problems. While, 29, 5% (n = 18) agreed 
and 18% (n =11) neither agreed nor disagreed. Concerning whether the challenge of the 
mathematical problem and their skills were at an equally high level, approximately 54% (n = 
33) student teachers disagreed, while 26, 2% (n = 16) agreed that their skills and the challenge 
of the mathematical problems were at an equally high level and 11, 5% (n =7) took a neutral 
position. 
Clear goals 
Having clear goals in performing a task is one of the dimensions of reaching a state of flow. 
Student teachers had to respond to statements on whether they clearly knew how and what they 
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wanted to achieve during the problem-solving process. The frequencies and percentages to 
each statement concerning having clear goals are shown in Table 23. 
 
Table 23:  
Percentage response to having goals  
Statement 
 
Scale 
SA A N D SD 
I knew what I wanted to achieve 
 
13 
(21, 3%) 
35 
(57, 4%) 
10 
(16, 4%) 
2 
(3, 3%) 
 
0 
I had a strong sense of how to solve the 
mathematics problems 
 
4 
(6, 6%) 
17 
(27, 9%) 
17 
(27, 9%) 
15 
(24, 6%) 
8 
(13, 1%) 
My goals were clearly defined 
 
5 
(8, 2%) 
26 
(42, 6%) 
14 
(23%) 
12 
(19, 7%) 
4 
(6, 6%) 
 
 
In responding to the statement “I knew what I wanted to achieve”, 78, 7% (n = 48) student 
teachers agreed to knowing what they wanted to achieve by solving the mathematical problems. 
As 50, 8% (n = 31) agreed that their goals were clearly defined, approximately 26, 3% (n = 
16), disagreed and 23% (n = 14) neither agreed nor disagreed. Concerning, whether student 
teachers had a strong sense of how to solve the mathematical problems, the responses were 
varied, as 27, 9% (n = 17) student teachers agreed and 27, 9% (n =17) also took a neutral 
position. 37, 7% (n = 23) student teachers disagreed that they had a strong sense of how to 
solve the mathematical problems. 
Concentration on task   
Concentrating on solving the problem at hand is also a dimension needed to experience a state 
of flow. Thus, the questionnaire was aimed at finding out how student teachers felt about their 
concentration levels during the problem-solving process. Their responses to the statements on 
their concentration levels are shown in Table 24. 
 
 
 
180 
 
Table 24: 
 Percentage responses to concentration level during problem-solving items  
Statement Scale 
SA A N D SD 
My attention was focused entirely on what I was 
doing 
 
6 
(9, 8%) 
39 
(63, 9%) 
4 
(6, 6%) 
10 
(16, 4%) 
2 
(3, 3%) 
It was no effort to keep my mind on solving the 
mathematics problems 
 
4 
(6, 6%) 
10 
(16, 4%) 
12 
(19, 7%) 
24 
(39, 3%) 
10 
(16, 4%) 
I was completely focused on finding a solution 
for the mathematical problems 
16 
(26, 2%) 
30 
(49, 2%) 
6 
(9, 8%) 
7 
(11, 5%) 
2 
(3, 3%) 
 
 
The student teachers agreed that they were focused on what they were doing as well as on 
finding a solution for the mathematical problems. Approximately, 73, 7% (n = 45) student 
teachers agreed they were completely focused on what they were doing. In a similar vein, 75, 
4% (n = 46) agreed they were completely focused on finding a solution for the mathematical 
problems, while 14, 8% (n = 9) disagreed. However, the student teachers had mixed responses 
concerning keeping their minds on solving the mathematical problems. As 39, 3% (n = 24) 
disagreed and 16, 4% (n = 10) strongly disagreed. While, 19, 7% (n = 12) neither agreed nor 
disagreed, 16, 4% (n = 10) agreed and 6, 6% (n = 4) strongly agreed. 
Paradox of control and unambiguous feedback 
As mentioned before control and unambiguous feedback as two conditions needed to reach a 
state of flow is synonymous to control and metacognitive in Schoenfeld’s (1985) mathematical 
problem-solving competence model. Thus, the student teachers had to respond to items aimed 
at investigating whether they felt in control and could monitor whether they were on the right 
solution path during the problem-solving process. The student teachers had to respond to two 
items on control (items, 4, 17) and three items on unambiguous feedback (items, 3, 10, 16). 
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Table 25:  
Percentage responses for paradox of control and feedback  
Statement Scale 
SA A N D SD 
It was really clear to me that I was doing well 
while solving the mathematics problems 
 
1 
(1, 6%) 
13 
(21, 3%) 
16 
(26, 2%) 
16 
(26, 2%) 
13 
(21, 3%) 
I was aware of how well I was performing in 
solving the mathematics problems 
3 
(4, 9%) 
32 
(52, 5%) 
6 
(9, 8%) 
18 
(29, 5%) 
2 
(3, 3%) 
 
 
I had a good idea while I was solving the 
mathematical problem-solving tasks how well I 
was performing 
 
8 
(13, 1%) 
19 
(31, 1%) 
13 
(21, 3%) 
15 
(24, 6%) 
6 
(9, 8%) 
I was not worried about my mathematical 
performance while solving the mathematics 
problems 
 
5 
(8, 2%) 
9 
(14, 8%) 
8 
(13, 1%) 
25 
(40, 9%) 
14 
(22, 9%) 
I felt in total control of what I was doing 
 
 
1 
(1, 6%) 
20 
(32, 8%) 
14 
(22, 9%) 
18 
(29, 5%) 
8 
(13, 1%) 
I had a feeling of total control while I was 
solving the mathematics problems 
0 15 
(24, 6%) 
12 
(19, 7%) 
29 
(47, 5%) 
5 
(8, 2%) 
 
 
 
In responding to the statement, “It was really clear to me that I was doing well while solving 
the mathematical problems the student teachers had mixed responses. As 47, 5% (n = 29) 
student teachers disagreed, 26, 2% (n = 16) took a neutral position and 21, 3% (n = 13) agreed. 
On the point of an awareness of how well they were performing during the process of problem-
solving, the student teachers too had varied responses. 31, 1% (n = 19) agreed they had a good 
idea how well they were performing while they were solving the mathematical problems, 13, 
1% (n = 80 strongly agreed, while, 21, 3% (n = 13) took a neutral position, 24, 6% (n = 15) 
disagreed and 9, 8% (n = 6) strongly disagreed. In responding to how aware they were about 
their performance during the problem-solving process, approximately, 57% (n = 35) and 33% 
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(n =20) students disagreed. 63, 8% (n = 39) of the student teachers indicated they were worried 
about their performance while solving the problems.  
Concerning, whether the student teachers felt they were in control of the mathematical 
problem-solving process the student teachers had mixed responses. In responding to the 
statement “I felt in total control of what I was doing”, 32, 8% (n = 20) agreed and 22, 9% (n = 
14), neither agreed nor disagreed. While, 47, 5% (n = 29) disagreed and 8, 2% (n = 5) strongly 
disagreed. On the aspect of feeling in total control while solving the mathematical problems, 
approximately 55, 7% disagreed, while 24, 6% (n = 15) agreed and 19, 7% (n = 12) took a 
neutral position. 
 
Transformation of time 
A level of engagement is also determined by the person’s usage of time, whether they felt like 
time was passing by quickly or slowing down during the activity or executing the task. Three 
items as shown in the table were aimed at finding out how the student teachers experience 
concerning time during the problem-solving process. Their responses to statements concerning 
transformation of time is shown in Table 26. 
 
Table 26: 
 Percentage responses for transformation of time items 
Statement Scale 
SA A N D SD 
Time seemed to alter (time either slowed down or 
speeded up) 
 
18 
(29, 5%) 
29 
(47, 5%) 
7 
(11, 5%) 
6 
(9, 8%) 
3 
(4, 9%) 
It felt like time stopped while I was solving the 
mathematics problems 
 
5 
(8, 2%) 
21 
(34, 4%) 
11 
(18%) 
17 
(27, 9%) 
7 
(11, 5%) 
The way time passed seemed to be different to 
when I solved easier mathematics problems 
 
10 
(16, 4%) 
35 
(57, 4%) 
8 
(13, 1%) 
4 
(6, 6%) 
4 
(6, 6%) 
 
73, 8% (n = 45) student teachers agreed that the way time passed seemed to be different when 
they were solving easier mathematical problems. However, concerning the statements whether 
it seemed as though time altered or stopped the student teachers gave varied responses. 29, 5% 
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(n = 18) strongly agreed and 47, 5% (n =29) agreed that time seemed to alter; it either slowed 
down or speeded up. 9, Co8% (n = 6) student teachers disagreed and 4, 9% (n = 3) strongly 
disagreed while, 11, 5% (n = 7) neither agreed nor disagreed. In a similar vein 34, 4 % (n = 21) 
and 8, 2% (n = 5) student teachers agreed and strongly agreed respectively that it felt like time 
stopped while they were busy solving the mathematical problems. 27, 9% (n = 17) and 11, 5% 
(n = 7) student teachers disagreed and strongly disagreed respectively, while 18% (n = 11) took 
a neutral position.  
Autothelic experience 
Autotelic experience refers to an intrinsically rewarding feeling, doing something for the sake 
of doing it with no external or future reward for doing the activity. Csikszentmihalyi (2014) 
describes this dimension as the end state of flow and it is associated with statements such as “I 
really enjoyed the experience”. The flow state scale instrument therefore consists of items 
aimed at finding out whether the student teachers enjoyed the experience of engaging with the 
mathematical problem-solving tasks. The student teachers responded to four items questioning 
about their level of enjoyment as shown in Table 27. 
 
Table 27: 
 Percentage responses to autotelic items  
Statement Scale 
SA A N D SD 
I really enjoyed the experience of solving 
mathematics problems 
11 
(18%) 
30 
(49, 2%) 
7 
(11, 5%) 
 
7 
(11, 5%) 
6 
(9, 8%) 
I loved the feeling I felt while I was busy solving 
the mathematical problem-solving tasks and 
would like to experience it again 
 
8 
(13, 1%) 
26 
(42, 6%) 
10 
(16, 4%) 
 
12 
(19, 7%) 
6 
(9, 8%) 
The experience left me feeling great 
 
11 
(18%) 
15 
(24, 6%) 
11 
(18%) 
17 
(27, 9%) 
7 
(11, 5%) 
 
I found the experience extremely rewarding 
 
11 
(18%) 
34 
(55, 7%) 
8 
(13, 1%) 
5 
(8, 2%) 
3 
(4, 9%) 
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In responding to the statement, “I found the experience extremely rewarding”, 73% (n = 45) 
student teachers agreed, with 55, 7 (n = 34) agreeing and 18% (n =11) strongly agreeing. 13, 
1% (n = 8) took a neutral position, 8, 2% (n = 5) disagreed and 4, 9% (n = 3) strongly disagreed. 
Concerning whether the experience left the student teachers feeling, great there were mixed 
responses. As, 24, 6% (n = 15) agreed and 18% (n = 11) strongly disagreed, while 18% (n = 
110 neither agreed nor disagreed. The rest of the student teachers, 27, 9% (n = 17) disagreed 
and 11, 5% (n = 7) strongly disagreed with the statement. 16, 4% (n = 10) of the student teachers 
could not decide whether they loved how they felt whilst solving the mathematical problems 
and therefore took a neutral position, while 13, 1% (n = 8) strongly agreed and 42, 6% (n = 26) 
agreed. 19, 7% (n = 12) and 9, 8% (n = 6) student teachers disagreed and strongly disagreed 
respectively. Student teachers also had mixed responses concerning the statement “I really 
enjoyed the experience of solving mathematical problems”. As 18% (n = 11) strongly agreed, 
49, 2% (n = 30) agreed and 11, 5% (n =7) took a neutral position. 11, 5% (n = 7) disagreed 
with the statement and 9, 8% (n = 6) strongly disagreed. 
 
4.5 STUDENT TEACHERS’ SELF-REPORTED PERCEIVED LEARNING   
Student teachers had to respond to three questions in their reflective journals as discussed in 
Chapter 3. Overarching themes were traced across the patterns derived from the student 
teachers responses as discussed in Chapter 3. I present samples of the student teachers’ 
responses captured in each overarching theme. I first present the themes traced form the student 
teachers’ responses on the two questions on solving the problems and participating in the 
course and then the themes on the role of whole class discussions.  
The first theme presents the student teachers’ awareness or self-reported learning about the 
nature of mathematical problem-solving. By nature of problem-solving I am referring to the 
fact that multiple solution strategies are possible but without understanding the problem it is 
impossible to draw on relevant knowledge resources and use an appropriate solution strategies. 
In addition, the solver should also understand why a solution strategy worked. 
4.5.1 Theme 1: 
There are many solution strategies/methods to use but one needs to first understand the 
problem and then prove the answer is correct through reasoning. 
185 
 
Student teachers expressed that they learned to use different solution methods by solving the 
problems of the week and since they participated in the content course. An average of 33, 4% 
of the student teachers reported, learning to use multiple solution strategies was one of the 
significant changes that happened to their mathematics understanding. They also discovered 
that multiple strategies are used when they solved the problems of the week. Three of the 
student teachers reported the following in their reflective journals:  
Student A responded by stating:   
I now understand that there are many ways to solve a problem because back in High 
school we were only given one fixed method. 
Student A’s response points out that in High school she did not engage in problems which 
allowed for multiple solution strategies, instead they were given one fixed method to use. In a 
similar vein, Student B indicated that he learned more solution strategies than just the ones 
learned while he was at school, as indicated in his response 
There are many other ways of solving a problem rather than just the methods I learnt 
in school.   
Student C too responded that she realized mathematics is not only about getting answers but 
also about having appropriate strategies for solving problems, as indicated in the following 
response. 
When I first attended this course, I thought that primary school Math’s is not that 
difficult and I didn’t pay much attention to what I was required to do. As I engage with 
the course, I realize that that mathematics is not only about getting the answer but you 
need to have strategies of solving mathematics problems.  
However, while 33% of the student teachers indicated they have learned to use various solution 
strategies to solve problems approximately 23% highlighted the importance of understanding 
the problem statement before one can use a heuristic or solve the problem. They also pointed 
out that it is not only important to get the correct answer but knowing why the answer is correct, 
is also important. I present two student teachers’ responses regarding the importance of first 
understanding what the problem requires and two student responses indicating the importance 
of reasoning. 
Student D’s response: 
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Most of these problems usually got me out of my comfort zone. They required me to 
connect different concepts and design my own strategies in order to solve them. A lot 
of them were very tricky, so they gave me analyzing skills. Now I see the importance of 
understanding the questions. It is very important for me to understand what is being 
asked in a question before I could go further in attempting to solve the problem. 
Student D’s response indicates that successfully solving problems requires one to analyse the 
problem statement and to understand what is being asked because if one does not understand 
the problem you cannot design your own solution strategies. In a similar vein, Student E 
responded by stating:  
I have learnt how to use different methods into getting to an answer BUT I have also 
realized that not every method is applicable to every solution. That one needs to 
understand what the question actually entails. In that way, if one understands what the 
question expects form them, they will be able to apply the correct method/s needed and 
also prove. Otherwise, I have realized that if you do not understand the question, you 
will, so as to speak grasp at straws, as you will try all methods that you know lead you 
to an answer that you feel is right. What I have learnt is that, in that way, there is no 
confidence, as you doubt every answer that you get and go with the one that looks 
almost right. 
Student E’s response concurs that if one understands what the problem entails they will be able 
to use an appropriate solution strategy but added that it is important to also prove why the 
strategy worked. She further explains that if one does not understand what the question entails 
you will attempt different methods without really knowing whether they are appropriate 
methods. 
Student F, indicated by solving the problems of the week helped her to understand that 
reasoning and being strategic competent is important in mathematics. 
Student F’s response: 
 It helps me understand that mathematics is not only about getting the answer correct 
and knowing all your formulas in order to be proficient in mathematics but it’s about 
reasoning and devising different solution on your own first and trying to solve problems 
on your own first. 
187 
 
Student F pointed out that she has learned that mathematics is not just about getting the correct 
answers and knowing formulae but being mathematical proficient requires form one to be able 
to reason and be strategic competent. The response by Student G indicates that she too became 
aware of the importance of reasoning, meaning being able to understand why a procedure 
works. 
Student G’s response: 
Varsity has also taught me that when learning math’s people need to focus only on the 
procedures that need to be followed in order to get the correct answer but they also 
need to understand the reasons behind each step they take towards finding a solution 
to a problem. People may know the steps to follow when solving a problem but when 
their faced with a problem that falls within their current focus topic, they might struggle 
to solve it just because it may be posted differently from what they are used to, simply 
because they learnt the procedures without understanding the reasons behind each 
step. 
In the response by Student G, she points out the dangers of memorizing procedures without 
understanding why they have worked in a particular problem-solving episode.  
4.5.2 Theme 2: 
Mathematical problem-solving is a complex process; it requires critical thinking and 
prior mathematical knowledge. 
The second theme traced on mathematical problem-solving includes student teachers’ 
awareness of prior mathematical knowledge or knowledge resources needed when solving 
problems. Knowledge resources is one of the competence needed to solve mathematical 
problems successfully, as pointed out by Schoenfeld (1985). This theme also foregrounds some 
of the student teachers’ experience in solving problems. Approximately 21% of the student 
teachers indicated that they have learned that one cannot solve mathematical problems without 
prior knowledge, meaning without the necessary domain concepts and procedures. Schoenfeld 
(1985) proposed solvers need knowledge such as facts, algorithms and routine procedures. I 
present a sample (n =2) of the student teachers responses.  
 
 
188 
 
Student H, indicated  
Using different methods helps in verifying if the answer is correct as well as choosing 
the preferable method that can be understood better. Having knowledge in other 
mathematical concepts also plays a major role in helping me solving the problem would 
be applying the knowledge I have in fractions in converting the mixed fractions to 
simple fractions 
In the response by Student G, refers to specific prior mathematical knowledge needed to solve 
a problem. He explains that he needed to draw on his knowledge of how to convert between 
fractions to solve a problem.  
Student H, also pointed out that prior knowledge is very important in solving mathematical 
problems but she added being able how to link prior concepts to new the new concepts is 
beneficial in problem-solving.  
When doing mathematics everything is related with one another. To work out a current 
problem you will need to use your prior knowledge on concepts that you have learnt 
and how to use them in the present concept. Your prior knowledge and knowing how to 
link concepts will advantage you when dealing with unknown work . 
Some of the student teachers expressed that they found mathematics and problem-solving as a 
complex process that challenged their thinking and requires critical thinking. 
Student I, indicated mathematics can be very complicated due to its multiple solution nature 
and the fact that reasoning and sense making is required.   
Mathematics can be very complex in that since that you can get many different solutions 
to a problem but you should be able to explain how and what methods, steps or 
strategies you used to get to the answers. 
In the response of Student J, she indicates that she found the problem-solving she engaged in 
during the course to be more complex compared to the problems she had to solve while she 
was at school. 
The most significant change that happened to my mathematical understanding since 
taking this course is gaining deeper understanding of how to solve the problems and 
that problem solving is very complex not the type “problem solving” that I was exposed 
to in my schooling. 
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In addition to learning about the nature and processes of problem-solving by solving the 
problems of the week and by participating in the content course the student teachers also 
indicated that they have become more mathematical proficient. 
  
4.5.3 Theme 3: 
Increase in level of mathematical proficiency, specifically understanding 
interconnectedness of concepts/ topics and procedural fluency and  
Under theme 3 I have traced all the responses related to three of the strands of mathematical 
proficiency like conceptual understanding, procedural fluency, and productive disposition. 
Student teachers’ responses on mathematical proficiency ranges from responses on learning 
about mathematical proficiency and those who indicated development in mathematical 
proficiency. There were on average 9% of the student teachers who indicated that they have 
learned about mathematical proficiency, meaning they became aware of the strands. These 
student teachers indicated they have learned about mathematical proficiency as shown in two 
of the responses. 
Student K’s response: 
The most significant thing that happened to my mathematical understanding since 
taking this course was understanding the levels of mathematical proficiency in order to 
adapt and to reason and understand how to get to an answer, and what levels of 
mathematical proficiency I should focus in when solving certain mathematical 
concepts. 
The response by Student K indicates that she has picked up the rhetoric of mathematical 
proficiency during the period of the mathematics content course but does not fully understand 
the construct. 
The following response by Student L, also indicate an awareness of the rhetoric of the strands 
of mathematical proficiency. 
I have come to realize that mathematical strands are interlinked and the fact 
that you cannot apply them separately in problem solving they are inseparable. 
The response indicates Student L does not have a clear understanding of mathematical 
proficiency because the strands cannot be applied they should be developed. 
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Student teachers also indicated they have learned about the interconnectedness of mathematics 
concepts and topics. Approximately 24% of the student teachers indicated they have learned 
about the interconnected nature of mathematical concepts as shown in two of the responses. 
The most significant change that has ever happened to my mathematical understanding 
since taking this course, is the radical interconnectedness of many mathematical 
concepts, I now understand that every complex mathematical problem is comprised of 
simple, individual concepts, which form a holistic challenge. This has informed both 
my learning (as a student) and my teaching practice (as a future teacher), in the sense 
that I believe tackling all small concepts is paramount to interpreting the nature of 
complex concepts. 
Student M indicated not only did she learn about the interconnected nature of concepts as a 
student in a mathematics content course but the understanding gained also informed how she 
needs to teach mathematics. Student N indicated that she use to see mathematical concepts in 
isolation but she is able to connect a number of concepts. 
Student N’s response: 
The most significant change that has happened to my mathematical understanding is 
that now I can link various mathematical concepts and not use of see them in isolation; 
for example, (when working with ratios, I need sound understanding and use of certain 
operations such as divisions and multiplication). I now can try to connect a number of 
concepts under one mathematical problem. 
Understanding a network of concepts or being able to link various concepts is synonymous 
with conceptual understanding (Hiebert & Carpenter, 1992). As indicated by these two 
responses the student teachers became aware of the importance of conceptual understanding in 
mathematics and not just isolated procedures. In addition to learning about the interconnected 
nature of mathematics, 34, 3% of the student teachers reported they have gained understanding 
different to the understanding gained at high school, while others indicated understanding of 
specific concepts, skills and mathematical language. For instance, some student teachers 
indicated they have learned many mathematical terms as shown by the response of Student O. 
In this course, I learnt so many mathematical terms and their meaning like ratios, 
fractions exponents, surds etc. and I am able to try to use them in an appropriate 
situation. 
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In a similar vein, Student P indicated his mathematical language has improved; he especially 
gained understanding and meaning of quotient and ratio. 
The significant change that has happened since this course is that my Mathematical 
language has improved, as I now understand what is meant by quotient, and ratio. I 
have also improved in solving ratio word problems as I never understood before how 
to analyse and solve one before taking this course. 
Of this group of student teachers some also pointed out specific concepts learned during the 
course and by solving problems of the week. Student Q pointed out the following: 
My understanding of mathematics has improved and developed a lot because some of 
the things I wasn’t aware of that how do I solve them scientific notation problems, 
dealing with decimals and algebra problems. 
Student Q also explained that he gained understanding of scientific notation, decimals and 
algebraic problems because he did not know how to solve them before he took the course. 
While, Student Q indicated gaining understanding in specific concepts some student teachers 
indicated developing procedural fluency with 29, 8% of them indicating they have learned how 
to do mental calculations and perform procedures without the help of a calculator. This is 
evidenced by the response of student R. 
Since I took this course my mathematical understanding has improved lot, it helped me 
a lot because now I can do different problems without using a calculator, which is 
something that I did not know because I was using calculator until grade 12. I can see 
that the calculator spoiled me because I even used it for simple calculations like 7x8 
just because I was used to it. 
Similarly, student S, said: 
I always used a calculator at high school so my basic mathematical operations like 
adding subtracting dividing and multiplying were not well developed. Now I am able 
to do math’s mentally without any calculator, which is very important for an 
intermediate teacher since I have to pass the same skills to the learners. 
Not only did Student S, realized the importance of fluency for herself as a student but she also 
realized that it is equally important for a teacher to be procedurally fluent. Because if primary 
school students are expected to be fluent in calculations and procedures then their teachers too 
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need to be fluent.  One of the main rules of the course was that no calculators were allowed so 
the student teachers were forced to do work without a calculator. The use of calculators was 
not permitted for use during semester test and examination. 
As I have mentioned before there is a strong relationship between the affective domain and 
mathematical thinking. Kilpatrick et al. (2001), refers to affective components as productive 
disposition. Student teachers indicated they have gained confidence and have learned to think 
positively about mathematics. Student T reported that knowing about the strands of 
mathematical proficiency helped her to think positively about mathematics. 
I have learnt to use five strands of math’s proficiency for the first time. So, it helped me 
to think positively towards mathematics. 
Student teachers like, Student V associated the understanding of complex concepts with the 
development of self-esteem. He stated the following: 
You develop pride and confidence in your ability to understand complicated things. 
This is not fake-self-esteem but is earned. 
Positive feelings, such as pride and confidence are key in the development of mathematical 
proficiency for if students are not confident in their abilities to solve problems they will not 
engage in problem-solving or persevere in their attempts to solve problems. 
Whole class discussions 
Theme 1: 
Whole class discussions create a good learning environment where people learn 
alternative problem-solving strategies by listening to others’ thinking, views and 
approaches 
Approximately 54% of the student teachers reported they had learned a variety of problem-
solving strategies through the whole class discussions. They explained that by listening to 
others sharing their different views and problem-solving approaches they had learned new 
ways of solving problems. The student teachers expressed that they had found the whole class 
discussions very valuable as indicated by two of the student teachers responses. 
In Student W’s response, he points out the diverse mathematics background of the student 
teachers and because of their diversity student teachers are able to share a variety of ideas and 
approaches.  
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Yes indeed. In our class, we have people who come from all walks of life. We have 
people who matriculated more than a decade ago, people who come from ex-model c 
schools and those who come from township schools, just to name a few diversities. As 
the whole class discusses mathematical concepts, we get to hear old and new ways of 
dealing with maths. Each person’s utterance in my view is more valuable than silver 
and gold because what is usually said by a fellow classmate during classroom 
discussions usually stay with you forever. 
Not only did whole class discussions allow the student teachers to listen and share their solution 
strategies but it also created opportunities for the co-construction of knowledge and 
mathematical classroom practices like deciding which approaches were more useful and 
correct, as indicated by the response of Student U. 
I think it helpful because everyone is free to share their views on given problems and if 
ones view / solution is, wrong we are able to correct him / her and it will be impossible 
for that person to make a same mistake in the near future if the same question comes 
by. And if the solution ones is right and simple we take notes from that and it creates a 
good learning environment in the class unlike in the other lectures where the lectures 
talks a lot and we (students) end up losing focus or interest. 
Student U also pointed out in her response that as students they were actively involved in the 
discussions, which kept them focused and interested. The student teachers were actively 
involvement because they got to compare their solution strategies with each other as expressed 
by Student S. 
Understanding how others in the classroom got to their answer and comparing it to 
mine is helpful because I am able to identify my wrongs by following their steps. This 
also provides one with a wider option of methods to choose from when dealing with a 
particular problem and getting one that will work for me because it fits better and well 
in my understanding. 
Theme 2: 
Through whole class discussions, errors and misconceptions are addressed and one 
remembers better concepts and methods discussed. 
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37% of the student teachers reported that they find whole class discussions very useful because 
through the sharing of solution strategies errors and misconceptions are also addressed. Student 
A indicated not only are misconceptions addressed through whole class discussions but that 
they also gain a better understanding of the problem statement when solution strategies are 
shared. 
Student A’s response: 
Yes, it is helpful as it allows misconceptions to be addressed and also allows for a better 
and clearer understanding of the problem itself. The whole class discussion is also 
helpful because it allows us as students to address on misconceptions that we don’t 
always speak aloud. When we discuss as a class it allows an overview and a general 
definition to be used so that there can be greater understanding and clarity for exam 
purpose. 
Student B mentioned whole class discussion creates an opportunity for interaction that brings 
about an awareness of the student teachers misconceptions and errors. He also mentioned that 
through discussions about ratio in the class helped him in gaining mathematical knowledge he 
did not have before.  
Student B’s response: 
Discussing about ratios in class has helped me to gain the mathematical knowledge 
that I lacked of before, in this concept. We all learn from each other. One student might 
understand a certain method to solve one problem. And this interaction helps us to be 
aware of our misconceptions and our errors in our solutions so that we cannot repeat 
the same errors over and over 
In addition, to errors and misconceptions being addressed during whole class discussions, 
whole class discussions also help with remembering the strategies longer as alluded by Student 
C. 
Classroom discussion are very helpful to me since I learn more through 
dialogue/conversation with other students. When one student answers the question in a 
different way, I am able to ask and get clarity from him/her who is answering the 
question. Through these class discussions, I am able to grasp more mathematical 
concept than doing it on my own. Another thing is that these class discussions tend to 
last longer in my mind and remembering them somehow helps in the test or exam. 
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Student C’s response pointed out that he learned best through discussions because he could ask 
clarity seeking questions and that he understands mathematical concepts better by collaborating 
with others than working on his own.  
 
4.6 CHAPTER SUMMARY 
Mathematical problem-solving competence (Schoenfeld, 1985) or mathematical problem-
solving proficiency is not a uni-dimensional construct but consists of various interlinked 
components. Thus, the development of mathematical problem-solving proficiency is a complex 
process because it is dependent on the student teachers resources, specific domain knowledge 
resources such as concepts and procedures, heuristics, metacognitive and control factors and 
belief systems or worldviews (Schoenfeld, 1985). The study is aimed at finding out how student 
teachers’ mathematical problem-solving proficiency developed and what the mediational 
challenges are by taking into account all four components, therefore the study employed 
various data collection instruments. 
In this chapter, I have presented the findings on the mathematical problem-solving beliefs held 
by the student teachers on entering the mathematics content course as beliefs systems play an 
important role in how student teachers approach problem-solving processes. This chapter also 
presented the thematic findings of the student teachers’ self-reported mathematical 
understanding gained by participating in the course. Results on the student teachers’ perceived 
flow experience during the problem-solving process were also presented in this chapter, 
coupled with results on problem-solving solution out-put and the participation in community 
of practice afforded by the whole class discussions. The interpretation of the results presented 
in this chapter follows in in Chapter 5.  
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CHAPTER 5 
 DISCUSSION AND CONCLUSIONS 
5.1 INTRODUCTION 
At the outset of this inquiry I was aiming to find out how a selected group of (n =62) student 
teachers in a second year mathematics content course (module) engaged with the activities that 
were designed by the lecturer, who was, at the same time, also the practitioner researcher in 
the study. Utilizing a variety of data collection tools and specific methods of analysis for each 
of the tools, I combined the outcome from each analysis to form one set of findings. These 
findings are the object of Chapter 5, in which I will apply the Activity System Analysis (ASA) 
tool, which was introduced in Chapter 1. In this way, I intended to find coherence in the data 
and come to a conclusion about the students’ learning and their engagement in the activity of 
the system of second-year mathematics learning in one module. The research question and sub-
questions pertaining to this activity were set out in Chapter 1: 
 
 
 
 
 
 
 
  
                                             
             Figure 40: Research question and sub-question 
 
In Chapter 4 the outcome of the analysis of each of the data, sources were presented, addressing 
the four sub-questions. First, Figure 41 shows the data sources with methods/tools and how 
they relate, showing that the module design was aligned with the data collection design, with 
the practice work of solving mathematics problems were at the core of the module. 
How does student teachers’ mathematical problem-solving proficiency evolve over the 
duration of a mathematics content module in a teacher education program?  
Sub-questions: 
 What are student teachers’ mathematical problem-solving beliefs? 
 
 How do the whole class discussions and the ‘mathematical problems of the week’ 
scaffold mathematical problem-solving proficiency? 
 
 
 What are students’ in-the-moment learning experiences during the problem-solving 
process? 
 
 What are student teachers’ self-reported learning experiences as participants in the 
mathematics content course? 
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Figure 41: Summary of core data collection instruments 
 
The analysis of these data collection instruments is grounded in Yrjӧ Engestrӧm’s (1987, 1999, 
2001), activity system analysis and in this chapter.  I first describe each ‘node’ (of the ASA 
model) in the two interacting systems – first the activity system of student teachers’ 
engagement in mathematical problem-(as ‘subject’ in the system) and then, secondly, the 
activity system of the lecturer-researcher as ‘subject’. Then, from the activity system analysis, 
I discuss the object-orientated outcomes of the activity system, student engagement in 
mathematical problem-solving and ‘contradictions’. 
 
5.2 DISCUSSION 
Within an activity system, analysis, the triangular representation of the model provides 
structure to understand the socio-cultural elements present in the engagement of student 
teachers in mathematical problem-solving. The six ‘nodes’ interacting within the student 
teachers’ engagement in mathematical problem-solving activity system is shown in Figure 42. 
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Figure 42: Student teachers' engagement in mathematical problem-solving activity system 
 
In the activity system of the student teachers’ engagement in mathematical problem- solving, 
the goal of the activity in the system is the development of the interwoven components of 
mathematical problem-solving proficiency as described by Chapman (2015). The student 
teachers brought various levels of mathematics content knowledge and beliefs about learning 
and teaching of mathematics from their learning histories and their apprenticeship of 
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observation (Lortie, 1975). Various motives, which are both material and ideal/idea-based, led 
student teachers to participate in and were the driving ‘force’ of the activity towards the object 
of the activity system (Engestrӧm, 1999). For instance, a primary motive can be simply to ‘pass 
the course’. Tools in the activity include material and psychological tools, such as language 
and mathematics signs and tools. Tools also include human mediation in the form of the 
lecturer. Rules include systemic university rules and regulations, such as the student teachers 
need to obtain at least 50% to pass the module. Furthermore, rules include the fact that student 
teachers need to learn how to teach mathematics, as well as being mathematical problem-
solving proficient. The community consists of the entire mathematics programme for 
intermediate phase teachers of which the mathematics content course is one course of a three-
year mathematics coursework programme. The community also includes the second-year 
mathematics content course lectures, fellow student and the lecturer. The division of labour is 
exercised by the rules and regulations stipulated by the university, in terms of course 
completion, notional hours and class attendance. Division of labour is also exercised by the 
rules of participation stipulated in the mathematics content course lectures. Rules of 
participation in the lectures include sharing of ideas and mathematical problem-solving 
solutions. 
The lecturer-researcher activity system: 
The second activity system that is considered in the discussion is the interacting system of the 
teaching and research, with the subject being the lecturer-researcher. The lecturer-researcher 
object-orientated activity system is an interacting acting system with the student teachers 
system. The two subjects shared an object, namely student teachers’ development of 
mathematical problem-solving proficiency. The lecturer-researcher is the subject with a 
historical and socio-cultural mathematics background. Who is a human mediator using 
semiotic signs and tools such as language, mathematical signs and symbols to act on the object 
of the development of student teachers’ mathematical problem-solving proficiency to reach an 
outcome.      
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Figure 43: Lecturer-researcher activity system 
 
The community of the lecturer-practitioner consists of the university’s mathematics education 
department and the broader teacher education sector in South Africa. The community acts as 
mediators between the subject and the objects. The community also share the common interest 
of student teachers’ development of mathematical problem-solving proficiency. My actions as 
a lecturer-researcher are regulated by the implicit and explicit rules, rules stipulated by the 
Minimum Requirements for Teacher Education Qualifications Framework. Including rules 
stipulated by the university’s assessment policies and the rules of engagement with the student 
teachers during lectures. Rules also regulates my actions towards the object and participation 
with the community. The division of labour component of the heuristic of an AS comprises the 
social roles of the lecturer, such as designing of the course work material and lecturer tasks like 
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preparing for teaching. These roles of preparation and designing of course material acts as 
mediators between the community and the subjects.     
In view of the explanation of the interacting nodes of the two activity systems, the analysis of 
the activity system of the student teachers’ engagement in mathematical problem-solving 
points to the following findings. 
5.2.1 Mathematical problem- solving beliefs 
The findings on the student teachers’ mathematical problem-solving beliefs show the student 
teachers’ beliefs are conceptualised, based on their experience as primary and high school 
learners, as well as the school culture in which they continue to be entrenched (Schoenfeld, 
1992). The findings show student teachers hold positive beliefs about the instruction of 
mathematical problem-solving. Beliefs such as that teachers should give their students 
opportunities to pose their own problems, teachers should also allow their students to share 
their reasoning with others and beliefs about the usefulness of technology to create new 
learning environments for students. With the buzzing of the 4th Industrial revolution there has 
been a great push towards the integration of technology in the teaching and learning in teacher 
preparation programmes especially in the institution where the data was collected. The student 
teachers are thus embedded in a culture of using technology in teaching and learning. It is 
therefore, unlikely for student teachers in the 21st century to hold negative beliefs towards the 
usefulness of technology in mathematics education as they have been exposed to the use of 
basic technological instruments such as a calculator and cellular phones. 
 While, the findings show the student teachers hold positive beliefs about the instruction of 
mathematical problem-solving, the findings also show the student teachers have been 
socialised by their schooling experience to believe that mathematics is a body of facts and rules 
and knowing mathematics means the mastery of facts and procedures. The student teachers’ 
beliefs about the nature of mathematics as a body of facts and procedures finds expression in 
beliefs such as, to solve mathematical problems successfully one needs to know the correct 
steps or procedures to follow; memorization of formulae is important in problem-solving; it is 
not important to understand why a procedure works as long as you get the correct answer; it 
does not matter if you do not understand the problem; and problems that take a long time to 
solve cannot be solved.  Lampert (1992) refers to beliefs like remembering the correct steps 
and procedures as cultural assumptions that are acquired through years of watching, listening 
and practice this means these beliefs are acquired through the apprenticeship of observation 
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(Lortie, 1975). The student teachers’ beliefs therefore are also a reflection of the belief systems 
held by the community of teachers who taught the student teachers whilst they were at school, 
and the nature of the classroom environments in which the student teachers learned 
mathematics. Because the classroom environment created by the teacher shapes students’ 
beliefs about the nature of mathematics (Schoenfeld, 1992).   
As the findings on the student teachers’ mathematical problem-solving beliefs show, they 
entered the mathematics content course with beliefs abstracted from their school experiences 
and the culture they are embedded. Thus, the implication for teacher preparation programmes 
is to create learning opportunities for student teachers that will allow for the restructuring of 
student teachers beliefs. For if, student teachers do not get opportunities that will confront and 
restructure these beliefs about the meaning and knowing of mathematics a “vicious 
pedagogical/epistemological circle” is formed (Schoenfeld, 1992). The mathematics content 
course in this study was aimed at chiselling the vicious pedagogical/epistemological circle by 
providing the student teachers with opportunities to struggle with mathematical tasks and 
understand the connection between concepts, procedures and facts.  
5.2.2 ‘Problems of the week’ and whole class discussion: Scaffolding the developing of 
mathematical problem-solving proficiency  
It is evident from the analysis that the student teachers’ mathematical problem-solving 
processes were related to semiotic access partnerships and interaction. Semiotic access includes 
access to language, mathematical signs, symbols, and domain knowledge.  Student teachers 
differed in linguistic knowledge, conceptual and procedural knowledge, and strategic 
knowledge evidenced by the heuristics they used. These ranged from intuitive heuristics to 
higher cognitive demand heuristics. Student teachers used intuitive heuristics, such as ‘guess-
and-check’. Stacey (1991) characterised the guess-and-check heuristic as a lower cognitive 
demand heuristic because it is a common heuristic that everyone can use. Another common 
heuristic, used by the student teachers that I refer to as a ‘familiar/common heuristic’ – simply 
used because they have often done so and then take a chance because it is well-known. 
However, a lack in semiotic access such as understanding the problem and an inability to 
represent the problem in a number sentence, using one or more operation on the numbers given, 
hindered the problem-solving process for the student teachers who could not use the arithmetic 
strategy successfully. The findings also show the student teachers exhibited the ability to use 
diagrams, which is referred to as a powerful tool for mathematical thinking and problem- 
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solving (Diezmann & English, 2001; Novick & Hurley, 2001). Diagrams are referred to as 
powerful tools for mathematical problem-solving because they “simplify complex situations” 
and concretize abstract concepts” (Pantziara et al., 2004). The student teachers used the 
diagram heuristic to simplify the complexity and to gain a better understanding of all three 
problems by visually representing it. They have also made the abstract concepts of the problems 
more concrete. Very few student teachers made use of the algebraic strategy. The algebraic 
strategy is higher cognitive demand because it requires two skills, first to set up the equation 
and then to solve it. The setting up of an equation requires the ability to represent relationships 
among elements with just a few symbols. However, as shown by the findings, setting up an 
equation has been a problem for the student teachers, specifically a language problem. As Polya 
(1973) pointed out the “difficulties which we have in setting up equations are difficulties of 
translation, translation form one language into another” (p. 174). Once the equation is set up, 
the equation needs to be solved.  
The heuristics used by the student teachers were because of different partnerships that were 
formed in the problem-solving community of practice. Two types of partnerships were formed 
in the community of practice, symbiotic partnership and familiar solutions partnership. I first 
discuss symbiotic partnerships and then familiar solutions partnerships. In symbiotic 
partnerships two or more student teachers collaborate in finding a solution strategy by drawing 
on one another’s complementary semiotic access. The complementary semiotic access referred 
to are heuristics that complement the solvers sense making of the problem and solution strategy. 
Thus, symbiotic partnerships are synonymous to symbiotic scaffolding because heuristics are 
scaffolds to help solve the problem, as seen in the two following two illustrations. 
In their attempt to solve the speed, distance and time problem Rob and Kopano collaborated in 
finding a solution strategy. Rob and Kopano attempted to solve the problem using two different 
heuristics. Rob started with an arithmetic strategy in which he represented his understanding 
of the problem using mathematical symbols and Kopano a drawing/diagram method. Kopano 
represented his understanding of the problem visually. In the process of finding the solution 
using the arithmetic method Rob got stuck, he could not see the relationship between the first 
two parts of the journey and the last part of the journey. Kopano explained his solution strategy 
and with the aid of the diagram bar-model, which assisted Rob to see the relationship between 
the concepts and procedures needed to complete the problem-solving process. The two 
modalities the diagram and mathematical symbols complemented each other and assisted the 
student teachers to see the relationships between concepts. The complementary nature of the 
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two heuristics was also evident during the whole class discussions when Rob shared their 
solution strategy to the whole class. He started out explaining the arithmetic solution but the 
students could not understand but when he explained the solution strategy using the model-
method the student teachers were able to make sense of the problem and see the relationships 
between the fractions, and speed, distance and time concepts. Rob and the rest of the student 
teachers could therefore understand why the procedures worked.  In this community of practice 
Rob and Kopano served as the ‘experts’ apprenticing the rest of the group members observing 
the collaborative and complementary use of heuristics in the meaning making process.  
Similarly, in solving problem 3, a symbiotic partnership was formed by one student teacher 
Leilah and the rest of the group members. Leilah who orchestrated the collaboration took the 
leadership role. In this episode to make sense of the problem and find a solution strategy the 
student teachers used the acting out heuristic, complemented by the drawing or diagram 
method. The acting out method was used to make sense of the problem; the student teachers 
used bodily gestures to find a solution. Two student teachers using a diagram captured the 
acting out movements. This group of student teacher used visual representations that assisted 
them in making sense of the problem and the solution. Once the student teachers understood 
the solution visually, they could see the relationship between the visual representation in 
diagram form and the mathematical symbols. They were then able to represent the solution in 
mathematical symbols, an algebraic equation.     
The findings show the difference between the student teachers who could form symbiotic 
partnerships and those who formed familiar solutions partnerships is the presence of a 
reciprocal knowledgeable other. In the familiar solutions partnerships a reciprocal 
knowledgeable other is absent, the student teachers cannot learn from each other. Familiar 
solution strategies are well-known strategies to the solver but inappropriate to the problem to 
be solved in the sense that the student does not have full semiotic access to use the strategy.  
Like the student teacher lack in linguistic knowledge, meaning the student have difficulty in 
understanding what the problem requires. Moreover, the student teacher lack in the relevant 
domain knowledge, facts, concepts and procedures. One common mistake in problem-solving 
is to start solving the problem without understanding it (Eggen & Kauchack, 2003). The 
findings of the study show that when student teachers solve the problem without understanding 
it they use familiar solution strategies.  
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Furthermore, representing the problem in more than one modality assists the solver 
understanding the problem better and to see relationships not seen before. The student teachers 
who used familiar solution strategies did not have semiotic access to collaborate with a 
knowledgeable other who could assist with a complementary heuristic as all the student 
teachers in these groups all had the same degree of limited semiotic access. In summary, the 
findings show the student teachers who participated in the study had limited exposure or 
experience in solving non-routine problems where heuristics are needed and not ready-made 
algorithms. For if they had experience in solving non-routine problems they would have had 
knowledge of how and when to use heuristics because the skills and concepts to be learned 
about heuristics takes years of practice and experience (Toh et al., 2005).  
The findings regarding the whole class discussions relate to the findings on the problems of the 
week as the patterns of interaction in classrooms are afforded by the structure of the 
mathematical tasks. As the findings of the problems of the week, show the mathematical 
problem-solving tasks afforded different opportunities for student teachers to engage with the 
content in different ways. In a similar, vein the problems of the week afforded different 
opportunities for the student teachers to participate by exercising their agency and 
accountability (Gresalfi et al., 2009). A very limited amount of student teachers could engage 
in conceptual agency while others attempted to engage in disciplinary agency. The 
mathematical tasks also hindered the development of the student teachers autonomy, as the 
purpose of whole class discussions is to develop autonomous student teachers. Cobb et al., 
(2001), explains autonomy as a “characteristic of an individual’s way of participating in a 
community”. Hiebert & Grouws (2007) explained conceptual understanding should also be 
understood in terms of an individual’s level of participation in a community of practice. The 
findings thus show that the mathematical tasks did not afford the development of student 
teachers’ conceptual understanding, as the participation was limited. Moreover, that it is 
difficult to conduct whole class discussions as only a few student teachers participate in sharing 
their solution strategies and participate in the discussions.   
5.2.3 Level of engagement afforded by the mathematical ‘problems of the week’ 
In the study, I have argued for the appropriateness of mathematical problem-solving tasks to 
be not only viewed in terms of cognitive level but also in terms of the level of engagement 
afforded by the tasks. To be engaged in mathematical problem-solving the student teachers 
need high levels of interest, challenge and skills. By administering the Flow State Scale, the 
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aim was to find out the student teachers’ perceived levels of engagement. The construct, 
engagement consists of various aspects such as high level of interest and the aspects of flow. 
The findings on the student teachers’ perceived level of engagement show the student teachers 
had positive attitudes towards the solving of non-routine problems but their level of 
engagement was influenced by their lack in problem-solving skills, control and metacognition.  
The student teachers found the mathematical problem-solving experience intrinsically 
rewarding. Meaning the student teachers solved the problems because they enjoyed the process 
and not for external goals such as passing the course, although passing the course is an 
appropriate external motivation. The findings thus, show the student teachers had positive 
attitudes towards solving the mathematical problems. 
In addition, to having positive attitudes towards the solving of mathematical problems the 
student teachers knew that they wanted to solve the mathematical problems successfully but 
they did not have all the tools to do so. They were focused on solving the problems but could 
also not monitor and control their problem-solving processes. In other words, the student 
teachers were not aware during the problem-solving process whether they were on the right 
solution path and they also lacked the ability to change the solution path if it was not the right 
path.     
However, while the student teachers’ reported they found the problem-solving experience 
intrinsically rewarding and was focused on finding solution strategies for the problems. The 
student teachers also reported that their skills did not match the challenge posed by the tasks. 
More than 60% of the student teachers reported that their skills and abilities did not match the 
challenge posed by the mathematical problems, meaning the student teachers did not 
experience a state of flow. To experience a state of flow the skills needed and the challenged 
posed must be at an equally high level (Csikszentmihalyi, 2014). Flow is only one possible 
outcome the other outcomes are feeling of apathy where the challenge posed and skills needed 
are at an equally low level, there is feelings of relaxation or boredom where the level of skills 
are higher than the challenge posed and feelings of anxiety where the challenge posed exceeds 
the skills needed (Csikzentmihalyi, 2014). The student teachers therefore experienced feelings 
of anxiety. They were worried about their mathematical performance while they were solving 
the problems. Student teachers also experienced anxiety because they were aware that they 
were not performing well which possibly brought about stressing about failing the course, as 
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part of their extrinsic motivation for student teachers engagement in mathematical problem-
solving is to pass the course. 
5.2.4 Student teachers’ reflections on learning through problem-solving 
The findings show there are student teachers who perceived their mathematical problem-
solving proficiency developed during the period of the mathematical problem-solving course. 
The interwoven strands of mathematical problem-solving proficiency cannot be developed in 
isolation the student teachers therefore, perceive they have developed in the following aspects: 
 Conceptual understanding of mathematical concepts, relations and operations 
 Understanding of general heuristics and specific strategies and when and how to use 
them 
 Capacity for logical thought and understanding of reflection of awareness, monitoring, 
controlling and overseeing one’s own cognitive processes during PS 
 Holding beliefs about mathematics, PS and one’s PS competence that support 
motivation and confidence    
                                                                                 (Chapman, 2015, p. 22)                                                                                  
The student teachers who perceived to have developed mathematical problem-solving 
proficiency indicated specific concepts and procedural skills that developed. For instance, they 
specifically indicated understanding the interconnectedness of concepts, specifically the 
relationships between fractions and ratio. They also indicated to have developed in procedural 
fluency, especially in mental calculations and working out algorithms without the use of the 
calculator. They have realized that as teachers of mathematics they too need to be fluent in 
procedures and mental calculations if they are too teach students to be proficient. An ability to 
do mental calculations is key in mathematics as mental computations “promotes an 
understanding of the base-ten number system as well as the basic number system properties” 
as well as “rewards flexibility in dealing with various forms of numbers” (Reys, 1985, p. 45 – 
46.). According to Reys and Barger, (1994), mental computations also develops number sense 
as it requires form students to think.   Their perceived understanding of the importance of 
teachers being fluent in procedures and understanding relationships and connections between 
concepts is consistent with Ball’s (1988) argument that mathematics student teachers should 
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be able to “revise to revise and develop correct understandings of the underlying principles and 
warrants, of the connections amongst ideas” (p. 37).  
Understanding of heuristics and specific strategies and when and how to use them is an aspect 
that has also been developed. Student teachers indicated to have learned to use various solution 
strategies not only did they become aware that there are multiple solution strategies but they 
have also learned how to use different strategies by listening to the other student teachers’ 
mathematical ideas and views. This finding show that there has been a shift in the student 
teachers’ believes on multiple solution strategies because on entering the course they indicated 
there is only one correct solution to a problem. Monroe, Bailey, Mitchell and AhSue, (2011) 
pointed out student teachers should demonstrate the ability to solve mathematical problems in 
multiple ways and flexibility in making connections between concepts and ideas.  
The student teachers also indicated their capacity in logical thought and reasoning developed 
during the period of the course. Their awareness of their problem-solving process have been 
developed in that they are aware how well they are progressing in finding a solution and 
whether they are on the right solution path.     
The findings show there has been a positive shift in the student teachers’ belief systems 
regarding problem-solving even if they did not explicitly state it but it is implied through the 
other responses made by the student teachers. Responses such has I have learned that it is not 
only important to get a correct answer but you also need to understand why the solution strategy 
worked. Furthermore, you cannot find a solution strategy if you do not understand the problem 
statement.  
The findings also show there are student teachers who became aware of the strands of 
mathematical problem-solving proficiency they did not indicate to have developed in 
mathematical proficiency. They indicated that they now know about the strands and that they 
are interwoven.  
The student teachers also experienced the course as an intervention because they have gained 
understanding of concepts they did not understand while they were at school. They also learned 
the importance of mathematical language and learned the meaning of different mathematical 
terms. They also indicated to have experienced a different kind of mathematics, like the type 
of problem they had to solve, they indicated that they were not given opportunities to solve 
problems where there are multiple solution strategies, and they only had to solve problems 
where they had to use the strategy given by the teacher. Meaning while at school the student 
209 
 
teachers only solved routine problems and not non-routine problems. They have also 
experienced a different kind of pedagogy where they do not only have to listen to the lecturer 
but they learned from one another and by participating in the whole class discussions. 
5.2.5 An activity system intervention: ‘Contradictions’ as source of change 
In this study the module of the course in mathematics content knowledge can be seen as a 
“formative intervention” as described by Engestrӧm (2011, p. 598). He argues that “(f)ormative 
interventions may be characterized with the help of an argumentative grammar which proposes 
(a) the collective activity system as a unit of analysis, (b) contradictions as a source of change 
and development, (c) agency as a crucial layer of causality, and (d) transformation of practice 
as a form of expansive concept formation”. My study did not focus on student teachers’ agency, 
but the research questions and the data show that the thesis addressed the remaining three 
characteristics of formative interventions.  
In the final part of the interpretation of the data, the focus is on the contradictions in the activity 
system that could be regarded as possible catalysts for change in the students’ learning of 
problem-solving as mathematical thinking and pedagogy. Because I approached the study also 
form the viewpoint of learning to become a teacher as a form of apprenticeship and that students 
a ‘suspended’ in a liminal space, I invoke these notions in the interpretation.  
Contradictions in an activity system are starting points to bring about change and development 
in and between activity systems (Foot, 2014; Roth & Lee, 2007; Kuuti, 1996). Kuuti (1996) 
points out that activity systems are essentially always working through contradictions. An 
overarching contradiction in the student teachers’ engagement in the mathematical problem-
solving activity system, which is also the main finding of the study, is that the activity system 
failed the second-year student teachers.  It failed the student teachers based on the following 
contradictions found in the activity system - contradictions that could be addressed in design 
and practice. 
 The primary contradiction is that the student teachers’ apprenticeship of observation can assert 
itself so strongly that it could become an “apprenticeship of oppression” (Gallego, 2001, p. 
314), without the necessary scaffolding practices and tools in the activity system to free them 
from what I (strongly – sic!) refer to as an educational ‘bondage’. The following contradictions 
serves as justifications for this claim. The findings regarding the student teachers’ mathematical 
problem-solving beliefs show their beliefs of mathematics and mathematical problem-solving 
are invoked from their past schooling experience and the culture in which the schools are likely 
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to have been embedded. As a result, a contradiction originated between two ‘nodes’ in the 
activity system the subjects and the outcome. 
Contradictions between community members, the subjects and object   
In the student teachers’ engagement in the mathematical problem-solving activity system, the 
community, in this instance the teachers who taught the student teachers mathematics while at 
school, likely failed them as mediators of learning – thus this crucial part of the system was 
weak. The community of school teachers’ mathematics teaching practices formed a 
contradiction between the subjects and the object. The contradiction is that student teachers 
had to be apprenticed to engage in mathematical problem-solving and the learning of facts, 
procedures and algorithms at school level but instead experienced mathematics as mostly the 
following of rules and memorization of formulas. If they had been apprenticed as, primary and 
high school learners into mathematical problem-solving, they would have reflected beliefs that 
problem-solving is at the heart of mathematics as modelled by their teachers’ practices. In the 
activity system of school mathematics learning, the mathematics teachers are human 
mediational tools, meaning the subjects, school learners use what they hear, what they hear 
about the mathematical signs and symbols and how mathematics is taught to make sense of the 
mathematics to be learned.  
Furthermore, in the teaching of school mathematics activity systems the teachers as the subjects 
use mediational tools, like mathematical tasks to act upon the student teachers’ mathematics 
content knowledge as object. The findings suggest that in the teaching of mathematics the 
teachers did not use mathematical task to scaffold students’ mathematical conceptual 
development and proficiency optimally. In mathematics classrooms, where conceptual 
understanding is developed, teachers make use of tasks that draw explicit attention to 
connections between concepts, facts and procedures; they also use tasks in which students have 
to struggle, and to engage in problem-solving (Hiebert & Grouws, 2007). In classrooms where 
school students are provided opportunities to engage in problem-solving and understanding the 
connections between facts, concepts and procedures, it is likely that they will form beliefs such 
as, it is important to understand why a procedure works and that it is possible to solve problems, 
even if one does not know the right procedures to follow. In fact, problems can be solved if 
one knows the domain concepts, facts and procedures. Furthermore, because school students 
are provided with opportunities to engage in mathematical problem-solving it is also probable 
that they will come to believe that some problems take longer to solve than others, but that all 
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problems can be solved with perseverance, the relevant knowledge to draw from, control and 
metacognition and heuristics (Schoenfeld, 1985; Chapman, 2015). Moreover, because they 
have been exposed to solving of various problems it is likely for them to abstract beliefs that 
multiple solution strategies are possible and that there is just not one correct solution to a 
problem. 
Contradiction between the subjects, mediational signs and symbols and the object 
The ‘apprenticeship of oppression’ is further evident in the contradiction originated between 
the student teachers, semiotic mediational signs and symbols, and the object. The fact that 
student teachers have not been socialised at school to solve non-routine mathematical tasks 
placed them in a deficit position in terms of access to semiotic signs and symbols. The student 
teachers have limited access to semiotic signs and symbols such as mathematical language, 
specifically mathematical terminology. This has also been corroborated by the student teachers 
themselves as some have reported they have learned terminology they did not grasp at school 
level. Furthermore, the student teachers’ lack in language is not only a lack in terminology but 
includes a lack in ability to communicate mathematics through external representations.  
In solving ‘the problems of the week’, the findings show the student teachers lacked the ability 
to communicate mathematics through various semiotic modalities. I would argue that the 
inability of communicating mathematics through various modalities is also an indication of a 
lack in conceptual understanding. Although the student teachers reported that they understood 
that mathematics concepts, ideas and topics are connected and are related they did not develop 
conceptual understanding. As explained by Hiebert and Carpenter (1992), understanding does 
not only refer to the connectedness and relations between mathematical concepts and ideas, but 
also refers to the ability to communicate mathematics through external semiotic modalities. 
Semiotic modalities include spoken language, written mathematical symbols, diagrams and 
physical objects.  The student teachers’ lack in mathematical language, including spoken 
language, written mathematical signs and symbols is because of a lack in conceptual 
understanding. 
 Thus, the ‘oppression’ the student teachers experience is the fact that their development of 
mathematical proficiency is hindered because they could not choose suitable semiotic 
modalities to find solution strategies because of a lack in conceptual understanding. Rittle-
Johnson et al., (2001) highlighted the reciprocal development relationship between conceptual 
understanding, problem-solving and procedural knowledge.    
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Contradictions between the two activity systems: student teachers’ engagement in 
mathematical problem-solving and lecturer-researcher activity system 
Two contradictions between the two activity systems arose, one between the two subjects - the 
lecturer-researcher and the student teachers, the mediational tools and the object, student 
teachers development of mathematical problem-solving proficiency. The second contradiction 
arose between the subject, lecturer-researcher, the rules and the subjects, student teachers in 
the interacting activity system. I start by discussing the first contradiction. The two activity 
systems share a  Gegenstand, (Object/Objekt) - the student teachers’ mathematical problem-
solving proficiency that needs to be shifted (Motif) to get to the outcome. They also share 
mediational tools in the form of the mathematical problem-solving tasks that mediates the 
relationship between the subjects and the objects, as shown in Figure 5120. 
 
 
 
   
 
 
                                                          
20 Illustration of two interacting activity systems is also found in Appendix H. 
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The findings show that although the student teachers reported to have enjoyed the problem-
solving tasks because they found the experience rewarding, they also expressed feelings of 
anxiety. The aim of the mathematical problem-solving process was for student teachers to 
experience a level of engagement that include interest and a ‘state of flow’. The findings 
therefore show the mathematical problem-solving tasks were not appropriate for student 
teachers to experience a state of flow because their abilities and skills needed to solve the 
problems were at a lower level than the challenged posed by the tasks. In this sense, the 
mathematical problem-solving tasks can be seen as a tool of oppression. Moreover, the findings 
also show the student teachers lack in linguistic and heuristic knowledge hindered the 
development of their mathematical problem-solving proficiency. The mathematical problems 
required from the student teachers to draw form their abilities to communicate their 
mathematical understanding through external semiotic modalities. The contradiction is that 
teachers/teacher educators should select appropriate mathematical tasks that are not too 
difficult or not too easy to solve or are in the student teachers’ zones of proximal development. 
Furthermore, teacher educators are also expected to provide equitable instruction, by 
specifically taking note of the student teachers diverse historical mathematical backgrounds 
that include a linguistic maze (Henning, 2012).   
According to Guiterrez (2007, p. 2), equity means “fairness not sameness”. Equity also does 
not mean, “that every student should receive identical instruction; instead, it demands that 
reasonable and appropriate accommodations be made as needed to promote access and 
attainment for all students” (NCTM, 2000, p. 12). Guiterrez (2007) and the NCTM standards 
referred to equity in the context of school students but as a mathematics teacher educator I too, 
am faced with the challenge of providing ambitious and equitable mathematics instruction. In 
other words, how do I maintain and respect the integrity of mathematics as a discipline and 
provide fair access and attainment to all the student teachers participating in the mathematics 
content course; taking into consideration their diverse mathematics backgrounds. Furthermore, 
how does ‘fairness’ and access in terms of mathematics instruction look in teacher preparation 
programmes that prepare mathematics teachers who themselves are products of a mathematics 
education system that is plagued with criticism of inadequacies. Moreover, what would be 
appropriate mediation artefacts, tools, meaning what type of mathematical problems/tasks 
would be appropriate to promote an ambitious and equitable mathematics instruction?  
The second contradiction is linked to the first contradiction:  The findings show that during the 
problem-solving process the student teachers formed familiar solution spaces.  The 
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contradiction is, whether the lecturer should have assigned groups according to mixed abilities 
so that there are ‘knowledgeable others’ available and what sort of scaffolding should be 
provided by the lecturer in order to maintain the cognitive level of the non-routine problems. 
Teaching mathematics through problem- solving is not easy and this is not just my anecdotal 
view but also shared by Masingila et al. (2017) and Cai (2010). It is not easy, as it requires 
pedagogical skill from the mathematics teacher educator to facilitate student teachers 
engagement in high cognitive demand tasks and to maintain the cognitive demand required by 
the tasks (Masingila et al., 2017). 
The contradiction to which I have briefly referred can be seen as foundations for change, much 
as explained by Engestrӧm 2011). Specifically because the researcher is also the practitioner, 
the changes can be effected by adaptations that are feasible. Further studies can also be 
conducted in DBR mode. 
  
5.3 KNOWLEDGE-FOR-PRACTICE CONTRIBUTION 
The study took a practitioner inquiry stance, where the lecturer inquired into the teaching of 
mathematics through problem-solving in a mathematics content course for student teachers, 
and the learning experiences of the student teachers. The first knowledge contribution 
therefore, is a “local knowledge” contribution; local knowledge is knowledge of how to teach 
well, how to improve one’s teaching as a mathematics teacher educator (Cochran – Smith & 
Lytle, 1999, p. 289). In other words, a contribution to mathematical knowledge needed for 
teaching teachers (MKTT). The findings generated on the student teachers mathematics 
knowledge gained and reflections on the findings are important for the pedagogical content 
knowledge of the mathematics teacher educator.  
Even (2008), pointed out there is limited empirical information in the literature about the 
practice of mathematics teacher educators. The study contribute to the knowledge base of 
mathematics teacher educators’ practice, even though the study is not explicitly aimed at 
investigating the practice of the mathematics teacher educator the study provides an in-depth 
look into the mathematics content course. In South Africa in particularly there is scant 
knowledge on mathematics teacher educators teaching practices and student teachers’ learning 
in initial teacher preparation programmes. The Initial Teacher Educator Research Project 
(ITERP) set out to inquire into the mathematics programmes of five universities but did not 
216 
 
specifically inquire into mathematics teacher educators teaching practices. The study answers 
part of the call made by ITERP for in-depth studies into initial teacher education programmes.  
The selection of appropriate mathematical problem-solving tasks is key in mathematical 
problem-solving because teaching through problem-solving starts with a problem. 
Mathematical problems should therefore, be selected that will enhance and extend what student 
teachers already know and stimulate their learning (Cai, 2010). Cai (2010), further explains the 
most important criteria in selecting appropriate mathematical problem-solving tasks is that the 
problem should serve as a vehicle for the students to learn important mathematics concepts. 
Tasks should cause students to ‘struggle’ but should not be too complex for students to give 
up. Appropriateness of mathematical problem-solving is normally measured in terms of 
students’ success in solving the problems. The study not only focused on how the tasks scaffold 
mathematical problem-solving proficiency but also the appropriateness of the tasks in terms of 
whether the mathematical problem-solving tasks afforded a flow experience. Mathematical 
problem-solving is not normally studied in relation to the construct of flow. Although the study 
did not investigate engagement in terms of situational interest (Linnansaari et al., 2009), it gives 
insight into student teachers’ reported flow experiences. Student teachers flow experience were 
measured by means of a questionnaire and the questionnaire allowed the student teachers to 
reflect on the feelings they experienced during the problem-solving process. I believe the 
questionnaire was more appropriate than interviewing the student teachers to find out how they 
felt during the problem-solving process. As the student teachers might not have been truthful 
when the lecturer who teach the course interviewed them.   
 
5.4 IMPLICATIONS OF THE STUDY 
The implications for the teaching practice of mathematics teacher educators teaching 
mathematics through problem-solving is to improve on scaffolding practice. Anghileri (2006) 
proposed a hierarchy of scaffolding practice, which consist of three levels. Level 1 scaffolding 
includes environmental provisions such as classroom artefacts such as manipulatives, wall 
charts and appropriate tools. Classroom organization is key in mathematical problem-solving 
especially when student teachers enter teacher preparation programmes with limited 
mathematics content knowledge and exposure to mathematical problem-solving. Classroom 
organization refers to the grouping of student teachers from the findings of the study I 
recommend for teacher educators to group student teachers so that learning can take place 
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through peer collaboration. Peer collaboration is beneficial if the student teachers can learn 
from each other and knowledge can be co-constructed. Emotive scaffolding is also important 
in mathematical problem-solving and refers to showing of approval and encouragement. 
The second level of scaffolding involves direct interaction between the teacher educator, the 
student teachers and the mathematics involved. Among other interaction practices between the 
lecturer and student teachers, simplifying the problem is a practice, where the student teacher 
is unsuccessful in solving the problem it is “sometimes possible to simplify the task so that 
understanding can be built in progressive steps” (Anghileri, 2006, p. 12). Re-phrasing student 
teachers’ talk, especially in whole class discussions where they share their solution strategies 
to highlight the strategies involved in solving the tasks. It is also important to re-phrase using 
the correct mathematical language to build student teachers’ mathematical vocabulary. 
Level three scaffolding is the highest level of scaffolding consisting of “teacher interactions 
that explicitly addresses developing of conceptual thinking” (Anghileri, 2012, p. 12). The 
development of conceptual thinking includes practices such as developing representational 
tools. Developing of representational tools is key in the problem-solving process therefore 
scaffolding practices could involve writing down student teachers’ interpretations and solutions 
so that they can use the representations for later reflections on their mathematical activity 
(Cobb, Yachel, & McClain,  2000, cited in Anghilerie, 2006). 
Implications for teacher education programmes, because student teachers enter, teacher 
preparation programmes with diverse mathematics basis and there is no selection criteria in 
place in South African universities, structured and carefully planned intervention programmes 
are needed. These intervention programmes should be implemented from the first year of the 
mathematics teacher preparation programme and throughout the four-year programme to 
address the lack in basic mathematics content knowledge.  
 Furthermore, mathematics teacher education programmes should operate as communities of 
practice, where mathematics teacher educators plan coherent mathematics content courses with 
shared visions across the four-year programme. Not only, should mathematics teacher 
educators form communities of practice to plan coherent mathematics course works but also to 
share and reflect on their teaching practices and reflect to build mathematics knowledge for 
teaching teachers (Masingila et al., 2017). From a researcher’ perspective who is studying her 
own practice collaborating with another mathematics educator who can act, as a critical voice 
is also beneficial for practitioner inquiries.  
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5.5 LIMITATION OF THE STUDY 
Although sample size is often regarded as a criterion for assessing the limitation for 
generalizable of a study, I would argue that generalizing is not the sole raison d’etre, of 
educational research. Small case study designs aim to take deep dives and to serve local 
knowledge, such as the knowledge of practitioner research. Furthermore, this study is a 
practitioner case study, even if I replicate my teaching practice into another context or group 
of second year student teachers the results will not be the same. For the effects of teaching are 
mediated by student teachers’ entry knowledge, their mathematics background, their 
interpretations of the lecturer’s  presentations and the mathematical problem-solving tasks, 
their level of attentiveness and interest, etc. (Wittrock, 1986).  
Secondly, this study did not report on student teachers mathematics content knowledge prior 
to the course and at the end of the course but rather reported on student teachers’ self-reported 
learning gains. This is a limitation of this study because student teachers’ mathematics content 
knowledge should be empirically investigated because this kind of information can help 
improve teacher education (Kӧnig, 2013). Furthermore, self-reported learning gains are more 
subjective and not absolutely correct which could influence the reliability and validity of the 
study. As, pointed out by Atkinson (1989, cited in Maxwell, 1992), data in itself cannot be 
valid or invalid but the inferences drawn form it. Thus, the validity of this study is dependent 
on the inferences drawn from the student teachers’ self-reported learning gains, mathematical 
problem-solving beliefs and in-the-moment engagement.  
 
5.6 CONCLUSION 
I conclude that, if student teachers do not become apprenticed to mathematical thinking 
practices, specifically mathematical problem-solving, at the outset of their apprenticeship for 
the profession of teaching, that they are unlikely to be able to teach it well. It is unlikely that 
they will become a model of mathematical problem-solving practices as a mathematics teacher. 
In addition, a one-semester course is not sufficient to move student teachers in the liminal space 
towards becoming teachers who respect the integrity of mathematics and to become 
mathematical thinkers, especially if the student teachers enter with limited mathematics content 
knowledge. Taking into consideration that that the teacher preparation programme is a four-
year programme, I question if will four years would be sufficient to move student teachers far 
enough in the liminal space. Furthermore, I question whether the goal I have set for the student 
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teachers in the liminal space is a realistic goal and if teacher preparation programme assist in 
attaining this goal. For further research, I would recommend a variety of DBR studies in 
different parts of the country to collaborate in seeking the answer to the question with which I 
am left at the conclusion of my thesis. 
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BELIEF SURVEY OF PRE-SERVICE INTERMEDIATE PHASE TEACHERS ON MATHEMATICAL PROBLEM-SOLVING 
 
This survey is prepared to understand better the beliefs pre-service intermediate phase teachers hold toward problem-solving in mathematics. 
Please be assured that your response will be kept confidential. 
The study will be most useful if you respond to every item in the survey. 
Thank you in advance for your assistance in studying this survey. 
 
Kathleen Fonseca 
University of Johannesburg 
 
Demographic Information (Please mark with an X) 
 
1. Gender: Male 
 
 
 
2. Have you been interested in other mathematical 
problem-solving courses apart from this one? 
 
 Female 
 
 
 
Yes (If yes state the course/s) No 
 
 
3. Mathematics courses taken at school level 
 
 
 
4. You study mathematics as an elective because you are: 
Mathematics (Pure Maths) 
 
  Good in mathematics Other: State other reason/s 
Mathematical Literacy 
 
  Interested in mathematics 
No Mathematics 
 
  Love mathematics 
 
1.3 APPENDIX C: Mathematical Problem-solving Belief Survey 
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PART II: THE BELIEF SURVEY OF PRE-SERVICE MATHEMATICS TEACHERS ON 
MATHEMATICAL PROBLEM SOLVING 
  
Please, provide your opinion for each item using the following scale by placing an (X) on the 
response that best fits you. 
SA = Strongly Agree,    A = Agree,    N = Neutral,    D = Disagree,    SD = Strongly Disagree 
 SA 
 
A N D SD 
 
1. It is not important to understand 
why a mathematical procedure 
works as long as it gives a correct 
answer. 
 
(5) (4) (3) (2) (1) 
2. Any problem can be solved if you 
know the right steps to follow. 
 
(5) (4) (3) (2) (1) 
3. Mathematics problems that take a 
long time to solve are not 
bothering me. 
 
(5) (4) (3) (2) (1) 
4. It is possible to get the correct 
answer to a mathematics problem 
using methods other than the one 
the teacher or the textbook uses. 
 
(5) (4) (3) (2) (1) 
5. Appropriate technologic 
equipment should be available to 
all students at all times. 
 
(5) (4) (3) (2) (1) 
6. A person who does not 
understand why an answer to a 
mathematics problem is correct 
has not really solved the problem. 
 
(5) (4) (3) (2) (1) 
7. Mathematics problems that take a 
long time to complete cannot be 
solved. 
 
(5) (4) (3) (2) (1) 
8. There is only one way to solve a 
mathematics problem. 
 
(5) (4) (3) (2) (1) 
9. Problem solving is a process that 
should be the focus of the entire 
program. 
 
(5) (4) (3) (2) (1) 
10. Using technological equipment in 
problem solving is cheating. 
 
 
(5) (4) (3) (2) (1) 
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 SA A N D SD 
 
 
11. It does not really matter if you 
understand a mathematics 
problem if you can get the right 
answer. 
 
(5) (4) (3) (2) (1) 
12. Learning to do problems is mostly 
a matter of memorizing the right 
steps to follow. 
 
(5) (4) (3) (2) (1) 
13. Difficult mathematics problems 
can be done if one just hang in 
there. 
 
(5) (4) (3) (2) (1) 
14. If a learner/student forgets how to 
solve a mathematics problem the 
way the teacher did, it is possible 
to develop different methods that 
will give the correct answer. 
 
(5) (4) (3) (2) (1) 
15. Problem solving is primarily the 
application of computational 
skills in mathematics. 
 
(5) (4) (3) (2) (1) 
16. Technological equipment is 
useful in solving problems. 
 
(5) (4) (3) (2) (1) 
17. Time used to investigate why a 
solution to a mathematics 
problem works is time well spent. 
 
(5) (4) (3) (2) (1) 
18. Problems can be solved without 
remembering formulas. 
 
(5) (4) (3) (2) (1) 
19. To be good in math, one must be 
able to solve problems quickly. 
 
(5) (4) (3) (2) (1) 
20. The mathematics that I have 
learned in my university courses 
was mostly facts and procedures 
that had to be memorized. 
 
(5) (4) (3) (2) (1) 
21. If a number of mathematicians 
were given a mathematical 
problem, they would all solve it in 
the same way. 
 
(5) (4) (3) (2) (1) 
22. Learners/ students should share 
their problem solving thinking 
and approaches with other 
learners. 
 
 
(5) (4) (3) (2) (1) 
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23. Teachers create new learning 
environments for their learners 
with the use of technology. 
 
(5) (4) (3) (2) (1) 
24. A demonstration of good 
reasoning should be regarded as 
even more than learners’ ability to 
find correct answers. 
 
(5) (4) (3) (2) (1) 
25. To solve mathematics problems 
you have to be taught the right 
procedure, or you can’t do 
anything. 
 
(5) (4) (3) (2) (1) 
26. If a learner is unable to solve a 
problem one way, there are 
usually other ways to get the 
correct answer. 
 
(5) (4) (3) (2) (1) 
27. It is better to tell or show learners 
how to solve problems than to let 
them discover how on their own. 
 
(5) (4) (3) (2) (1) 
28. Using technology is a waste of 
time while solving problems. 
 
(5) (4) (3) (2) (1) 
29. In addition, to getting a right 
answer in mathematics, it is 
important to understand why the 
answer is correct. 
 
(5) (4) (3) (2) (1) 
30. Memorizing steps is not that 
useful for learning to solve 
problems. 
 
(5) (4) (3) (2) (1) 
31. Good mathematics teachers show 
learners the exact way to answer 
the math question they will be 
tested on. 
 
(5) (4) (3) (2) (1) 
32. Teachers should encourage 
learners to write their own 
mathematical problems. 
 
(5) (4) (3) (2) (1) 
33. Using technology in solving 
problems can give learners 
greater choice in their tasks. 
 
(5) (4) (3) (2) (1) 
34. Without a step-by-step procedure, 
there is no way to solve a 
mathematics problem. 
 
(5) (4) (3) (2) (1) 
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35. Good mathematics teachers show 
learners lots of ways to look at the 
same question. 
 
(5) (4) (3) (2) (1) 
36. Technologic equipment harm 
students’ ability to learn 
mathematics. 
 
(5) (4) (3) (2) (1) 
37. There are problems that just 
cannot be solved by following a 
predetermined sequence of steps. 
 
(5) (4) (3) (2) (1) 
38. Learners can learn more 
mathematics more deeply with 
the appropriate and responsible 
use of technology. 
 
(5) (4) (3) (2) (1) 
39. The mathematics that I have 
learned in my university courses 
were/are thought provoking. 
 
(5) (4) (3) (2) (1) 
40. Some people are good at 
mathematics. 
  
(5) (4) (3) (2) (1) 
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FLOW STATE SCALE 
  
Please answer the following questions in relation to the mathematical problem-solving tasks 
you had to complete during this course. These questions relate to the thoughts and feelings 
you may have experienced during the solving of the tasks. There are no right or wrong 
answers. Think about how you felt during the problem-solving process and answer the 
questions using the rating scale below. Circle your answers that best matches your 
experiences form to the right of each question. 
SA = Strongly Agree,    A = Agree,    N = Neutral,    D = Disagree,    SD = Strongly Disagree 
 SA 
 
A N D SD 
 
1. I was challenged but I believed 
my skills would meet the 
challenge. 
 
(5) (4) (3) (2) (1) 
2. I clearly knew how I wanted to 
solve the mathematical problem-
solving tasks. 
 
(5) (4) (3) (2) (1) 
3. It was really clear to me that I 
was doing well while solving the 
mathematics problems. 
 
(5) (4) (3) (2) (1) 
4. I felt control of what I was doing. 
 
(5) (4) (3) (2) (1) 
5. Time seemed to alter (time either 
slowed down or speeded up). 
 
(5) (4) (3) (2) (1) 
6. I really enjoyed the experience of 
solving mathematical problem-
solving tasks. 
 
(5) (4) (3) (2) (1) 
7. My attention was focused entirely 
on what I was doing. 
 
(5) (4) (3) (2) (1) 
8. My abilities matched the 
challenges of the mathematics 
problems. 
 
(5) (4) (3) (2) (1) 
1.4 APPENDIX D: Flow State Scale 
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9. Solving the mathematics 
problems just seemed to be 
happening automatically. 
 
(5) (4) (3) (2) (1) 
10. I was aware of how well I was 
performing in solving the 
mathematics problems. 
 
(5) (4) (3) (2) (1) 
11. I felt I was competent enough to 
meet the high challenges of the 
mathematical problem-solving 
tasks. 
 
(5) (4) (3) (2) (1) 
 
 
12. I was not worried about my 
performance in mathematics 
while solving the mathematics 
problems. 
 
(5) (4) (3) (2) (1) 
13. I loved the feeling I felt while I 
was busy solving the 
mathematical problem-solving 
tasks and would like to 
experience it again. 
 
(5) (4) (3) (2) (1) 
14. I knew what I wanted to achieve. 
 
 
(5) (4) (3) (2) (1) 
15. I had a good idea while I was 
solving the mathematical 
problem-solving tasks how well I 
was performing. 
 
(5) (4) (3) (2) (1) 
16. I had a feeling of total control 
while I was solving the tasks. 
 
(5) (4) (3) (2) (1) 
17. It felt like time stopped while I 
was solving tasks. 
 
(5) (4) (3) (2) (1) 
18. My goals were clearly defined. 
 
 
(5) (4) (3) (2) (1) 
19. The experience left me feeling 
great. 
 
(5) (4) (3) (2) (1) 
20. The challenge of the 
mathematical problem-solving 
tasks and my skills were at an 
equally high level. 
 
(5) (4) (3) (2) (1) 
21. I found the experience extremely 
rewarding. 
 
(5) (4) (3) (2) (1) 
22. I solved the mathematics 
problems spontaneously and 
(5) (4) (3) (2) (1) 
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automatically without having to 
think. 
 
23. I had a strong sense of how to 
solve the mathematics problem. 
 
(5) (4) (3) (2) (1) 
24. The way time passed seemed to 
be different to when I solved 
easier problems. 
 
(5) (4) (3) (2) (1) 
25. I was completely focused on 
finding a solution for the 
mathematics problems. 
 
(5) (4) (3) (2) (1) 
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MATHEMATICS FOR THE INTERMEDIATE PHASE 
MATINA2  
ASSIGNMENT: REFLECTIVE JOURNAL 
 
WEEK : 10                                
DUE DATE: 25 July 2016 
 
INSTRUCTIONS: 
 Answer the following questions 
 Show ALL your working out 
 Critically reflect before you respond to the questions and be honest. 
 Reflection sections should be typed. 
 
Reflection questions 
 
1. What is the most significant change that happened to your mathematical 
understanding since taking this course? 
 
 
2. How did working on the problems of the week help you to understand mathematics 
at a deeper level? 
 
 
3. Do you, belief that by solving mathematics problems you gain a deeper 
understanding of the mathematics concepts? 
 
4. When in the mathematics lecture. Do you learn better on your own or when you 
work with a friend/peer? 
 
 
5. Do you think the whole class discussion is helpful in gaining a deeper 
understanding of mathematical concepts? 
 
 
1.5 APPENDIX E: Reflective Journal Questions 
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recode r.q1 r.q11 r.q10 r.q28 r.q7 r.q8 r.q21 r.q35 r.q37 r.q30 
r.q18 (1=5) (2=4) (3=3) (4=2) (5=1) (else=0). 
variable labels 
 r.q1   'Reversed: It is not important to understand why a 
mathematical procedure works as long as it gives a correct 
answer.' 
 r.q11 'Reversed: It does not really matter if you understand a 
mathematics problem if you can get the right answer.' 
 r.q10 'Reversed: Using technologic equipment in problem solving 
is cheating' 
 r.q28 'Reversed: Using technology is a waste of time while 
solving problems.' 
 r.q36 'Reversed: Technologic equipment harm students’ ability to 
learn mathematics.' 
 r.q7   'Reversed: Mathematics problems that take a long time to 
complete cannot be solved.' 
 r.q8   'Reversed: There is only one correct way to solve a 
mathematics problem.' 
 r.q21 'Reversed: If a number of mathematicians were given a 
mathematical problem, they would all solve it in the same way.' 
 r.q35 'Reversed: Good mathematics teachers show learners lots of 
ways to look at the same questions.' 
 r.q37 'Reversed: There are problems that just cannot be solved by 
following a predetermined sequence of steps.' 
 r.q30 'Reversed: Memorizing steps is not that useful for learning 
to solve problems.' 
 r.q18 'Reversed: Problems can be solved without remembering 
formulas.' 
 
 
 
 
1.6 APPENDIX G: Mathematical Problem-solving Belief Survey Reversed 
items 
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Attitude to maths 
  
Strongly 
disagree Disagree Neutral Agree 
Strongly 
agree Total 
1. It is not 
important to 
understand 
why a 
mathematical 
procedure 
works as 
long as it 
gives a 
correct 
answer.            
 
Count 35 13 10 4 5 67 
 
 
 
 
 
% 
 
52,2% 19,4% 14,9% 6,0% 7,5% 100,0% 
2. Any problem can 
be solved if you 
know the right steps 
to follow. 
 
Count 1 3 1 24 38 67 
% 
1,5% 4,5% 1,5% 35,8% 56,7% 100,0% 
Mathematics 
problems that take 
a long time to solve 
are not bothering 
me. 
 
Count 19 18 15 11 4 67 
% 
28,4% 26,9% 22,4% 16,4% 6,0% 100,0% 
It is possible to get 
the correct answer 
to a mathematics 
problem using 
methods other than 
the one the teacher 
or the textbook 
uses. 
 
Count 1 4 4 19 39 67 
% 
1,5% 6,0% 6,0% 28,4% 58,2% 100,0% 
Appropriate 
technologic 
equipment                                                                                                                      
should be available 
to all students at all 
times. 
 
Count   8 5 21 33 67 
% 
  11,9% 7,5% 31,3% 49,3% 100,0% 
Count 6 13 5 22 21 67 
1.7 APPENDIX  H: Mathematical Problem-solving Belief Survey 
Frequencies; Means and standard deviation 
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A person who does 
not understand why 
an answer to a 
mathematics 
problem is correct 
has not really 
solved the problem. 
 
% 
9,0% 19,4% 7,5% 32,8% 31,3% 100,0% 
Mathematics 
problems that take 
a long time to 
complete cannot be 
solved. 
 
Count 32 21 7 3 4 67 
% 
47,8% 31,3% 10,4% 4,5% 6,0% 100,0% 
There is only one 
correct way to solve 
a mathematics 
problem. 
 
Count 48 14 2 1 1 66 
% 
72,7% 21,2% 3,0% 1,5% 1,5% 100,0% 
Problem solving is a 
process that should 
be the focus of the 
entire program 
 
Count 4 14 14 23 12 67 
% 
6,0% 20,9% 20,9% 34,3% 17,9% 100,0% 
Using technologic 
equipment in 
problem solving is 
cheating 
 
Count 11 27 16 10 3 67 
% 
16,4% 40,3% 23,9% 14,9% 4,5% 100,0% 
It does not really 
matter if you 
understand a 
mathematics 
problem if you can 
get the right 
answer. 
 
Count 28 29 4 5 1 67 
% 
41,8% 43,3% 6,0% 7,5% 1,5% 100,0% 
Learning to do 
problems is mostly 
a matter of 
memorizing the 
right steps to follow. 
 
Count 9 23 7 20 7 66 
% 
13,6% 34,8% 10,6% 30,3% 10,6% 100,0% 
Difficult 
mathematics 
problems can be 
done if one just 
hang in there. 
 
Count 6 3 5 32 20 66 
% 
9,1% 4,5% 7,6% 48,5% 30,3% 100,0% 
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If a learner/student 
forgets how to solve 
a mathematics 
problem the way 
the teacher did, it is 
possible to develop 
different methods 
that will give the 
correct answer. 
 
Count 
3 3 2 27 32 67 
% 
4,5% 4,5% 3,0% 40,3% 47,8% 100,0% 
Problem solving is 
primarily the 
application of 
computational skills 
in mathematics. 
 
Count 1 13 17 27 9 67 
% 
1,5% 19,4% 25,4% 40,3% 13,4% 100,0% 
Technological 
equipment are 
useful in solving 
problems. 
 
Count 2 4 10 36 14 66 
% 
3,0% 6,1% 15,2% 54,5% 21,2% 100,0% 
Time used to 
investigate why a 
solution to a 
mathematics 
problem works is 
time well spent. 
 
Count 2 4 8 25 28 67 
% 
3,0% 6,0% 11,9% 37,3% 41,8% 100,0% 
Problems can be 
solved without 
remembering 
formulas. 
 
Count 17 23 13 13 1 67 
% 
25,4% 34,3% 19,4% 19,4% 1,5% 100,0% 
To be good in math, 
one must be able to 
solve problems 
quickly. 
 
Count 11 32 4 17 3 67 
% 
16,4% 47,8% 6,0% 25,4% 4,5% 100,0% 
The mathematics 
that I have learned 
in my university 
courses was mostly 
facts and 
procedures that had 
to be memorized. 
Count 7 15 11 27 7 67 
% 
10,4% 22,4% 16,4% 40,3% 10,4% 100,0% 
If a number of 
mathematicians 
were given a 
mathematical 
problem, they would 
Count 44 16 3 3 1 67 
% 
65,7% 23,9% 4,5% 4,5% 1,5% 100,0% 
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all solve it in the 
same way. 
 
Learners/students 
should share their 
problem solving 
thinking and 
approaches with 
other learners. 
 
Count 1   1 12 53 67 
% 
1,5%   1,5% 17,9% 79,1% 100,0% 
Teachers can 
create new learning 
environments for 
their learners with 
the use of 
technology. 
 
Count 1 3 2 35 26 67 
% 
1,5% 4,5% 3,0% 52,2% 38,8% 100,0% 
A demonstration of 
good reasoning 
should be regarded 
even more that 
learners’ ability to 
find correct answer. 
 
Count 1 5 5 37 19 67 
% 
1,5% 7,5% 7,5% 55,2% 28,4% 100,0% 
To solve 
mathematics 
problems you have 
to be taught the 
right procedure, or 
you can’t do 
anything. 
 
Count 4 9 5 30 19 67 
% 
6,0% 13,4% 7,5% 44,8% 28,4% 100,0% 
If a learner is 
unable to solve a 
problem one way, 
there are usually 
other ways to get 
the correct answer. 
 
Count       20 47 67 
% 
      29,9% 70,1% 100,0% 
It is better to tell or 
show learners how 
to solve problems 
than to let them 
discover how on 
their own. 
 
Count 9 22 8 15 11 65 
% 
13,8% 33,8% 12,3% 23,1% 16,9% 100,0% 
Using technology is 
a waste of time 
while solving 
problems. 
Count 19 27 10 7 4 67 
% 
28,4% 40,3% 14,9% 10,4% 6,0% 100,0% 
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In addition to 
getting a right 
answer in 
mathematics, it is 
important to 
understand why the 
answer is correct. 
 
Count 1 2 4 21 39 67 
% 
1,5% 3,0% 6,0% 31,3% 58,2% 100,0% 
Memorizing steps is 
not that useful for     
learning to solve 
problems. 
 
Count 9 16 9 17 16 67 
% 
13,4% 23,9% 13,4% 25,4% 23,9% 100,0% 
Good mathematics 
teachers show 
learners the exact 
way to answer the 
math question they 
will be tested on. 
 
Count 14 10 8 20 15 67 
% 
20,9% 14,9% 11,9% 29,9% 22,4% 100,0% 
Teachers should 
encourage learners 
to write their own 
mathematical 
problems. 
 
Count 2 6 7 28 24 67 
% 
3,0% 9,0% 10,4% 41,8% 35,8% 100,0% 
Using technology in 
solving problems 
can give learner 
greater choice in 
their tasks. 
 
Count 2 14 15 25 10 66 
% 
3,0% 21,2% 22,7% 37,9% 15,2% 100,0% 
Without a step-by-
step procedure, 
there is no way to 
solve a 
mathematics 
problem. 
 
Count 4 13 5 32 13 67 
% 
6,0% 19,4% 7,5% 47,8% 19,4% 100,0% 
Good mathematics 
teachers show 
learners lots of 
ways to look at the 
same questions. 
 
Count   1 1 14 51 67 
% 
  1,5% 1,5% 20,9% 76,1% 100,0% 
Technologic 
equipment harm 
students’ ability to 
learn mathematics. 
Count 11 19 17 16 4 67 
% 
16,4% 28,4% 25,4% 23,9% 6,0% 100,0% 
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There are problems 
that just cannot be 
solved by following 
a predetermined 
sequence of steps. 
 
Count 7 14 13 25 8 67 
% 
10,4% 20,9% 19,4% 37,3% 11,9% 100,0% 
Learners can learn 
more mathematics 
more deeply with 
the appropriate and 
responsible use of 
technology. 
 
Count   10 9 27 21 67 
% 
  14,9% 13,4% 40,3% 31,3% 100,0% 
The mathematics 
that I have learned 
in my university 
courses were/are 
thought provoking. 
 
Count 3 16 12 26 10 67 
% 
4,5% 23,9% 17,9% 38,8% 14,9% 100,0% 
Some people are 
good at 
mathematics and 
some just aren’t. 
Count 5 3 9 21 29 67 
% 
7,5% 4,5% 13,4% 31,3% 43,3% 100,0% 
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Mean scores & Standard Deviations 
 
 Mean 
 
Standard Deviation 
 
1. It is not important to understand 
why a mathematical procedure 
works as long as it gives a correct 
answer. 
 
3,67 1,093 
2. Any problem can be solved if you 
know the right steps to follow. 
 
4,42 0,855 
3. Mathematics problems that take a 
long time to solve are not 
bothering me. 
 
2,45 1,234 
4. It is possible to get the correct 
answer to a mathematics problem 
using methods other than the one 
the teacher or the textbook uses. 
 
4,36 0,949 
5. Appropriate technologic 
equipment should be available to 
all students at all times. 
 
4,18 1,014 
6. A person who does not 
understand why an answer to a 
mathematics problem is correct 
has not really solved the problem. 
 
3,58 1,350 
7. Mathematics problems that take a 
long time to complete cannot be 
solved. 
 
3,93 1,105 
8. There is only one way to solve a 
mathematics problem. 
 
4, 03 0,758 
9. Problem solving is a process that 
should be the focus of the entire 
program. 
 
3,37 1,179 
10. Using technological equipment in 
problem solving is cheating. 
 
 
3,72 1,076 
11. It does not really matter if you 
understand a mathematics 
problem if you can get the right 
answer. 
 
4,21 0,826 
12. Learning to do problems is mostly 
a matter of memorizing the right 
steps to follow. 
2,89 1,279 
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13. Difficult mathematics problems 
can be done if one just hang in 
there. 
 
3,86 1,175 
14. If a learner/student forgets how to 
solve a mathematics problem the 
way the teacher did, it is possible 
to develop different methods that 
will give the correct answer. 
 
4,22 1,027 
15. Problem solving is primarily the 
application of computational 
skills in mathematics. 
 
3,45 1,004 
16. Technological equipment is 
useful in solving problems. 
 
3,85 0,932 
17. Time used to investigate why a 
solution to a mathematics 
problem works is time well spent. 
 
4,09 1,026 
18. Problems can be solved without 
remembering formulas. 
 
3,6 1,112 
19. To be good in math, one must be 
able to solve problems quickly. 
 
2,54 1,172 
20. The mathematics that I have 
learned in my university courses 
was mostly facts and procedures 
that had to be memorized. 
 
3,18 1,205 
21. If a number of mathematicians 
were given a mathematical 
problem, they would all solve it in 
the same way. 
 
4,01 0,89 
22. Learners/ students should share 
their problem solving thinking 
and approaches with other 
learners. 
 
 
4,73 0,703 
23. Teachers create new learning 
environments for their learners 
with the use of technology. 
 
4,22 0,832 
24. A demonstration of good 
reasoning should be regarded as 
even more than learners’ ability to 
find correct answers. 
 
4,01 0,896 
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25. To solve mathematics problems 
you have to be taught the right 
procedure, or you can’t do 
anything. 
 
3,76 1,182 
26. If a learner is unable to solve a 
problem one way, there are 
usually other ways to get the 
correct answer. 
 
4,70 0,461 
27. It is better to tell or show learners 
how to solve problems than to let 
them discover how on their own. 
 
2,95 1,351 
28. Using technology is a waste of 
time while solving problems. 
 
3,88 1,213 
29. In addition, to getting a right 
answer in mathematics, it is 
important to understand why the 
answer is correct. 
 
4,42 0,855 
30. Memorizing steps is not that 
useful for learning to solve 
problems. 
 
2,77 1,402 
31. Good mathematics teachers show 
learners the exact way to answer 
the math question they will be 
tested on. 
 
3,18 1,476 
32. Teachers should encourage 
learners to write their own 
mathematical problems. 
 
3,99 1,052 
33. Using technology in solving 
problems can give learners 
greater choice in their tasks. 
 
3,41 1,081 
34. Without a step-by-step procedure, 
there is no way to solve a 
mathematics problem. 
 
3,55 1,184 
35. Good mathematics teachers show 
learners lots of ways to look at the 
same question. 
 
1,28 0,623 
36. Technologic equipment harm 
students’ ability to learn 
mathematics. 
 
3,36 1,322 
37. There are problems that just 
cannot be solved by following a 
predetermined sequence of steps. 
2,8 1,209 
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38. Learners can learn more 
mathematics more deeply with 
the appropriate and responsible 
use of technology. 
 
3,88 1,023 
39. The mathematics that I have 
learned in my university courses 
were/are thought provoking. 
 
3,36 1,138 
40. Some people are good at 
mathematics. 
  
3,99 1,200 
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Community 
Rules 
 University 
mathematics 
education 
department 
 Teacher 
education in 
South Africa 
Community 
Subject 
Object/motive 
Division of labour 
 Language 
 Mathematics 
signs and symbols 
 Human mediator 
Lecturer/researcher 
Historical, socio-
cultural 
mathematics 
background  
Second year 
student teachers 
 Policy: MRTEQ 
 University 
programme 
 Assessment rules 
and regulations 
 Rules of 
engagement/lecturer 
and students 
 
 Lecturer 
design of 
course work 
 Lecturer 
tasks (e.g. 
preparation, 
teaching) 
 Student 
teachers’ 
tasks (e.g. 
participatio
n) 
Semiotic signs and tools 
Semiotic signs and tools 
 Mathema
tical 
problems 
 Heuristics 
 Represen
tations 
 Language 
 
Object/motive 
Subject 
Division of 
labour 
Rules Solve problems, share 
solution strategies with 
rest of the class. 
Discuss solution 
strategies 
 
 
Fellow classmates: 
2nd year student 
teachers and 
lecturer 
Teachers 
 
 
Rules of 
participation: 
solving selected 
problems 
No calculators 
allowed  
Student teachers 
with diverse 
historical and 
socio-cultural 
mathematics 
background 
 
Shared 
object: 
Mathemati
cal 
problem 
solving 
proficiency 
ACTIVITY SYSTEM: STUDENT TEACHER 
ENGAGEMENT IN MATHEMATICAL 
PROBLEM-SOLVING 
ACTIVITY SYSTEM: LECTURER - RESEARCHER 
Outcome 
1.8 APPENDIX I: Interacting Activity System 
0 
 
 
